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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 35 ]. This is test number [ 18 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes

System solved Failed
Rubi % 100. ( 35) %0.(0)
Mathematica | % 100. ( 35) %0.(0)
Maple % 100. ( 35) %0.(0)
Maxima %0.(0) % 100. ( 35)
Fricas %0.(0) % 100. ( 35)
Sympy %0.(0) % 100. ( 35)
Giac %0.(0) % 100. ( 35)

the meaning of these grades.

grade

description

A

Integral was solved and antiderivative is optimal in quality and leaf size.

B

Integral was solved and antiderivative is optimal in quality but leaf size

is larger than twice the optimal antiderivatives leaf size.

C

Integral was solved and antiderivative is non-optimal in quality. This

can be due to one or more of the following reasons

1. antiderivative contains a hypergeometric function and the optimal

antiderivative does not.

2. antiderivative contains a special function and the optimal an-

tiderivative does not.

3. antiderivative contains the imaginary unit and the optimal an-

tiderivative does not.

Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an

exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table

summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 17.14 40. 42.86 0.
Maple 0. 100. 0. 0.
Maxima 0. 0. 0. 100.
Fricas 0. 0. 0. 100.
Sympy 0. 0. 0. 100.
Giac 0. 0. 0. 100.




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.



System Mean time (sec) Mean size Normalized mean Median size
Rubi 1.69 694.46 1. 680.
Mathematica 13.34 6949.03 7.72 1034.
Maple 0.2 22395. 24.53 12909.
Maxima Round[Mean]], 0.01] | Round[Mean[], 0.01] | Round[Mean]], 0.01] | Round[Median([], 0.0
Fricas Round[Mean]], 0.01] | Round[Mean[], 0.01] | Round[Mean(], 0.01] | Round[Median([], 0.0
Sympy Round[Mean]], 0.01] | Round[Mean[], 0.01] | Round[Mean(], 0.01] | Round[Median([], 0.0
Giac Round[Mean]], 0.01] | Round[Mean[], 0.01] | Round[Mean]], 0.01] | Round[Median([], 0.0

1.4 list of integrals that has no closed form an-
tiderivative

b

1.5

known antiderivative

Rubi {}

Mathematica {}

Maple {}
Maxima {}
Fricas {}
Sympy {}
Giac {}

1.6

verification

list of integrals solved by CAS but has no

list of integrals solved by CAS but failed

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {5}, (7,910, 1T} [12}[14}[15}20} 21} 22} 24} 25} 31} 32} 33, 34} 5}

Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.



1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.



from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. lndependent mtegratlon test
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10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

2.1.1 Rubi

A gradie: {3567 )25 5 )7 ) 20 2 23 29 E 29 9 27
[28] 2930, 31}32,33,[34,[35] }

B grade: { }

C grade: { }

F grade: { }

2.1.2 Mathematica

A grade: (B8 I3 [2329)
B grade: ()0} 1) 2 15 21,22 25, B B2 3, B B

C grade: (1235107 15, 19} 2026 278, 29,1
F grade: { }

2.1.3 Maple
A grade: { }

B grade: {[1}[2}[3} 4 516} 7,8} %) L0} [L1} (12} 13} 14} [15}[16} 17 [18} 19} 20} 2T} ]2} [23} 24} 25}, 26} 27
33,3435}

C grade: { }
F grade: { }

2.1.4 Maxima

A grade: {
B grade: { }
C grade: { }

F grade: { [1}[2,3}[4} 516} 7} 8, 0} [L0} L1} 12, [T3, L4 [15} [16,[17, (18} 19} 20} 21} 22} 23} 24} 25} 26 27
[28[29] B0} 311321 33} 34} 35}

11
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21.5 FriCAS

A grade: { }
B grade: { }
C grade: { }

F grade: {[1}2}[3, 4[5} (6} 7, 8, 9 [LO}[L1}[12}[13} 14} 15} 16} {17, [18) [19} [20} 21} ]2} ]23} |24} 29} 26} 27
[28,[29}80}31}32} 33} 34,85

21.6 Sympy

A grade: { }
B grade: { }
C grade: { }

F grade: {[1}[2, B4 5617, 8, 9% L0} 11} 12, [13} 14} [15} 16} {17, [18} 19} 20} 21} [22] [23| [24} 29} 26} [27)
[28}29,30}31}[32} 33, [34}[35] }

2.1.7 Giac

A grade: { }
B grade: { }
C grade: { }

F grade: {[1}2}[3} 4[5} (6} 7, 8} 9} L0} [11}[12} 13} 14} 15} 16} [17,[18, [19} [20} 21} [22} ]23} |24} 25} 26} 27
[28,[29}[30}31}32} 33} 34, 85]

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ————— .
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 700 699 806 8121 0 0 0 0
normalized size | 1 1. 1.15 11.6 0. 0. 0. 0.
time (sec) N/A 2.332 11.843 0.065 0. 0. 0. 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 405 404 450 3232 0 0 0 0
normalized size | 1 1. 111 7.98 0. 0. 0. 0.
time (sec) N/A 0.858 5.276 0.031 0. 0. 0. 0.
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Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 284 284 319 559 0 0 0 0
normalized size | 1 1. 1.12 1.97 0 0 0. 0.
time (sec) N/A 0.172 1.86 0.024 0 0 0. 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 313 313 244 665 0 0 0 0
normalized size | 1 1. 0.78 2.12 0 0 0. 0.
time (sec) N/A 0.747 2.106 0.034 0 0 0. 0.
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(2) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 678 678 14516 13380 0 0 0 0
normalized size | 1 1. 21.41 19.73 0 0 0. 0.
time (sec) N/A 1.535 16.364 0.098 0 0 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 981 976 21555 54632 0 0 0 0
normalized size | 1 0.99 21.97 55.69 0 0 0. 0.
time (sec) N/A 3.412 19.055 0.152 0 0 0. 0.
Problem 7, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 736 735 6648 20733 0 0 0 0
normalized size | 1 1. 9.03 28.17 0 0 0. 0.
time (sec) N/A 0.66 16.122 0.078 0 0 0. 0.
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 442 442 586 2453 0 0 0 0
normalized size | 1 1. 1.33 5.55 0. 0. 0. 0.
time (sec) N/A 0.461 6.477 0.085 0. 0. 0. 0.
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 606 606 333 9328 0 0 0 0
normalized size | 1 1. 0.55 15.39 0 0 0. 0.
time (sec) N/A 0.986 10.968 0.156 0 0 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1081 1080 10637 71656 0 0 0 0
normalized size | 1 1. 9.84 66.29 0 0 0. 0.
time (sec) N/A 3.372 25.578 1.2 0 0 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 898 897 14853 35480 0 0 0 0
normalized size | 1 1. 16.54 39.51 0 0 0. 0.
time (sec) N/A 2.518 16.371 0.107 0 0 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 472 472 6583 13177 0 0 0 0
normalized size | 1 1. 13.95 27.92 0. 0. 0. 0.
time (sec) N/A 0.52 15.465 0.064 0. 0. 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 449 449 724 2454 0 0 0 0
normalized size | 1 1. 1.61 5.47 0 0 0. 0.
time (sec) N/A 0.464 7.664 0.064 0 0 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 625 625 341 12909 0 0 0 0
normalized size | 1 1. 0.55 20.65 0 0 0. 0.
time (sec) N/A 1.063 10.504 0.12 0 0 0. 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1090 1090 10601 65248 0 0 0 0
normalized size | 1 1. 9.73 59.86 0 0 0. 0.
time (sec) N/A 3.016 21.761 0.712 0 0 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 721 720 825 8425 0 0 0 0
normalized size | 1 1. 1.14 11.69 0 0 0. 0.
time (sec) N/A 1.922 12.6 0.049 0 0 0. 0.
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Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 410 410 442 2825 0 0 0 0
normalized size | 1 1. 1.08 6.89 0. 0. 0. 0.
time (sec) N/A 0.586 6.551 0.032 0. 0. 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 291 291 326 673 0 0 0 0
normalized size | 1 1. 1.12 2.31 0. 0. 0. 0.
time (sec) N/A 0.279 2.436 0.026 0. 0. 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 309 309 248 663 0 0 0 0
normalized size | 1 1. 0.8 2.15 0. 0. 0. 0.
time (sec) N/A 0.821 1.754 0.033 0. 0. 0. 0.
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 680 680 16821 13405 0 0 0 0
normalized size | 1 1. 24.74 19.71 0. 0. 0. 0.
time (sec) N/A 1.815 16.855 0.079 0. 0. 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 980 976 21555 55327 0 0 0 0
normalized size | 1 1. 21.99 56.46 0. 0. 0. 0.
time (sec) N/A 2.787 19.268 0.145 0. 0. 0. 0.
Problem 22, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 734 732 6667 20235 0 0 0 0
normalized size | 1 1. 9.08 27.57 0. 0. 0. 0.
time (sec) N/A 0.712 16.031 0.079 0. 0. 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 436 436 583 3003 0 0 0 0
normalized size | 1 1. 1.34 6.89 0. 0. 0. 0.
time (sec) N/A 0.512 6.69 0.086 0. 0. 0. 0.
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 616 616 340 9443 0 0 0 0
normalized size | 1 1. 0.55 15.33 0. 0. 0. 0.
time (sec) N/A 1.17 11.987 0.156 0. 0. 0. 0.
Problem 25| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1128 1119 10645 75992 0 0 0 0
normalized size | 1 0.99 9.44 67.37 0 0 0. 0.
time (sec) N/A 4.299 26.613 1.269 0 0 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 1097 1083 18383 12279 0 0 0 0
normalized size | 1 0.99 16.76 11.19 0 0 0. 0.
time (sec) N/A 3.301 18.695 0.076 0 0 0. 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 611 608 686 5679 0 0 0 0
normalized size | 1 1. 1.12 9.29 0 0 0. 0.
time (sec) N/A 1.357 9.062 0.04 0 0 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 368 367 390 1804 0 0 0 0
normalized size | 1 1. 1.06 4.9 0 0 0. 0.
time (sec) N/A 0.49 4.506 0.028 0 0 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 465 465 1034 1368 0 0 0 0
normalized size | 1 1. 2.22 2.94 0 0 0. 0.
time (sec) N/A 0.806 8.175 0.034 0 0 0. 0.
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 738 738 636 17460 0 0 0 0
normalized size | 1 1. 0.86 23.66 0 0 0. 0.
time (sec) N/A 1.907 15.735 0.091 0 0 0. 0.
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Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F@1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1395 1376 38310 89498 0 0 0 0
normalized size | 1 0.99 27.46 64.16 0. 0. 0. 0.
time (sec) N/A 5.742 25.906 0.24 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 937 936 16659 42545 0 0 0 0
normalized size | 1 1. 17.78 45.41 0. 0. 0. 0.
time (sec) N/A 2.283 18.229 0.117 0. 0. 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 757 757 6207 15875 0 0 0 0
normalized size | 1 1. 8.2 20.97 0. 0. 0. 0.
time (sec) N/A 1.026 15.169 0.096 0. 0. 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 867 867 2103 20597 0 0 0 0
normalized size | 1 1. 2.43 23.76 0. 0. 0. 0.
time (sec) N/A 1.813 16.363 0.178 0. 0. 0. 0.
Problem 35, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1070 1070 11160 72702 0 0 0 0
normalized size | 1 1. 10.43 67.95 0. 0. 0. 0.
time (sec) N/A 3.454 26.714 1.214 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio

integrand size

is given. The larger this ratio is, the harder

the integral was to solve. In this test, problem number [5] had the largest ratio of [ 0.25 ]




Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand T
# grade steps unique antideri\./ative leaf size intogrand leaf size
used rules leaf size

1 A 9 8 1. 40 0.2
2 A 8 7 1. 38 0.184
3 A 6 5 1. 33 0.152
4 A 9 7 1. 40 0.175
5 A 12 10 1. 40 0.25
6 A 10 10 0.99 42 0.238
U A 7 7 1. 42 0.167
8 A 5 5 1. 42 0.119
9 A 7 7 1. 42 0.167
10 A 8 7 1. 42 0.167
11 A 10 10 1. 49 0.204
12 A 5 5 1. 49 0.102
13 A 5 5 1. 49 0.102
14 A 7 7 1. 49 0.143
15 A 8 7 1. 49 0.143
16 A 8 7 1. 58 0.121
17 A 7 6 1. 53 0.113
18 A 7 6 1. 60 0.1
19 A 10 8 1. 60 0.133
20 A 13 11 1. 60 0.183
21 A 9 9 1. 62 0.145
22 A 8 8 1. 62 0.129
23 A 6 6 1. 62 0.097
24 A 8 8 1. 62 0.129
25 A 9 8 0.9 62 0.129
26 A 9 8 0.99 42 0.19
27 A 8 7 1. 40 0.175
28 A 7 6 1. 35 0.171
29 A 11 9 1. 42 0.214
30 A 12 10 1. 42 0.238
31 A 10 10 0.99 44 0.227
32 A 9 9 1. 44 0.204
33 A 8 8 1. 44 0.182
34 A 9 9 1. 44 0.204
35 A 8 8 1. 44 0.182
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Chapter 3

Listing of integrals

(a+bx)?(A+Bx)
3.1 f Vetdxfe+ fxJg+hx

Optimal. Leaf size=700

[aerx) [dgem) . o o o 1 (NFVerds) n@e—ch) 22 £22
2\cf —de decf \| dgch EllipticF (sm ( N ) , f(dg_ch)) (1511 ds f*h*(Bg — Ah) +10abd fh(3Ad f gh — B(c}

[Out] (2*b*(7xa*Bxdxf*xh + b*(5*xAxd*fxh - 4xB*x(d*fxg + dxexh + c*fxh)))*Sqrt[c + d
xx]*Sqrt[e + f*xx]*Sqrtlg + h*x])/(16%d"2xf"2xh~2) + (2*%bxB*(a + b*x)*Sqrtlc
+ d*x]*Sqrte + f*x]*Sqrtlg + hxx])/(5xd*f*xh) + (2+Sqrt[-(d*e) + c*f]*(15%
a"2xB*d"2+f"2xh"2 + 10*axbxd*fxh* (3xAxd+xf*h - 2*Bx(d*f*g + d*xexh + c*xfx*h))
- b72x (10*xA*d*xfxh* (d*xfxg + dkexh + c*xf*xh) - Bx(8*c™2xf72+h"2 + Txcxd*f*hx*(f
xg + exh) + d72%(8*f72%g"2 + Txexfkxgxh + 8%e"2xh~2))))*Sqrt[(d*(e + fxx))/(
d*e - c*f)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d
xe) + cxf]], ((dxe - cxf)*h)/(f*x(d*g - cxh))])/(15%xd~3*f~(5/2)*h~3*Sqrt[e +
fxx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) - (2%Sqrt[-(d*e) + c*f]*(15*xa~2xd™2x%
f72xh~2% (Bxg - A*h) + 10*a*xbkxdxfxh*(3xAxd*f*xgxh - Bx(cxh*x(fxg - exh) + dxgx
(2xf*g + exh))) - b~ 2x(bxAxd*fxh*x(cxhx(f*g - exh) + dxg*(2+f*g + exh)) - Bx
(4xc™2*f*h™2x (fxg - exh) + ckdxh*(3*f72%xg™2 + exfxgxh - 4%e™2xh™2) + d~2x*gx
(8%f~2xg~2 + 3kexf*xgxh + 4xe”2xh~2))))*Sqrt[(dx(e + f*x))/(d*e - c*xf)]*Sqrt
[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-
(dxe) + cxf]], ((d*e - c*xf)*h)/(fx(d*xg - cxh))])/(156xd~3*f~(5/2)*h~3*Sqrt [e
+ f*x]*Sqrt[g + h*x])

Rubi [A] time = 2.33211, antiderivative size = 699, normalized size of antiderivative =
1., number of steps used = 9, number of rules used = 8, integrand size = 40, number of rules_

0.2, Rules used = {1597, 1600, 1615, 158, 114, 113, 121, 120}

de+fx) [d(g+hx) . 1 [VfVerdx \ | (de—cH)h 20 212
24/cf —de, | docf / e F(sm ( N )|f(dg_ch)) (15a dcf*h*(Bg — Ah) +10abd fh(3Ad fgh — Bch(fg — eh)

integrand size

Antiderivative was successfully verified.

[In] Int[((a + b*x)~2*%(A + B*x))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x]

[Out] (2xbx(5xAxb*d*xfxh + 7*a*Bkdxfxh - 4*b*Bx(d*f*g + d*exh + cxf*h))*Sqrtl[c + d
xx]*Sqrt[e + fxx]*Sqrtlg + h*x])/(16%d"2xf"2xh~2) + (2*%bxB*(a + b*x)*Sqrtl[c

19
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+ d*x]*Sqrt[e + fxx]*Sqrtlg + h*x])/(5xdxf*h) + (2xSqrt[-(d*e) + cxf]*(15%
a"2%Bxd"2+f"2*%h72 + 10%axbkd*xfxh*(3kAxdxf*xh - 2xBx(dxf*g + d*exh + cxfx*h))
- b72*% (10*%Axd*xf*h* (dxf*g + d*exh + cxf*xh) - B*(8*c™2+f~2xh"2 + T*xcxd*f*xhx(f
xg + exh) + d72*(8*f72%g”™2 + Txexf*xgxh + 8%e~2xh~2))))*Sqrt[(d*x(e + fxx))/(
d¥e - cxf)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d
xe) + cxf]], ((dxe - cx*f)*h)/(f*x(d*g - c*xh))])/(15xd~3*f~(5/2)*h~3*Sqrt[e +

fxx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) - (2%Sqrt[-(d*xe) + c*f]*(15*a~2xd"~2%
£72+%h7 2% (B*xg - Axh) + 10*axbkxdxf*h*(3xAxdxfxg*h - Bkcxh*(f*g - exh) - Bxdxg
x(2xf*xg + exh)) - b 2k (5xAxd*xfxh* (cxhx(fxg - exh) + dxg*x(2*f*g + exh)) - Bx

(4xc™2*f*h~2x (fxg - exh) + c*xdxh*x(3*f72xg~2 + exfxgxh - 4*e”2xh~2) + d~2x*gx
(8xf72xg~2 + 3kexfxgkh + 4*%e”2¥h~2))))*Sqrt[(d*(e + fxx))/(d*e - c*f)]*Sqrt
[(d*(g + hx*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrtlc + d*x])/Sqrt[-
(dxe) + cxf]], ((d*e - c*xf)*h)/(fx(d*xg - cxh))])/(16%xd"3*f~(5/2)*h~3*Sqrt [e

+ f*x]*Sqrt[g + hxx])

Rule 1597

Int[((Ca_.) + (b_.)*(x_)) " (m_.)*x((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(
x_)]*Sqrtl(e_.) + (f_.)*(x )]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[
1/(d*f*xh*(2+m + 3)), Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sq
rt[g + h*x]))*Simp [a*xA*d*f*h*(2*m + 3) + (Axb + a*B)*d*xfxh*(2*m + 3)*x + bx
Bxd*f*h*(2+m + 3)*x72, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B},
x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1600

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_)*(x_)1*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)1), x_S
ymbol] :> Simp[(2%Ckx(a + b*x) m*xSqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + hx*x])/
(d*fxh*x(2*%m + 3)), x] + Dist[1/(d*xf*xhx(2xm + 3)), Int[((a + b*x)"(m - 1)/(S
qrtlc + d*x]*Sqrtle + f*xx]*Sqrtl[g + hxx]))*Simp[axA*xd*xfxh*(2*m + 3) - Cx(ax
(d*exg + cxf*xg + ckexh) + 2%bxckexg*m) + ((A*b + a*xB)*d*fxh*x(2+m + 3) - Cx(
2kxax (d*f*g + dxexh + c*xfxh) + bx(2xm + 1)*(d*exg + cxf*xg + cxexh)))*x + (bx
Bxd*xfxh* (2*%m + 3) + 2xCk (a*xd*xfxh*m - bx(m + 1)*(d*fxg + dxexh + ckxfxh)))*x~
2, x1, x], x]1 /; FreeQ[{a, b, c, d, e, f, g, h, A, B, C}, x] & IntegerQ[2*
m] && GtQ[m, O]

Rule 1615

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(a_.)*((e_.) + (£
_I)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]11}, Simp[(k*(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*x(e + £*x)"(p +

1))/(d*f*b~(q - 1)*(m + n + p + q + 1)), x] + Dist[1/(d*f*b"gq*(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*(e + fx*x) p*ExpandToSum[d*f*b~q*(m + n
+p+qt+t 1)*Px - dxfxkx(m + n + pt+tq+ DDx(a + b*x)"q + kx(a + b*X)"(q -
2)*%(a"2xd*fx(m + n + p + g + 1) - b*k(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

ckxfx(p + 1))) + bx(axd*f*(2*(m + q) + n + p) - b*x(d*ex(m + q + n) + cxf*x(m

+ g+ p)))*x), x], x], x] /; NeQIm + n + p + q + 1, 0]] /; FreeQl{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]x
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + dxx]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114
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Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + fxx]*Sqrt[(b*(c + d*x))/(b*c - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-((bxc - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [- ((bxc - axd)/d), 211, (f*(bxc - axd))/(d*(b*e - a*f))])/b, x] /;
FreeQ[{a, b, ¢, d, e, £}, x] && GtQ[b/(bxc - a*xd), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(b*c - axd)), 0] && GtQ[d/(d*e - cxf), 0] && 'LtQ[(b*c - a*xd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I1x*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] && 'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*xx, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(bxc - a*d)/bl)], (f*(b*c - axd))/(d*(bxe - axf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((bxc - a*d)/d)] || NegQ[-((b*xe - a*xf)/f)])

Rubi steps
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J~(a+bxﬂ7aAdfh+7(Ab+aB)¢fhx+7defhx2)

f (a + bx)*(A + Bx) _ Verdxfet fagHhx
Ve +dxyfe + fxyfg +hx 7dfh

7dfh(5a% Adf h-bB(2bceg+a(deg+cfg+ceh)) ) +7d fh(5a(2/

2bB(a + bx)Vc + dx+Je + fx\/g + hx f

= +
5dfh

_ 2b(5Abdfh +7aBdfh —4bB(df g + deh + cf)Ve +dxyJe + fx /g + hx N 2bB(a + b
B 1542 f2h?

2b(5Abd fh + 7aBd fh — 4bB(dfg + deh + cfh)Nc + dxfe + fxr/g + hx  2bB(a +b.
= +
1542 212

_ 2b(5Abdfh +7aBdfh - 4bB(dfg + deh + cfh))Nc + dx\Je + fx+Jg + hx .\ 2bB(a + b:
B 15d2 f2h2

_ 2b(5Abdfh +7aBdfh - 4bB(dfg + deh + cfh))Nc + dx\Je + fx+Jg + hx .\ 2bB(a + b:
- 1527212

_ 2b(5Abdfh +7aBdfh - 4bB(dfg + deh + cfh))Nc + dx\Je + fx+Jg + hx .\ 2bB(a + b:
- 1527212

Mathematica [C] time = 11.8427, size = 806, normalized size = 1.15

2| -, /% —c((B((8f2g2 + 7efhg + 8e2h?) d? + 7cfh(fg + eh)d + 8c? f2h?) = 10Adfh(dfg + deh + cfh)) b* — 10ad fh

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)72%(A + B+*x))/(Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtl[g + h*x
1) ,x]

[Out] (-2*%(-(d"2*%Sqrt[-c + (d*e)/f]1*(15*%a~2*Bxd~2+f ~2*h~2 - 10*axb*d*f*xh* (-3*xA*xdx*
fxh + 2+Bkx(d*f*g + dxexh + ckxfxh)) + b72x(-10*Axd*f*h*(d*f*g + dxexh + cxfx
h) + Bx(8%c™2%f72xh™2 + 7Tkckdxfxhx(fxg + exh) + d™2%(8*f"2%xg™2 + T*xexfxg+h
+ 8%e72xh"2))))*(e + f*x)*(g + h*x)) + bxd"2xSqrt[-c + (d*xe)/flxfxhx(c + dx
x)*x(e + f*xx)*x(g + h*x)*(-5*xAxb*xd*fxh - 10*a*xBkdxf*h + b*Bx(4xc*fxh + dx(4xf
xg + 4xexh — 3xfxh*x))) - Ix(dxe - cxf)x*h*x(15*%a~2+B*d"2*f"2xh~2 - 10*axb*dx*
fxhx (-3*%A*d*xfxh + 2*B*(d*f*g + dxexh + cxfxh)) + b72x(-10%Axd*f*h* (d*xf*g +
dkexh + c*xfxh) + Bx(8%c™2xf"2xh™2 + Txckd*xfxhx(fxg + exh) + d™2%(8*f " 2%g™2
+ Txexfxgxh + 8%e”2+¥h72))))*(c + d*x)~(3/2)*Sqrt[(dx(e + f*xx))/(f*(c + d*x)
)1*Sqrt [(dx(g + h*x))/(h*(c + d*x))]*E1lipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]
/Sqrtlc + d*xx]], (dxf*xg - cxfxh)/(d*exh - cxfxh)] - Ixdxh*(15*a~2%d~2xf 2% (
-(Bxe) + Axf)*h~2 + 10*axb*d*fxh*(-3*xA*d*exfxh + Bkckxfx(-(f*g) + exh) + Bxd
xex (f*g + 2%exh)) - b72x(-5xAxd*xfxh*(c*fx(-(f*g) + exh) + dxex(f*g + 2%exh)
) + Bk (4*xcT2xf72xh*x (- (f*g) + exh) + ckdxfx(-4*xf~2%g™2 + exf*xgkh + 3%e”2%h™2
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) + d"2%ex(4%f72xg"2 + 3kexfxgkh + 8*e”2*xh72))))*(c + d*x)~(3/2)*Sqrt[(d*(e
+ £xx))/(fx(c + d*x))]*Sqrt[(d*x(g + h*x))/(h*x(c + d*x))]*EllipticF[I*ArcSi
nh[Sqrt[-c + (dxe)/f]l/Sqrtlc + d*x]], (d*f*xg - cxfxh)/(d*exh - cxfxh)]))/(1
5xd~4*Sqrt[-c + (d*e)/fl*f73*h~3xSqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + hx*x])

Maple [B] time = 0.065, size = 8121, normalized size = 11.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) 2% (B*x+A)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/ (h*x+g)~(1/2) ,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f (Bx + A)(bx + a)?
dx
Vdx + c/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (Bxx+A)/(d*x+c)”(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="maxima")

[Out] integrate((Bxx + A)x(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))

, X)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Bb2x3 + Aa? + (2 Bab + Abz)x2 + (Ba2 + 2Aab)x)\/dx +eyfx+ehx+g
dfhx3 + ceg + (dfg + (de + cf)h)x2 + (ceh + (de + cf)g)x

integral s X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bkx+a) 2% (Bxx+A)/(d*x+c)”(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2),x, al
gorithm="fricas")

[Out] integral((B*b~2*x~3 + A*a~2 + (2*%Bxaxb + A*b~2)*x"2 + (B*a~2 + 2kA*axb)*x)*
sqrt(d*x + c)*sqrt(f*xx + e)*sqrt(h*x + g)/(d*xf*h*x~3 + ckexg + (dxfxg + (dx
e + c*xf)*h)*x"2 + (cxexh + (d¥e + c*f)*g)*x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((bkx+a)**2%(Bxx+A)/(d*x+c)*x(1/2)/(fxx+e)**(1/2)/ (h*xx+g)**(1/2) ,x
)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (Bx + A)(bx + a)?
dx
Vdx + cVfx+ehx+g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) "2x(B*x+A)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="giac")

[Out] integrate((Bxx + A)x(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
» X)
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(a+bx)(A+Bx)
2
3 f Vetdxfe+ fxrJg+hx

Optimal. Leaf size=405

de+fx)  [dgHX) pyge. oe . 1 [VfVerdx\  h(de—cf)
2ycf —de,| Pl [ R EllipticF (sm ( N ), f(dg—ch)) (3adfh(Bg — Ah) + b(3Adfgh — B(ch(fg — eh) +.
Bd2f32h2\Je + fx+/g + hx

[Out] (2xbxB*Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtl[g + h*x])/(3*dxfxh) + (2xSqrt[-(dxe
) + cxf]*(3*%axBxd*xfxh + b*x(3*%Axdxf*xh - 2*Bx(dxf*g + d*exh + cxf*h)))*Sqrt[(

dx(e + f*x))/(d*e - cxf)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrtl[c +
d*x])/Sqrt [-(d*e) + cxf]], ((d*e - c*f)*h)/(fx(d*xg - c*h))])/(3+xd"2*£~(3/2)
*h~2xSqrt e + f*xx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) - (2xSqrt[-(d*e) + cx*f]

*x (3xaxdxfxh*x (Bxg — Axh) + bx(3xAxd*xfxgxh - Bk (cxhx(fxg - exh) + dxgk(2*xfxg

+ exh))))*Sqrt[(d*x(e + f*xx))/(d*e - cxf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*E
1lipticF[ArcSin[(Sqrt [f]1*Sqrtc + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - c*xf)*h

)/ (£x(d*g - c*xh))])/(3xd"2x£~(3/2)*h~2xSqrt [e + f*x]*Sqrtl[g + h*x])

Rubi [A] time = 0.857503, antiderivative size = 404, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 38, e .

0.184, Rules used = {1597, 1615, 158, 114, 113, 121, 120}

de+fx)  [dig+he) [ . —1 [ vFVerdx ) (de—cf)h
2\of —dey |t = / ch;z‘ F (s1n L (‘/\;ﬁ ) |f(;gc_{ h)) (3ad fh(Bg — Ah) + b(3Ad fgh — Bch(fg — eh) — Bdg(eh +
B 3d2f32h2\Je + fx+/g + hx

integrand size

Antiderivative was successfully verified.

[In] Int[((a + b*x)*(A + B*x))/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x]),x]

[Out] (2xb*B*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x])/(3*xdxfxh) + (2xSqrt[-(dxe
) + c*xf]*(3*%Axbxd*xfxh + 3xa*Bxd*fxh - 2xb*Bkx(dxfxg + d*exh + cxfxh))*Sqrt[(
dx(e + f*xx))/(d*e - cxf)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrtl[c +
d*x])/Sqrt[-(d*e) + cxf]l], ((dxe - c*f)*h)/(f*x(d*g - c*xh))])/(3xd"2x£~(3/2)
*h~2%Sqrt e + f*xx]*Sqrt[(d*(g + h*x))/(d*g - cxh)]) - (2xSqrt[-(d*e) + cx*f]

*x (3xaxdxf*h*x (Bxg — Axh) + bx(3xAxdxfxg*h - Bkcxh*(f*g - exh) - Bkxdxg*(2*f*g

+ exh)))*Sqrt[(d*(e + fx*x))/(d*xe - cxf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*E
1lipticF[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*xf]], ((d*e - c*xf)*h

)/ (£x(d*g - cxh))])/(3*xd"2x£~(3/2)*h~2xSqrt[e + f*x]*Sqrtlg + h*x])

Rule 1597

Int[((Ca_.) + (b_)*(x_))"(m_.)*((A_.) + (B_.)*(x_)))/(8qrtl(c_.) + (d_.)*(
x_)]*Sqrt(e_.) + (f_.)*(x )]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[
1/(d*fxh*(2*xm + 3)), Int[((a + b*x)~(m - 1)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sq
rt[g + hx*x]))*Simp[axAxdxfxh*(2*m + 3) + (A*xb + a*B)*d*xfxh*(2*m + 3)*x + bx
Bkd*f*hx(2+m + 3)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B},
x] && IntegerQ[2*m] && GtQ[m, O]

+

Rule 1615

Int[(Px )*((a_.) + (b_)*x D))" (@m_.)*x((c_.) + (d_)*x(x))"(m_.)*x((e_.) + (£
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
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n[Px, x]1}, Simp[(k*(a + b*¥x)"(m + q - 1)*(c + d*x)"(n + 1)*x(e + f*x) " (p +

1))/(dxf*b"(q - D*(m + n + p + q+ 1)), x] + Dist[1/(dxf*b"gx(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*x(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + 1)*x(a + bxx)"q + kx(a + b*xx)"(q -
2)*(a"2xd*f*x(m + n + p + g + 1) - b*(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

cxfx(p + 1))) + bk(axd*f*x(2%x(m + q) + n + p) - bx(d*xex(m + q + n) + c*xfx(m

+q+ p)))*x), x], x], x] /; NeQm + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrt[(e_ ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - a*f)]), Int[Sqrt[(bxe)/(b*e - a*xf) + (
bxf*x)/(bxe - a*f)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (b*d*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bkxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*c - axd))/(d*(bxe - axf))1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((bxc - axd)/d), 0] && !'(SimplerQ[c + d*x, a + bxx] && GtQ[-
(a/(b*xc - a*d)), 0] && GtQ[d/(d*e - c*xf), 0] && 'LtQ[(b*xc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(bx(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] && !GtQ[(b*xc - axd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol]l :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - a*d)/bl)], (fx(b*c - axd))/(dx(b*xe - axf))])/(b*Sqr
t[(bxe — axf)/b]l), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*xx] && (PosQ[-((b*xc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
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[ 5aAd fit5(Ab+aB)dfloc+ SbBAf I 1
f (a + bx)(A + Bx) dx = Ve+dxyJe+ fxy/g+hx
Ve +dxyfe + fxyfg +hx 5dfh
) 2 &2 fh(3aAd fh-bB(deg +cfg+ceh))+ 3 d2 Fh(3 Abd fh+3aBd fh-
_ 2bBVc +dxrJe + faxrJg + hx .\ J Vet dfet fayg +i
B 3dfh 1543 f2h2
QBN T drye T Ty T (GAUfT + SaBdfh - 26B(dfg + del + c ) [
B 3dfh 3dfh?

(3adfh(Bg — Ah) + b(3Adfgh — Bch(fg — eh) — B

_ 2bBVc + dxvJe + fxrJg + hx (
= 3dfh 3dfie

B T ENET TR ETTR 2+/=de + cf(3Abdfh + 3aBdfh — 2bB(dfg + deh

3dfh
f 342 f3/2 h2 \/E

B T ENETTRETTR 2+/=de + cf(3Abdfh + 3aBdfh — 2bB(dfg + deh

3dfh
f 342 f3/2 W2 \/E

Mathematica [C] time = 5.27566, size = 450, normalized size = 1.11

c+dx

de
. d dgrh) o g VT dfe
2idhetdx, | f((ijf;l‘; N hgjg;)) ElhptlcF[z sinh 1[%],%](3;:51 Fh(Af-Be)+b(-3Ade fh+Bef (eh-fg)+Bde(2eh+ f9))) 2
_2d(e+f)(8-

Ve +dx

de
——C

f

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)*(A + B*x))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx])
,x]

[Out] (Sqrtlc + d*x]*(2*b*B*d"~2*f*h*(e + f*x)*(g + h*x) - (2*d"2*(-3*Axb*d*f*h -
3xaxBxd*xf*h + 2%bxB* (d*fxg + dxexh + ckxfxh))*(e + f*xx)*x(g + h*x))/(c + d*x)
+ ((2%xI)*(dxe - c*f)*h*(3xAxb*d*xf*h + 3*a*Bkxdxfxh - 2%b*Bx(dxf*g + d*exh +
cxfxh))*Sqrt[c + d*x]*Sqrt[(dx(e + fxx))/(fx(c + d*x))]*Sqrt[(d*(g + h*x))
/(hx(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (dx*f
*xg — cxfxh)/(dxexh - cxfxh)])/Sqrtl-c + (d*e)/f] + ((2%I)=*dxhx*(3*a*xd*fx*(-(B
xe) + Axf)xh + bx(-3xAxdkexfxh + Bkcxf*(-(fxg) + exh) + Bkxdxex(f*g + 2%exh)
))*Sqrt[c + dxx]*Sqrt[(d*(e + f*x))/(f*x(c + dxx))]*Sqrt[(d*(g + hxx))/(h*(c
+ d*x))]*EllipticF[I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxf*g - ¢
*f*h)/(d*¥exh - c*xfxh)])/Sqrtl-c + (d*e)/f]))/(3*xd"3*f"2*h~2*Sqrt[e + f*x]*S
qrtlg + hx*x])

Maple [B] time = 0.031, size = 3232, normalized size = 8.

output too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)*(B*xx+A)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2),%)

[Out] -2/3%(-B*x~2xbxd~3*e*xf*h~2-B*x~2*%b*d~3*f ~2*gxh-B*x~2*b*kcxd~2+f ~2*h~2-2xBx* ((
dxx+c)*f/ (cxf-dxe) )~ (1/2) x (- (hxx+g) *d/ (cxh-d*g) )~ (1/2) * (- (f*x+e) *d/ (c*xf-d*e
))~(1/2)*E1lipticE(((d*x+c)*f/(cxf-dxe))~(1/2), ((c*xf-d*e)*h/f/(cxh-dxg) )~ (1
/2) ) *b*xc”3*f " 2%xh~2-Bxx*bkc*xd"2*f ~2kgxh-Bxx*b*d~3*kexf*gkh-B*x~3*b*d~3*f " 2xh"
2+2xB* ((d*x+c)*f/ (cxf-dxe) )~ (1/2) *x (- (h*x+g) *d/ (c¥h-d*g) ) ~(1/2) x (- (f*x+e) *xd/
(c*xf-dxe))~(1/2)*EllipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-dxe)*h/f/(cxh-
d*xg) )~ (1/2)) *b*xckd™2xexf*gkh-Bxx*b*ckd™2%xexf*h~2-3%Ax ((d*x+c) *f/ (c*f-d*e) )~
(1/2) % (- (h*xx+g) *d/ (cxh-dxg) ) ~(1/2) x (- (£xx+e) *d/ (cxf-d*e) ) " (1/2) *E1lipticF ((
(d*x+c)*f/(cxf-dxe) )~ (1/2), ((cxf-d*xe)*h/f/(c*h-d*g)) ~(1/2))*a*xcxd~2*f~2xh~2
+3%Ax ((d*xx+c) *f/ (cxf-d*xe)) ~(1/2) * (- (h*xx+g) *d/ (cxh-d*xg) ) = (1/2) * (- (f*x+e) *d/ (
cxf-d*e)) " (1/2)*#EllipticF (((d*x+c)*f/(cxf-d*xe))~(1/2), ((c*f-d*e)*h/f/(c*xh-d
*xg)) " (1/2) ) *a*xd™3xexf*xh~2+3xA* ((d*xx+c) *f/ (cxf-d*e)) ~(1/2) * (- (h*x+g) *d/ (c*h-
dxg) )~ (1/2)*x (- (f*x+e)*d/ (cxf-d*e)) " (1/2)*EllipticE(((d*x+c)*f/(cxf-d*e)) (1
/2), ((cxf-d*xe)*h/f/(cxh-d*g)) ~(1/2))*xb*c™2*d*f~2*xh~2-B* ((d*x+c)*f/ (c*xf-dxe)
)~ (1/2) % (- (h*x+g) *d/ (cxh-d*xg) )~ (1/2) * (- (f*x+e) *d/ (c*xf-d*e) ) " (1/2)*E1llipticF
(((d*x+c)*f/(cxf-d*xe))~(1/2), ((cxf-d*e)*xh/f/(cxh-d*xg) )~ (1/2)) *b*cxd~2*e~2*h
~2-2xB* ((d*x+c) *f/ (cxf-d*xe)) " (1/2) * (- (h*x+g) *d/ (c*xh-d*g) ) ~(1/2) * (- (f*x+e) *d
/(cxf-dxe))~(1/2)*E1llipticF (((d*x+c)*f/(c*xf-d*e)) " (1/2), ((cxf-d*e)*h/f/(cxh
—-d*g)) ~(1/2)) *b*cxd~2*xf~2*g~2+B* ((d*x+c) *f/ (cxf-d*e)) ~(1/2) * (- (h*xx+g) *d/ (c*
h-d*g)) ~(1/2) * (- (f*x+e) *d/ (cxf-d*xe)) " (1/2)*E1lipticF (((d*x+c)*f/(c*xf-d*e))”
(1/2), ((cxf-d*e)xh/f/ (cxh-d*xg) )~ (1/2)) *b*d~3*e” 2*g*xh+2*B* ( (d*x+c) *xf/ (cxf-d*
e)) " (1/2) * (- (h*xx+g) *d/ (cxh-d*g) ) ~(1/2) * (- (£xx+e) *d/ (cxf-d*e) ) ~(1/2)*E1llipti
cF(((d*x+c)*f/(cxf-d*xe))~(1/2), ((cxf-d*e)*xh/f/(c*xh-d*g)) ~(1/2))*b*d~3ke*xfx*g
"2+3xB* ((d*x+c) *f/ (cxf-dxe) )~ (1/2) * (- (h*x+g) *d/ (cxh-d*g) )~ (1/2) *x (- (f*x+e) *d
/(cxf-dxe))~(1/2)*E1lipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-d*e)*h/f/(c*xh
—-d*g)) ~(1/2) ) *xa*xc”2xd*f " 2xh~2+2*Bx ((d*x+c) *f/ (cxf-d*xe)) ~(1/2) * (- (hxx+g) *d/ (
cxh-dx*g)) ~(1/2) * (- (£*xx+e) *d/ (cxf-d*e)) ~(1/2)*E1llipticE(((d*x+c)*f/(c*xf-dxe)
)~ (1/2), ((c*f-d*e) *h/f/(c*xh-d*xg) )~ (1/2) ) ¥bxc*d~2%e”~2xh~2+2*Bx* ((d*x+c) *f/ (c*
f-d*xe)) " (1/2)* (- (h*x+g) *d/ (cxh-d*g) )~ (1/2) * (- (f*x+e) *d/ (c*f-d*e) ) ~(1/2) *E11
ipticE(((d*x+c)*f/(cxf-d*xe))~(1/2), ((cxf-dxe)*h/f/(cxh-d*xg))~(1/2))*b*c*d~2
*xf"2xg~2-2xB* ((d*x+c) *f/ (cxf-dxe) )~ (1/2) *x (- (h*x+g) *d/ (cxh-dx*g) ) ~(1/2) * (- (£*
x+e) *d/ (cxf-d*e)) ~(1/2)*E1llipticE(((d*x+c)*f/(c*xf-dxe))~(1/2), ((cxf-d*e)*h/
£/ (cxh-d*g)) ~(1/2) ) *b*d~3xe~2*g*h-2xBx* ((d*x+c) *f/ (cxf-d*e)) ~(1/2) * (- (h*xx+g)
*d/ (cxh-dx*g) )~ (1/2) * (- (f*x+e) *d/ (cxf-d*e)) " (1/2) *E1llipticE(((d*x+c)*f/ (c*xf-
dxe))~(1/2), ((cxf-d*e)*h/f/(cxh-d*g)) ~(1/2) ) *b*xd~3xe*xf*g~2-Bxb*ckxd 2*exf*g*
h-3*B* ((d*xx+c)*f/ (cxf-d*e)) ~(1/2) * (- (hxx+g) *d/ (cxh-d*xg) )~ (1/2) * (- (f*x+e) *d/
(cxf-dxe))~(1/2)*xEllipticF (((d*x+c)*f/(cxf-d*xe))~(1/2), ((cxf-dxe)*h/f/(cxh-
d*xg)) ~(1/2)) *a*xd”3xexf*gxh+B* ((d*x+c)*f/ (cxf-d*e)) ™ (1/2) * (- (h*x+g) *d/ (c*h-d
*xg)) " (1/2) * (- (£xx+e)*d/ (cxf-d*e)) " (1/2)*E11lipticF (((d*x+c)*f/ (cxf-d*xe) )~ (1/
2) , ((cxf-dxe)*xh/f/(cxh-d*xg) )~ (1/2)) *b*c~2*d*e*xf*xh~2-B*x ((d*x+c)*f/ (cxf-dx*e))
~(1/2) * (= (h*xx+g) *d/ (cxh-d*g) ) ~(1/2) * (- (fxx+e) *d/ (cxf-d*e)) ~(1/2) *E1lipticF(
((dxx+c)*f/(cxf-d*xe))~(1/2), ((c*xf-dxe) *h/f/(cxh-d*xg) )~ (1/2) ) *bxc~2xd*f " 2xg*
h-3*Bx ((d*x+c) *f/ (cxf-d*e) )~ (1/2) * (- (h*x+g) *d/ (cxh-d*g) )~ (1/2) x (- (f*x+e) *d/
(cxf-d*e))~(1/2)*E1llipticE(((d*x+c)*f/(cxf-dxe))~(1/2), ((cxf-d*e)*h/f/(c*h-
dxg) )~ (1/2) ) *axc*xd™2xe*xf*xh~2-3*B* ((d*x+c)*f/ (cxf-d*e) )~ (1/2)* (- (h*xx+g)*d/ (c
xh-d*xg) )~ (1/2) % (- (f*x+e)*d/ (cxf-d*e) )~ (1/2)*E1lipticE(((d*x+c)*f/(cxf-dx*e))
~(1/2), ((cxf-d*xe)*h/f/(cxh-d*g)) ~(1/2) ) *a*xcxd~2xf " 2*gxh+3*Bx ((d*x+c) *f/ (c*xf
-d*e)) " (1/2) * (- (h*xx+g) *d/ (cxh-d*g) )~ (1/2) * (- (£xx+e) *d/ (cxf-d*e) ) ~(1/2)*E11i
pticE(((d*xx+c)*f/(cxf-d*e))~(1/2), ((cxf-dxe)*h/f/(cxh-d*xg) )~ (1/2))*a*xd”3*ex
frgxh+3*A% ((dxx+c)*f/ (cxf-dxe) )~ (1/2) * (- (h*x+g) *d/ (cxh-d*g) ) = (1/2) * (- (f*x+e
)*d/ (cxf-d*xe))~(1/2)*E1llipticF (((d*x+c)*f/(c*xf-d*e))~(1/2), ((cxf-d*xe)*h/f/(
cxh-dx*g)) ~(1/2)) xb*xcxd~2*f " 2%gkh-3*A* ((d*x+c) *f/ (cxf-d*e)) ~(1/2) * (- (h*xx+g) *
d/ (cxh-d*g) )~ (1/2) * (- (f*x+e) *d/ (cxf-d*e) )~ (1/2)*E1llipticF (((d*x+c)*f/(c*f-d
xe)) " (1/2), ((c*f-d*e) *h/f/(cxh-d*g)) ~(1/2) ) *b*d~3xexf*gxh-3*xAx ((d*x+c)*f/(c
*xf-dxe)) " (1/2) * (- (h*x+g) *d/ (c¥h-d*g) ) ~(1/2) * (- (£*x+e) *d/ (c*f-d*e) ) " (1/2) *E1L
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lipticE(((d*x+c)*f/(cxf-d*e)) ~(1/2), ((cxf-dxe)*h/f/(cxh-d*g))~(1/2))*b*xc*d”
2xexfxh™2-3%A* ((d*x+c)*f/ (cxf-d*xe) )~ (1/2) * (- (h*x+g) *d/ (c*h-d*xg) ) ~(1/2) * (- (£
xx+e)*d/ (cxf-d*xe)) " (1/2)*E1lipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-d*e)*h
/f/(cxh-d*g)) ~(1/2) ) xb*xckxd~2*f " 2*gkh+3*A*x ((d*x+c)*f/ (cxf-d*xe)) ~(1/2) * (- (h*x
+g) *d/ (cxh-d*xg) )~ (1/2) * (- (£xx+e) *d/ (cxf-d*e) )~ (1/2)*E1lipticE(((d*x+c)*f/(c
xf-dxe) )~ (1/2), ((cxf-dxe)*h/f/(cxh-d*g) )~ (1/2))*bxd~3*e*xf*gkh+3*B* ((d*x+c)*
£/ (c*f-d*e)) " (1/2) * (- (h*x+g) *d/ (cxh-d*g) ) " (1/2) * (- (f*x+e) *d/ (cxf-d*e) )~ (1/2
)*E1lipticF (((d*x+c)*f/(cxf-dxe))~(1/2), ((cxf-d*e)*h/f/(c*h-d*g))~(1/2))*ax
cxd"2+f " 2xg*h) * (d*x+c) ~(1/2) * (f*x+e) " (1/2) x (h*xx+g) ~(1/2) /h~2/£72/d"3/ (d*f*h
*x"3+c*f*h*x”2+d*e*h*x’"2+d*f*g*x"2+c*e*h*x+c*f*g*x+d*e*g*x+c*e*g)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f (Bx + A)(bx + a)
Vdx + cy/fx +e\Jhx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (B*xx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*xx+g)~(1/2),x, algo
rithm="maxima"

[Out] integrate((Bxx + A)x(b*x + a)/(sqrt(d*x + c)*sqrt(fxx + e)*sqrt(h*x + g)),
x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Bbx2 + Aa+ (Ba + Ab)x)\/dx +oyfx+eyhx+g
dfhx3 + ceg + (dfg + (de + cf)h)x2 + (ceh + (de + cf)g)x’x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (B*xx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x, algo
rithm="fricas")

[Out] integral((Bxb*x~2 + Axa + (B*a + Axb)*x)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h
*x + g)/(d*xf*h*x"3 + ckxexg + (dxfxg + (dxe + cxf)*h)*x"2 + (c*exh + (d*xe +
c*xf)*g)*x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (Bxx+A)/(d*x+c)*x(1/2)/(£*xx+e)**(1/2)/ (h*x+g)**(1/2) ,%x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (Bx + A)(bx + a)
Vdx + c/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*xx+a)*(Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x, algo
rithm="giac")

[Out] integrate((Bxx + A)x(b*xx + a)/(sqrt(d*x + c)*sqrt(fxx + e)*sqrt(h*x + g)),
x)
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A+Bx

'I‘Vc+dee+fog+hx

Optimal. Leaf size=284

3.3

2B+/g + hxyJcf —de d(e+fx) ( - (\/\;C;_:Zx) I;izf_{zg) 2(Bg — Ah)+Jcf —de, /%‘ /%EllipticF (sin_1 (
d\/fh\/m d(g+hx) d\/?h\/@ + fx\/g + hx

dg—ch

[Out] (2xBxSqrt[-(d*e) + c*f]*Sqrt[(dx(e + f*x))/(d*e - cxf)]*Sqrt[g + h*x]*Ellip
ticE[ArcSin[(Sqrt [f]*Sqrtlc + d*x])/Sqrt[-(d*e) + c*f]l], ((dxe - c*f)x*h)/(£f
*x(d*g - c*h))])/(d*Sqrt [f]*h*Sqrt[e + f*x]*Sqrt[(d*(g + hxx))/(d*g - c*h)])

- (2*Sqrt[-(d*e) + cxf]*(B*xg - Axh)*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[(

dx(g + h*xx))/(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]l*Sqrtlc + d*x])/Sqrt[-(d

xe) + cxf]], ((dxe - cxf)*h)/(f*x(d*g - c*xh))])/(d*xSqrt[f]*h*Sqrt[e + f*x]*S

grtlg + hx*x])

Rubi [A] time = 0.171612, antiderivative size = 284, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 33, e .

integrand size
0.152, Rules used = {158, 114, 113, 121, 120}

T [, d(e+fx) -1 \/7\/c+dx (de—cf)h d(e+fx) d(g+hx) c+dx
2Byg + hxyef ~de E( ( \cf—de )lf(dg—ch)) 2(Bg — Ah)ycf - de \/ de—cf \/ dg—ch ( ( \ef—de
d\/?hm d(g+hx) d\/—h\/e + fX\/g + hx

dg—ch

Antiderivative was successfully verified.

[In] Int[(A + B*x)/(Sqrtlc + dxx]*Sqrtl[e + f*x]*Sqrtl[g + h*x]),x]

[Out] (2#BxSqrt[-(d*e) + c*fl*Sqrt[(dx(e + f*x))/(d*e - c*xf)]*Sqrt[g + h*x]*Ellip
ticE[ArcSin[(Sqrt [f]*Sqrtlc + d*x])/Sqrt[-(dxe) + cxf]], ((d*e - cxf)x*h)/(f
x(d*g - cxh))])/(d*Sqrt [f]*h*Sqrt[e + fxx]*Sqrt[(d*(g + h*x))/(d*g - c*h)])
- (2xSqrt[-(dxe) + cxf]x(Bxg - Axh)*Sqrt[(dx(e + f*x))/(d*e - c*xf)]*Sqrt[(
d*(g + hxx))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d
xe) + cxf]], ((d¥e - c*f)*h)/(f*(d*g - c*h))])/(d*Sqrt[f]*h*Sqrte + f*x]*S
qrtlg + hx*x])

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + bx*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bxe - a*xf)]/(Sqrt[a + b*x]*Sqrt[(bxc)/(b*c - a*d) + (bxd*x)/(bxc -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & '(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-((b*c - axd)/d), O]
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Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*c - axd))/(d*(bxe - axf))]1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((bxc - axd)/d), 0] && !'(SimplerQ[c + d*x, a + bx*x] && GtQ[-
(a/(b*xc - axd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQL(b*c - a*d)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*xx]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & !GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] &% SimplerQ[a + b*x, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symboll :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(b*xe - axf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*xc - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*x] && (PosQ[-((b*xc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
\g+hx B 1
f A+ Bx o fmmdx+(Bg+Ah)f—MWde
Ve +dxyfe + fxfg + hx h h
dg
d(e+fx) 1 d(e+fx) dg—l
((—Bg+Ah) = ) i — d ( e \/+—hx) il
Ve+dx e—cf T Cf\/ngW Ve+dx 5
= +
hJe + fx dg+hx)
f hyJe + fx dgich
d(e+fx)
= d(e+fx) .1 [ VfVerdx\ | (de—cf)h ((—Bg + Ah) e
2By/-de + ¢ g+ hxE (sm ( \/W) |f(dg—ch)) ecf "\

d(g+hx)
d\/_h\/e+fx pr

d(e+fx) .1 [ VfVerdx\ | (de—cf)h
2B+/-de +cf | docf \§ + hxE (sm (\/W) |f(dg—ch)) 2y/—de + cf(Bg - Ah)\

d(g+hx)
d\/?h\/@ + fx W

Mathematica [C] time = 1.86038, size = 319, normalized size = 1.12

(

de
2 [idh(c + dx)*2(Be - Af), | j‘(:f;; ‘ /Zﬁfjgj; EllipticF [i sinh ™! [ V_Vid ] % ;‘l’;{g] — Bd?(e + fx)(g + hx) | % - c — iBh

d2fhvc + dxJe + fx\fg + hx, /% -c

Antiderivative was successfully verified.
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[In] Integrate[(A + B*x)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx]),x]

[Out] (-2*%(-(Bxd"2*Sqrt[-c + (d*xe)/flx(e + f*xx)*(g + h*x)) - I*Bx(d*e - cxf)*hx*(c
+ d*x) " (3/2)*Sqrt [(d*(e + f*x))/(fx(c + d*x))]*Sqrt[(d*x(g + h*x))/(h*x(c +
d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxfxg - cxfx
h)/(d*e*h - cxfxh)] + Ixd*(Bxe - A*f)*h*x(c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/

(f*x(c + d*x))]*Sqrt[(d*(g + hx*x))/(h*x(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-

c + (dxe)/f]/Sqrtlc + d*x]], (d*fxg - cxfxh)/(d*exh - cxf*h)]))/(d"2*Sqrt[-

c + (dxe)/f]lxf*h*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])

Maple [B] time = 0.024, size = 559, normalized size = 2.

d h cf —de)h
) Vdx + cy/fx +e\hx + g AEllipticE (dx+c)f, (cf ) o,
d?fh (dfhx3 + cfhx? + dehx? + df gx? +cehx+cfgx+degx+ceg) cf —de " f(ch —dg)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),%)

[Out] 2*x(A*EllipticF(((d*x+c)*f/(cxf-d*xe))~(1/2), ((c*xf-d*e)*h/f/(cxh-dxg))~(1/2))
xcxd*xfxh-AxE1lipticF (((d*x+c)*f/(cxf-d*xe)) ~(1/2), ((cxf-dxe)*h/f/(cxh-d*xg) )~
(1/2))*d~2*xexh-BxE1llipticF (((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-dxe)*h/f/(cxh-
dxg) )~ (1/2) ) *cxd*f*xg+B*E1lipticF (((d*x+c)*f/(c*xf-d*e))~(1/2), ((cxf-d*e)*h/f
/ (cxh-d*g) )~ (1/2))*d"2*e*xg-B*xE1lipticE(((d*x+c)*f/(cxf-dxe)) ~(1/2), ((c*f-dx
e)*h/f/(cxh-dxg) )~ (1/2) ) *c~2*xfxh+B*E11ipticE(((d*x+c)*f/(c*xf-d*e))~(1/2), ((
cxf-dxe) *h/f/(cxh-dxg) )~ (1/2) ) *cxd*exh+B*E11lipticE(((d*x+c)*f/(c*xf-dxe)) (1
/2), ((cxf-d*xe)*h/f/(cxh-d*g)) ~(1/2) ) *c*d*xf*g-B+xE1lipticE(((d*x+c)*f/ (cxf-dx*
e))~(1/2), ((cxf-d*xe)*h/f/(cxh-d*xg) )~ (1/2)) *d"2xex*xg) * (- (f*x+e) *d/ (cxf-d*e) )~
(1/2) * (- (h*x+g) *d/ (cxh-d*g) ) ~(1/2) * ((d*x+c)*f/ (c*f-d*e)) " (1/2) /h/f/d"2x (d*x
+c) 7 (1/2) * (fxx+e) ~(1/2) * (h*xx+g) = (1/2) / (d*xfxh*x~3+cxfxh*x~2+d*exh*x~2+d*f*g*
x"2+ckexh*xx+cxf *g*x+d*e*g*x+c*e*g)

Maxima [F] time = 0., size = 0, normalized size = 0.

J‘ Bx+ A P
X
Vdx + cyffx + e\Jhx + ¢
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(d*x+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2),x, algorithm="m
axima"

[Out] integrate((B*xx + A)/(sqrt(d*x + c)x*sqrt(f*x + e)*sqrt(h*x + g)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Bx + A)Vdx + cy/fx + erJhx + ¢
dfhx3 + ceg + (dfg + (de + cf)h)x2 + (ceh + (de + cf)g)x'

integral X

Verification of antiderivative is not currently implemented for this CAS.



34

[In] integrate((B*x+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x, algorithm="f

ricas")

[Out] integral((B*x + A)*sqrt(d*x + c)*sqrt(f*x + e)xsqrt(h*x + g)/(d*f*h*x"3 + c
xexg + (dxf*g + (d*e + cxf)*h)*x"2 + (cxexh + (d*e + cxf)*g)*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f A+ Bx
dx
Ve +dxyfe + fxafg +hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(d*xx+c)**x(1/2)/(fxx+e)**(1/2)/(h*xx+g)**x(1/2),x)

[Out] Integral((A + B*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

Bx+ A
f dx
Vdx + c/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algorithm="g

iac")

[Out] integrate((B*x + A)/(sqrt(d*x + c)x*sqrt(f*x + e)*sqrt(h*x + g)), x)
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34 f A+Bx
) (a+bx)Vc+dee+fog+hx

Optimal. Leaf size=313

- [d(e+fx) [d(g+hx) . . | \/j_r Ve+dx ) h(de—cf) aB - [d(e+fx) d(g+hx) b(de
2B Cf —de V de—cf V dg—ch ElllpthF (Sln ( N ) ! f(dg—ch)) ( B f de V de—cf dg—ch ( (bc—
bd\/fx/e+fx\/g+hx Ve + fxag + hx(be

[Out] (2#BxSqrt[-(d*e) + c*fl*Sqrt[(dx(e + f*x))/(d*e - c*f)]*Sqrt[(d*(g + h*x))/
(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]],

((dxe - cxf)*h)/(f*(d*g - c*h))])/(bxd*Sqrt [f]1*Sqrtle + f*x]*Sqrtlg + hx*x])

- (2x(A - (a*B)/b)*Sqrt[-(d*e) + cxf]*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt
[(d*(g + h*x))/(d*g - c*h)]*EllipticPi[-((b*x(d*e - c*f))/((bxc - axd)*f)),
ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]l], ((d*e - c*f)*h)/(f*(d*g

- c*h))])/((b*xc - axd)*Sqrt[f]*Sqrtle + f*x]*Sqrt[g + h*x])

Rubi [A] time = 0.746593, antiderivative size = 313, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 40, > —

integrand size
0.175, Rules used = {1607, 169, 538, 537, 12, 121, 120}

d(e+fx) d(g+hx) -1 \/_Vc+dx (de=cf)h aB d(e+fx) d(g+hx) b(de— cf)
2B Cf de V de—cf V dg—ch F( ( yef—de )lf(dg—ch)) ( B ch de V de—cf V dg—ch ( (be— tzd)f
bd\/—\/e + fx+/g + hx \/_\/e + fx+/g + hx(bc — ad)

Antiderivative was successfully verified.

[In] Int[(A + B*x)/((a + b*x)*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]),x]

[Out] (2xBxSqrt[-(d*e) + cxf]*Sqrt[(dx(e + f*xx))/(d*e - cxf)]*Sqrt[(d*(g + hx*x))/
(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]],

((dxe - cxf)*h)/(f*(d*g - c*h))])/(bxd*Sqrt [f]1*Sqrtle + f*x]*Sqrtlg + hx*x])

- (2%(A - (axB)/b)*Sqrt[-(dxe) + cxf]xSqrt[(dx(e + f*x))/(dxe - c*xf)]*Sqrt
[(dx(g + hx*x))/(d*g - cxh)]*EllipticPi[-((b*(d*e - cxf))/((bxc - axd)*f)),
ArcSin[(Sqrt[f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + cxfl], ((d*e - c*f)*h)/(f*(d*g

- c*h))])/((b*xc - axd)*Sqrt[f]*Sqrtle + f*x]*Sqrt[g + h*x])

Rule 1607

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*x((c_.) + (d_D)*(x_))"(n_.)*((e_.) + (£
_O*x(x_ )" (p_)*((g_.) + (h_.)*x(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder [Px, a + bxx, x], Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*x(g + h*x) q
, xJ, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d*
x)"n*x(e + f*x) px(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rule 169

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simpl[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] & !'SimplerQle + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 538
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Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl[(c_) + (d_.)*x(x_)~"2]*Sqrtl(e_) + (f_.)*(x
)721), x_Symbol] :> Dist[Sqrtl[1 + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + £*x~2]), x], x] /; FreeQ[{a, b, ¢, d, e
, T}, x] && 'GtQ[c, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]xSqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(axSqrtlcl*Sqrtlel*Rt[-(d/c), 2]1), x] /; FreeQl[{a, b, c, d
, e, £}, x] && 'GtQ[d/c, 0] && GtQlc, O] && GtQle, O] && !'( 'GtQ[f/e, O]
&% SimplerSqrtQ[-(f/e), -(d/c)])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, xI]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrtla + b*x]*Sqrt[(b*xc)/(b*xc - a*xd) + (b*d*x)/(b*c - a*xd)]*Sqrtle + fx*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & 'GtQ[(b*c - axd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(bxe - axf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + dxx] && SimplerQ[a +
b*x, e + f*xx] && (PosQ[-((b*c - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
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f A+ Bx dx:(A—@)f ! dx+f b
(a + bx)Ve + dxJe + fx\fg + hx b (a + bx)Ve + dxJe + fx\fg + hx bVc +dxyJe + fxf

Bf;dx
_ ) Nerdeyferfrygein _(2(A——)) Subst f 1

b b (bc—ad—bxz)\/e—%r

[2(1-2) 52 s |

d

(B /d(e+fx)) [ 1 i
de-cf \/c+dx,ldiecf+%\/g+hx
brfe + fx

g, [derrn [dg+i 1 i (2 (A - %) \/73
de—cf dg—ch m \/ LA [ g dhx

cf de—cf \| dg—ch " dg—ch

brJe + fx+/g + hx

de+fx) [d(g+hx) _1 [ fVe+dx \ | (de—cf)h aB
ZBV_de+ \ de—cf \ dg—ch F( ( detcf )lf(dg—ch)) Z(A_ 7)‘

bd\/_\/e + fx+/g + hx

Mathematica [C] time = 2.10648, size = 244, normalized size = 0.78

de de
A F¢ —=—c
2iye+ fry| 2 | bAd - Be)ElipticF | isinh™ | Y= |, L |+ d(ab - Ap)IT| £ isinh ™! | S |25

Ve+dx | deh—cfh b(cf-de ) Ve+dx | deh—c

bf /g + Fx(ad — be) \/; \/ﬁ

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/((a + bxx)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x
]

[Out] ((2*I)*Sqrtle + f*x]*Sqrt[(d*x(g + h*x))/(h*(c + d*x))]*(bx(-(B*c) + A*d)*El
lipticF[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*xg - cxfxh)/(d*exh

- cxf*h)] + (-(A*b) + axB)*d*EllipticPi[((b*xc - ax*d)*f)/(b*(-(dxe) + cxf))

, I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxfxg - c*f*h)/(d*exh - cxf
*h)]1))/ (bx(-(b*c) + a*xd)*Sqrt[-c + (d*e)/flxf*Sqrt[(dx(e + f*x))/(fx(c + dx*
x))1*Sqrt[g + h*x])

Maple [B] time = 0.034, size = 665, normalized size = 2.1

Vdx + c/fx +e\hx + g dx+c)f \/ hx+g \/ fx+€
(ad bc)bdf(dfhx3+cfhx2+dehx2+dfgx2+cehx+cfgx+degx+ceg cf —de ch—dg cf —d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*xx+g)~(1/2) ,%)

[Out] 2*(d*x+c)”(1/2)*(f*x+e)” (1/2)* (h*x+g)~(1/2)/d/f/bx((d*x+c)*f/(cxf-d*xe))~(1/
2) * (- (hxx+g) *d/ (cxh-d*g) ) " (1/2) * (- (f*x+e) *d/ (cxf-d*e) ) " (1/2) * (AxE1lipticPi(
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((dxx+c)*f/(cxf-d*xe))~(1/2) ,-(cxf-d*e)*b/f/(a*d-bxc), ((cxf-d*e)*h/f/(c*h-d*
g)) " (1/2)) *b*xckd*xf-A*E1lipticPi (((d*x+c)*f/(cxf-d*e))~(1/2) ,-(cxf-dxe)*b/f/
(axd-bxc), ((cxf-d*xe)*h/f/(cxh-d*g)) ~(1/2))*b*d"2*e+B*xE1lipticF (((d*x+c)*f/(
cxf-dxe))~(1/2), ((cxf-d*xe)*h/f/(cxh-d*g)) ~(1/2))*a*cxd*f-BxEllipticF (((d*x+
c)*f/(cxf-d*xe))~(1/2), ((cxf-d*e)xh/f/(cxh-d*g) )~ (1/2))*a*xd~2*e-B*xEllipticF(
((dxx+c)*f/(cxf-d*xe)) ~(1/2), ((c*f-d*e) *h/f/(c*¥h-d*xg) )~ (1/2) ) *bxc~2xf+B*E11i
pticF(((d*xx+c)*f/(cxf-d*xe))~(1/2), ((cxf-d*e)*h/f/(c*h-d*g))~(1/2))*bxcxd*e-
BxEllipticPi(((d*x+c)*f/(cxf-d*e))~(1/2),-(cxf-d*e)*b/f/(axd-b*xc), ((cxf-dx*e
)*h/f/ (cxh-dx*g) )~ (1/2) ) *a*xckd*xf+B*E11ipticPi (((d*x+c)*f/(cxf-d*xe))~(1/2),-(
cxf-dxe) *b/f/(a*xd-bxc), ((cxf-d*xe)*h/f/(cxh-d*g)) ~(1/2))*a*d"2*e)/(a*d-bx*c)/
(d*f*h*x”3+cxfxh*x"2+d*exh*x"2+d*f*xg*x~2+ckexh*x+ckf*gkx+drexgkx+ckexg)

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx+ A
f dx
(bx + a)Vdx + c\/fx +e\Jhx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(bxx+a)/(d*x+c)~(1/2)/(fxx+e)”(1/2)/(h*x+g)~(1/2),x, algo
rithm="maxima")

[Out] integrate((B*x + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(bxx+a)/(d*x+c)~(1/2)/(fxx+e)”(1/2)/(h*x+g)~(1/2),x, algo
rithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

A+ Bx
f dx
(a +bx) Ve + dxrJe + fxa/g + hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)/(d*x+c)**(1/2)/(f*xx+e)**x(1/2)/(h*x+g)**(1/2) ,%)

[Out] Integral((A + B*x)/((a + bxx)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x
)
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Giac [F] time = 0., size = 0, normalized size = 0.

J‘ Bx+ A
dx
(bx + a)Vdx + c\/fx +e\Jhx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x, algo
rithm="giac")

[Out] integrate((Bxx + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)
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A+Bx
3.5 f (a+bx)2Vc+dx+fe+ fx+/g+hx ax

Optimal. Leaf size=678

dle+fx)  [d@+hd) fyq. . . 1 [ AfVerdx\  h(de—cf) dle+fx) [d(g+hx) (4 o
VF(Ab - aB)\Jef —de |2 . N oo EllipticF (sm ( o= ) f( dg_ch)) Vef —dey |5 - ‘/W(&z Abdf
- +

brJe + fx+/g + hx(bc — ad)(be — af)

[Out] -((b*x(A*b - a*B)*Sqrt[c + d*x]*Sqrtle + f*xx]x*Sqrtlg + h*xx])/((b*xc - a*xd)*(b
xe — axf)*x(b*xg - a*h)*(a + b*x))) + ((Axb - axB)*Sqrt[f]*Sqrt[-(d*e) + cxf]
xSqrt [(d*(e + f*x))/(d*e - c*f)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sq
rt[c + d*x])/Sqrt[-(d*e) + c*xf]], ((dxe - cxf)*h)/(f*x(d*g - c*h))])/((b*c -
axd) *(bxe - axf)*(b*g - axh)*Sqrtl[e + f*x]*Sqrt[(d*(g + h*x))/(d*xg - c*h)]
) - ((Axb - axB)*Sqrt[f]l*Sqrt[-(dxe) + cxf]*Sqrt[(d*(e + f*x))/(d*e - cx*f)]
xSqrt [(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrtlc + d*x])/S
grt[-(dxe) + cxf]], ((d*e - c*f)*h)/(f*x(d*g - cxh))])/(b*x(b*xc - a*xd)*(b*e -
axf)*Sqrt[e + fxx]*Sqrtlg + h*x]) + (Sqrt[-(dxe) + cxf]*(3*a~2xAxb*xd*f*h -
a"3*Bxdxf*h - b~3x(2xBkckexg - Ax(d*exg + cxf*xg + ckexh)) + axb™2*(B*(d*ex
g + cxfxg + ckxexh) - 2%Ax(d*f*g + d*exh + c*f*h)))*Sqrt[(d*(e + f*x))/(d*e
- cxf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticPi[-((b*(d*e - c*f))/((b*c
- axd)*f)), ArcSin[(Sqrt[fl*Sqrtlc + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - cx*f
)*h) / (£x(d*g - c*h))])/(b*x(b*xc - axd) 2xSqrt[f]l*(b*xe - axf)*(b*g - axh)*Sqr
tle + f*x]*Sqrtlg + h*x])

Rubi [A] time = 1.53538, antiderivative size = 678, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 10, integrand size = 40, number of rules

= 0.25, Rules used = {1599, 1607, 169, 538, 537, 158, 114, 113, 121, 120}

Jef —de. | ",fl%ff)‘ / ﬁ‘;;_ﬁf (3a2Abdfh + a3(~B)dfh + ab?(B(ceh + cfg + deg) — 2A(cfh + deh + dfg)) - b*(2Bceg — A(
b\/fw/e + fx+/g + hx(bc — ad)?(be — af)(bg — ah)

integrand size

Antiderivative was successfully verified.

[In] Int[(A + Bxx)/((a + b*x)~2*Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x]),x]

[Out] -((bx(A*b - a*B)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + hx*x])/((bxc - axd)*(b
xe — axf)*(b*xg - ax*h)*(a + b*x))) + ((Axb - axB)*Sqrt[f]*Sqrt[-(d*e) + cxf]
xSqrt [(d*x(e + f*x))/(d*e - c*f)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sq
rt[c + d*x])/Sqrt[-(d*e) + c*xf]], ((dxe - cxf)x*h)/(f*x(d*g - c*h))])/((b*c -
axd) *(bxe - axf)*(b*xg - axh)*Sqrtl[e + f*x]*Sqrt[(d*(g + h*x))/(d*xg - c*h)]
) = ((Axb - a*B)*Sqrt[f]*Sqrt[-(d*e) + cxfl*Sqrt[(d*(e + f*x))/(d*e - c*f)]
xSqrt [(d* (g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrtlc + d*x])/S
grt[-(dxe) + cxf]], ((d*e - c*f)*h)/(f*x(d*g - cxh))])/(b*x(b*c - a*xd)*(b*xe -
axf)*Sqrt e + f*x]*Sqrtlg + h*x]) + (Sqrt[-(d*e) + c*f]l*(3*a~2*Axbxd*fxh -
a~3*Bxdxf*xh - b73%(2xBxcxexg - Ax(dxexg + c*xfxg + cxexh)) + axb™2*(B*(dxex
g + cxf*xg + cxexh) - 2%Ax(d*f*xg + dxexh + cxfxh)))*Sqrt[(d*(e + f*xx))/(d*e
- cxf)]1*Sqrt [(d* (g + h*x))/(d*g - c*h)]*E1llipticPi[-((b*(d*e - cxf))/((b*c
- axd)*f)), ArcSin[(Sqrt[f]l*Sqrtlc + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - cx*f
)*h) /(fx(d*g - cxh))])/(bx(b*xc - a*xd) 2xSqrt[f]*(b*e - a*xf)*(bxg - axh)*Sqr
tle + f*x]*Sqrtlg + h*x])

Rule 1599



41

Int[((Ca_.) + (b_)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
DIxSqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
(A*b~2 - axb*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx]
)/ ((m + 1)*(bxc - axd)*(bxe - a*xf)*(b*g - a*h)), x] - Dist[1/(2%(m + 1)*(b*
c - axd)*(bxe - axf)*x(b*g - axh)), Int[((a + bxx)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrtlg + h*x]))*Simp[A*(2%xa~2xd*f*h*x(m + 1) - 2%a*xbx(m + 1)*(dx*
fxg + dxexh + ckxfxh) + b72%(2#m + 3)*(d*exg + cxf*xg + ckexh)) - b*Bx(ax(dxe
xg + cxf*xg + ckexh) + 2xbkckxexgk(m + 1)) - 2x((A*b - a*B)*(axd*f*xh*x(m + 1)
- bx(m + 2)*(dxfxg + d¥xexh + cxfxh)))*x + dxfxhx(2*m + 5)*(A*b~2 - a*xb*B)*x
"2, %1, x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] & IntegerQ[2*m]
&& LtQ[m, -1]

Rule 1607

Int[(Px_)*((a_.) + (b_)*x(x_))"(m_.)*((c_.) + (d_)*xD))"(n_.)*x((e_.) + (f
_Ox_ Dl I)*((g_.) + (h_.)*(x_))"(g_.), x_Symbol] :> Dist[PolynomialRem
ainder [Px, a + bx*x, x], Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*x(g + h*x) q
, xJ, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d*
x)"nx(e + fxx)"p*x(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rule 169

Int[1/(((a_.) + (b_.)*x(x_))*Sqrtl[(c_.) + (d_.)*x(x_)1*Sqrtl(e_.) + (f_.)*(x_
)IxSqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simpl[b*c -
axd - b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + (f*x72)/d, x]]1*Sqrt[Simp[(d*g -
c¥h)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] & !SimplerQle + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
b*x"2)*Sqrt[1 + (d*x~2)/c]l*Sqrtle + f*x72]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && 'GtQ[c, O]

Rule 537

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && !'( !'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtl[e + f*x]*Sqrt[(bx(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bke - a*xf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (b*xd*x)/(b*c -
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axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !'(GtQ[b/(b*c - ax*xd), 0]
&& GtQ[b/(b*xe - axf), 0]) && 'LtQ[-((bxc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((b*xc - a*xd)/d), 2]], (fx(b*xc - axd))/(dx(bxe - axf))])/b, x] /;

FreeQ[{a, b, ¢, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(b*e - axf),
0] && 'LtQ[-((b*c - axd)/d), 0] && !'(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*c - axd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*x(c + d*x))/(b*c - a*xd)]/Sqrtlc + dxx], Int[
1/(8qrt[a + b*x]*Sqrt[(b*xc)/(b*xc - a*d) + (b*d*x)/(b*c - a*d)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & !GtQ[(b*c - ax*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*xf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - ax*xd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + d*x] &% SimplerQ[a +
b*x, e + f*x] && (PosQ[-((b*c - a*d)/d)] || NegQ[-((b*e - axf)/f)])

Rubi steps
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f ~2a% Ad fh+b?(2Bceg—A(deg+c fg+celt))-

f A+ Bx L bAb- aB)Vc + dxyJe + fx\/g + hx
(a + bx)2Vc + dxrJe + fxy/g + hx ~ (bc - ad)(be - af)(bg — ah)(a + bx)

2
aAdfh-"EU"  (Abd fr-aBd fi)x

_ b(Ab - aB)Vc + dx+Je + fx\Jg + hx J VetdxJer frygHhx
T (bc — ad)(be — af)(bg — ah)(a + bx) " 2(bc — ad)(be — af)(bg — ah)

1
_ b(Ab—aB)Vc + dxrJe + fxrJg + hx ((Ab - aB)df) | Verdaet frygtha
" (bc - ad)(be — af)(bg — ah)(a + bx) 2b(bc — ad)(be — af)

((Ab ~ aB)df |2 f)) [

_ b(Ab-aB)Vc +dxyfe+ fxyg + hx Verdry
~ (bc— ad)(be - af)(bg — ah)(a + bx) 2b(bc - ad)(be - af)y

d(e+fx)
_ b(Ab- aB)Vc + dxyJe + fx\/g + hx (Ab— aB)f~de + cf de—cf
T (bc — ad)(be — af)(bg — ah)(a + bx) "

(bc — ad)(be — af)(b;

d(e+fx)

_ b(Ab- aB)Vc + dxyJe + fx\/g + hx (Ab - aB)\/fJ=de + cf de~cf
T (bc — ad)(be — af)(bg — ah)(a + bx) "

(bc — ad)(be — af)(b;

Mathematica [C] time = 16.3642, size = 14516, normalized size = 21.41

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(A + B*x)/((a + bxx) 2*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x])
»X]

[Out] Result too large to show

Maple [B] time = 0.098, size = 13380, normalized size = 19.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(b¥x+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/2) ,x)

[Out] result too large to display
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Maxima [F] time = 0., size = 0, normalized size = 0.

j‘ Bx+ A
5 dx
(bx + a)*Vdx + cy[fx + ey/hx + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)~2/(d*x+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2),x, al
gorithm="maxima"

[Out] integrate((Bxx + A)/((b*x + a) 2xsqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
.9

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)~2/(d*x+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2),x, al
gorithm="fricas")

[Out] Timed out

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)**2/(d*x+c)**(1/2)/(f*xx+e)*x(1/2)/(h*x+g)**(1/2),x
)

[Out] Exception raised: ValueError

Giac [F] time = 0., size = 0, normalized size = 0.

j‘ Bx+ A
5 dx
(bx + a)*Vdx + cy[fx + ey/hx + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a) 2/ (d*xx+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2),x, al
gorithm="giac")

[Out] integrate((Bxx + A)/((b*x + a) 2xsqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
> X)
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(a+bx)>2(A+Bx)
3.6 f Vetdxqfe+fxr/g+hx ax

Optimal. Leaf size=981

— - _ _G

DT T BxVe T e T Fryg S TR \dg — chv/fg — eh(5aBdfh + b(4Adfh — 3B(dfg + deh + cfh)))Va + bx 1
2dfh [ (de—cf)(a+bx)

4d2f2h2 Wvg + hx

[Out] ((5*a*Bxd*fxh + b*(4d*xAxdxf*h - 3*Bx(d*f*g + dkexh + cxfxh)))*Sqrtla + b*x]x*
Sqrtle + fxx]*Sqrtlg + h*x])/(4*xd*xf~2xh~2*Sqrt[c + d*x]) + (b*B*Sqrt[a + bx
x]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(2xd*f*h) - (Sqrtl[d*g - c*h]*
Sqrt [fxg - exh]*(5xaxBkd*fxh + b¥(4xAxd*fxh - 3xBx(dxf*g + d*exh + c*xfxh)))
xSqrt[a + b*xx]*Sqrt[-(((d*e - c*xf)*(g + h*x))/((f*g - exh)*(c + d*x)))]*E1ll
ipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtle + fx*x])/(Sqrtlf*g - exh]*Sqrtlc + d*x
D1, ((bxc - a*xd)*(fxg - exh))/((b*xe - axf)*x(d*g - cxh))])/(4*d~2xf~2xh~2*S
qrt[((d*e - c*f)*x(a + b*x))/((b*e - a*xf)*x(c + d*x))]*Sqrtlg + hxx]) - ((bxe
- axf)*Sqrt [bxg - axh]*(3*axBkxd*fxh + b*(4*xAxd*xf*h - Bkx(ckxfxh + 3*d*x(f*xg +
exh))))*Sqrt [((b*xe - a*f)*(c + d*x))/((d*xe - cxf)*(a + bxx))]*Sqrt[g + hx*x
1*EllipticF[ArcSin[(Sqrt [b*g - a*h]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrt[a
+ bxx])], -(((b*c - a*xd)*(f*g - exh))/((d*e - c*f)*(bxg - axh)))])/(4xb*xdxf
~2xh~2*Sqrt [f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe - a*xf)*(g + h*x))/((fxg -
exh)*x(a + b*x)))]) + (Sqrt[-(dxg) + cxh]*(4xd*fxh*(2%a*x(2xA*xb + a*B)*d*xfx*h
- b*Bx(b*x(d*exg + c*fxg + cxexh) + ax(d*f*xg + dxexh + c*xfxh))) - (axd*f*h
+ bx(d*f*xg + dxexh + c*fxh))*(5xaxBkd*xf*xh + bk (4*xAxd*fxh - 3*xBx(d*f*xg + dxe
xh + cxf*h))))*(a + b*x)*Sqrt[((bxg - axh)*(c + dxx))/((d*g - cxh)*(a + b*x
))1*Sqrt[((b*g - axh)*(e + f*x))/((f*g - exh)*(a + b*x))]*EllipticPi [-((b*(
d*g - c*h))/((b*c - a*d)*h)), ArcSin[(Sqrt[b*c - a*d]*Sqrt[g + h*x])/(Sqrt[
-(d*g) + cxh]xSqrtla + b*x])], ((b*e - axf)*x(dxg - cx*h))/((bxc - axd)*(fxg
- exh))])/(4*xbxd~2*Sqrt [b*c - axd]*f~2*h~3*Sqrt[c + d*x]*Sqrtle + f*x])

Rubi [A] time = 3.412, antiderivative size = 976, normalized size of antiderivative = 0.99,

. . ber of rul
number of steps used = 10, number of rules used = 10, integrand size = 42, /e o e

0.238, Rules used = {1597, 1600, 1602, 1598, 170, 419, 165, 537, 176, 424}

integrand size

(d
TR ey s e \dg — chv[fg — eh(4Abd fh + 5aBd fh — 3bB(dfg + deh + cfh))Va + bx ¢

deh (de—cf)(a+bx)
2 £21,2 ST
4d? f2h? /(be_af)(ﬁdx)\/g + hx

Antiderivative was successfully verified.

[In] Int[((a + b*x)~(3/2)*(A + B*x))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx])
]

[Out] ((4*Axbxd*fxh + BxaxBkd*xfxh - 3xb*Bk(d*f*xg + dxexh + ckxfxh))+*Sqrt[a + b*x]x*
Sqrte + fxx]*Sqrtlg + hxx])/(4*xd*f~2xh~2*xSqrt[c + d*x]) + (b*BxSqrt[a + bx
x]*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + hxx])/(2xd*f*h) - (Sqrt[d*g - cxh]x*
Sqrt [f*g - exh]*(4xAxb*xd*xfxh + bkaxBkxdxfxh - 3xb*Bx(dxf*g + d*exh + cxfx*h))
*xSqrt[a + b*x]*Sqrt[-(((d*xe - c*xf)*x(g + hxx))/((fxg - exh)*(c + d*x)))]*Ell
ipticE[ArcSin[(Sqrt[d*g - cxh]l*Sqrtle + fxx])/(Sqrt[f*g - exh]*Sqrtlc + d*x

DI, ((b*xc - axd)*(fxg - exh))/((b*xe - axf)x(dxg - c*h))])/(4*d~2*xf 2xh~2%S
grt[((dxe - cxf)*(a + b*x))/((bxe - axf)x(c + d*x))]*Sqrtl[g + hxx]) - ((bxe

- axf)*Sqrt [b*xg - axh]*(4*xAxb*xdxfxh + 3*a*Bxd*fxh - b*Bk(ckfxh + 3xd*(f*g

+ exh)))*Sqrt [((bxe - axf)*(c + d*x))/((d*e - cxf)*(a + b*x))]*Sqrt[g + hx*x
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1*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrt[a
+ b*x])], -(((bxc - a*xd)*(f*g - exh))/((d*e - c*xf)*(bxg - a*h)))])/(4*bxdxf
~2+%h”2xSqrt [fxg - exh]*Sqrt[c + d*x]*Sqrt[-(((b*xe - axf)*(g + h*xx))/((f*xg -
exh)*x(a + b*x)))]) - (Sqrt[-(dxg) + cxh]x((axd*f*h + bkx(dxfxg + d*exh + cx
fxh))* (4xAxbxd*f*xh + bxa*xBkdxfxh - 3*b*Bx(d*f*xg + d*exh + cxfxh)) - 4xdxfx*h
*x (2%a* (2%Axb + axB)*d*fxh - b*B*(b*(d*exg + c*f*xg + ckxexh) + ax(dxf*xg + dxe
*h + c*xfxh))))*(a + b*x)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x
))1*xSqrt [((bxg - axh)*(e + fx*x))/((fxg - exh)x(a + b*x))]*EllipticPi[-((b*(
dxg - cxh))/((b*c - axd)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrtl[g + h*x])/(Sqrt[
-(d*g) + cxh]*Sqrtla + bxx])], ((bxe - a*xf)*x(dxg - c*xh))/((b*c - axd)*(fx*g
- exh))])/(4xb*xd~2*Sqrt [bxc - a*xd]*f~2*h~3*Sqrt[c + d*x]*Sqrtle + f*x])

Rule 1597

Int[((Ca_.) + (b_.)*(x_)) " (m_.)*((A_.)
x_)]1*Sqrtl(e_.) + (f_.)*x(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[
1/(@*f*h*(2%m + 3)), Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sq
rt[g + h*x]))*Simp [a*xA*d*xf*h*(2*xm + 3) + (Axb + a*B)*d*xfxh*(2*m + 3)*x + bx
Bkdxfxh*(2*m + 3)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B},
x] && IntegerQ[2*m] && GtQ[m, O]

(B_.)*(x_)))/(Sqrtl(c_.) + (d_.)x*(

I~ +

Rule 1600

Int[((Ca_.) + (b_D*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_.)*(x_)]I*Sqrtl[(e_.) + (f_)*(x_)1*Sqrtl(g_.) + (h_.)*x(x_)]1), x_S
ymbol] :> Simp[(2*C*(a + b*x) m*Sqrt[c + d*x]*Sqrtle + f*xx]*Sqrtl[g + hxx])/
(dxfxh*(2*m + 3)), x] + Dist[1/(d*fxh*x(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
grtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[a*xAxd*xf*h*(2*xm + 3) - Cxk(ax
(d*xexg + cxfxg + ckexh) + 2%bxckexg*m) + ((A*b + a*xB)*d*fxh*x(2+m + 3) - Cx(
2xax (d*xf*g + dxexh + cxfxh) + bx(2xm + 1)*(d*exg + c*xf*xg + cxexh)))*x + (bx
Bxd*f*h* (2+m + 3) + 2xCx(axd*xfxh*m - bx(m + 1)*(d*f*xg + dxexh + cxfxh)))*x"
2, x1, x], x] /; FreeQ[{a, b, c, d, e, f, g, h, A, B, C}, x] & IntegerQ[2x
m] && GtQ[m, O]

Rule 1602

Int[(CA_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrt[(c_.
) + (d_.)*(x_)]*Sqrtl(e_.) + (£_.)*x(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[(CxSqrt[a + b*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(b*xf*h*Sqrt[c + dx
x]), x] + (Dist[1/(2%b*xd*f*h), Int[(1*Simp[2*xA*bxd*f*h - Ck(bkxd*e*xg + akxcxf
xh) + (2*%b*Bxd*xfxh - Cx(axdxfxh + bx(d*f*xg + dxexh + c*fxh)))*x, x])/(Sqrt[
a + bxx]*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]), x], x] + Dist[(Cx(dx*e
- cxf)*(d*g - cxh))/(2xbxd*f*h), Int[Sqrtla + b*x]/((c + d*x)~(3/2)*Sqrtl[e
+ fxx]*Sqrtlg + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B, C},
x]

Rule 1598

Int[(CA_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]*Sqrtl(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(AxDb
- axB) /b, Int[1/(Sqrtla + b*x]*Sqrtl[c + d*x]*Sqrtle + f*x]*Sqrtl[g + hx*x]),
x], x] + Dist[B/b, Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtl[e + f*xx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, A, B}, x]

Rule 170

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2xSqrt[g + h*x]*Sqrt[(
(bxe - axf)*(c + d*x))/((d*e - c*xf)x(a + b*x))])/((f*g - exh)*Sqrtlc + d+*x]
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*3qrt [-(((b*xe - axf)*(g + hx*x))/((fxg - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - a*xd)*x72)/(d*xe - c*xf)]*Sqrt[l - ((bxg - axh)*x72)/(f*g - exh
)1), x]1, x, Sqrtle + f*xx]/Sqrtla + bxx]], x] /; FreeQl{a, b, c, d, e, £, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrt[a]*Sqrt[c]l*Rt
[-(d/c), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al &% SimplerSqrtQ[-(b/a), -(d/c)1)

Rule 165

Int[Sqrtl(a_.) + (b_.)*x(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2x(a + b*x)*Sqrt[((b*xg -
axh)*(c + d*xx))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*xg - a*h)*(e + fx*x))/((f*
g - exh)*(a + b*x))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - b*x"~
2)*Sqrt[1 + ((b*c - a*xd)*x~2)/(d*g - c*h)]*Sqrt[1 + ((bxe - axf)*x72)/(f*g
- exh)]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]xSqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, £}, x] && 'GtQ[d/c, 0] &% GtQlc, 0] && GtQle, 0] && '( !GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)]/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (f_.)
*x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2*Sqrtl[c + d*x]*Sqrt[
-(((b*xe - axf)*(g + hxx))/((f*g - exh)*(a + b*x)))]1)/((bke - a*xf)*Sqrtl[g +
h*x]*Sqrt [((b*xe - axf)*(c + d*x))/((d*xe - c*f)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((bxc - axd)*x72)/(d*e - c*f)]/Sqrt[1l - ((bxg - axh)*x"2)/(f*g - exh)]
, x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}
,» x]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*d)])/(Sqrtlc]*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rubi steps
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Va+bx(6aAdfl+6(Ab+aB)d fhx+6bBd fhx?)

f (a + bx)*2(A + Bx) e J Verdxnfer fryfgHix
Ve +dxyfe + fxfg + hx 6dfh

6dfh(4a? Ad fh—bB(bceg-+a(deg+cfg-+ceh))|+12d fh(2a(2 Al

bBVa + bxVc + dx\Je + fx\g + hx J

= +
2dfh

_ (4Abdfh + 5aBdfh - 3bB(dfg + deh + cfh))Va + bxJe + fx\Jg + hx .\ bBVa + bxV
4df2h?\c + dx

_ (4Abdfh + 5aBdfh - 3bB(dfg + deh + cfh))Va + bx+Je + fx\/g + hx . bBVa + bxy
4df2h?\c + dx

_ (4Abdfh + 5aBdfh - 3bB(dfg + deh + cfh))Va + bxrJe + fxlg + hx N bBVa + bxV
4df2h?\c + dx

_ (4Abdfh + 5aBdfh - 3bB(dfg + deh + cfh))Va + bxrJe + fx\Jg + hx N bBVa + bxV
4d f2h?\c + dx

Mathematica [B] time = 19.0552, size = 21555, normalized size = 21.97

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + bxx)~(3/2)*(A + B*x))/(Sqrtlc + d*x]*Sqrtl[e + f*xx]*Sqrtlg +
h*x]) ,x]

[Out] Result too large to show

Maple [B] time = 0.152, size = 54632, normalized size = 55.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)”(3/2)* (Bxx+A)/(d*x+c)”(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2) ,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f (Bx + A)(bx + a)g
Vdx + cy/fx +e\hx + g
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)”(3/2)*(Bxx+A)/(d*x+c)”(1/2)/(fxx+e)~(1/2)/(h*xx+g)~(1/2),x
, algorithm="maxima"

[Out] integrate((Bxx + A)*(bxx + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)~(3/2)*(Bxx+A)/(d*x+c)”~(1/2)/(fxx+e)~(1/2)/(h*xx+g)~(1/2),x
, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**(3/2)* (B*x+A)/(dxx+c)**(1/2)/(f*x+e)**x(1/2)/(h*xx+g)*x(1/
2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (Bx + A)(bx + a)g
dx
Vdx + cVfx+eyhx+g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)~(3/2)*(Bxx+A)/(d*x+c)”~(1/2)/(fxx+e)~(1/2)/(h*xx+g)~(1/2),x
, algorithm="giac")

[Out] integrate((Bxx + A)*(bxx + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)
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a+bx@4+Bx)
3.7 f Vetdxfe+ fxoJg+hx

Optimal. Leaf size=736

(c+dx)(be— af) L. . -1 [ Vet+fx\Jbg—ah (bc—ad)(f g—eh) - [ (cHdx)(b
By/g + hx(be — af)+/bg — (a+bx)(de—cf) (@rbodecy) LALipticE (Sln (mm) ! _(bg—ah)(de—cf)) (a+ bx)yJch = dg (a+bx)(d
+

bfhVc +dx+\/fg—eh _Bobe-cj)

(a+bx)(fg—eh)

[Out] (BxSqrtla + b*x]*Sqrt[e + f*x]*Sqrtlg + h*x])/(fxh*Sqrt[c + d*x]) - (BxSqrt
[dxg - cxh]*Sqrt[f*g - exh]*Sqrtl[a + b*x]*Sqrt[-(((d*e - c*xf)*(g + hx*xx))/((
fxg - exh)*(c + dxx)))]*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrtle + f*x])/(S
qrt[f*xg - exh]l*Sqrtlc + d*x])], ((bxc - a*d)*(fxg - exh))/((bxe - axf)*(d*g
- cxh))])/(d*f*xh*Sqrt [((d*xe - c*xf)*(a + b*x))/((bxe - a*xf)*(c + d*x))]*Sqr
tlg + h*x]) - (Bx(b*e - axf)*Sqrt[b*g - a*h]*Sqrt[((b*e - a*f)*(c + d*x))/(
(d*e - c*f)*(a + b*x))]*Sqrtlg + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqr
tle + £*x])/(Sqrtlf*g - exh]*Sqrtla + b*x])], -(((bxc - axd)*(f*xg - exh))/(
(d*xe - c*f)*(b*xg - axh)))])/(bxfxh*Sqrt[f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((b
xe — axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]) + (Sqrtl[-(d*g) + cxh]*(2*Ax
bxdxfxh + Bk (a*xd*f*h - bx(d*f*g + d*exh + c*fxh)))*(a + b*x)*Sqrt[((b*xg - a
*h)*(c + d*x))/((d*g - cxh)*(a + bxx))]*Sqrt[((bxg - axh)x(e + f*x))/((f*g
- exh)*(a + bxx))]*EllipticPi[-((b*(d*g - c*h))/((b*c - a*d)*h)), ArcSin[(S
grt[bxc - axd]*Sqrtl[g + h*x])/(Sqrt[-(d*g) + c*h]*Sqrtla + bxx])], ((bxe -
axf)*(dxg - c*h))/((b*xc - axd)*(f*g - exh))])/(b*d*Sqrt[b*c - axd]*f*h~2*Sq
rt[c + dxx]*Sqrtle + f*xx])

Rubi [A] time = 0.66006, antiderivative size = 735, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 42, e O e =

integrand size
0.167, Rules used = {1596, 170, 419, 176, 424, 165, 537}

— (c+dx)(bg—ah) [ (e+fx)(bg—ah) _ _b(dg—ch)_ . -1 [ Vbc—ad~Jg+hx
(a + bx)+/ch dg\/(u+bx)(dg_ch)\/(be)(fg_eh) (aBdfh +2Abdfh — bB(cfh + deh + df g))I1 ( ey S (—mm)

bdfh2\c + dxrJe + fx\bc - ad

Antiderivative was successfully verified.

[In] Int[(Sqrtla + bxx]*(A + B*x))/(Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x]),x
]

[Out] (B*Sqrtla + b*x]*Sqrt[e + f*xx]*Sqrtlg + h*x])/(fxh*Sqrt[c + d*x]) - (BxSqrt
[d*g - cxh]*Sqrt[f*g - exh]*Sqrt[a + b*x]*Sqrt[-(((d*xe - c*f)*(g + hx*x))/((
fxg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtle + f*x])/(S
qrt[fxg - exhl*Sqrtlc + d*x])], ((bxc - a*xd)*(fxg - exh))/((bxe - a*xf)*(dxg
- c*h))])/(d*fxh*Sqrt [((d*e - c*xf)*x(a + b*x))/((b*xe - a*xf)*(c + d*x))]*Sqr
tlg + h*x]) - (Bx(b*e - axf)*Sqrt[b*xg - axh]*Sqrt[((bxe - a*xf)*(c + d*x))/(
(dxe - c*xf)*(a + b*x))]1*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqr
tle + £*x])/(Sqrt[f*g - exh]*Sqrtla + b*x])], -(((b*c - axd)*(fxg - exh))/(
(d*xe - cxf)*(b*g - ax*h)))])/(b*f*h*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b
xe — axf)*(g + h*x))/((fxg - exh)x(a + b*x)))]) + (Sqrt[-(d*g) + cxh]=*(2*Ax
bxd*fxh + axBkdxfxh - b*Bx(dxf*xg + d*exh + cxf*h))*(a + bxx)*Sqrt[((b*g - a
xh)*x(c + d*x))/((d*g - cxh)*(a + b*x))]*Sqrt[((b*xg - a*h)*(e + f*x))/((f*g
- exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h))/((b*c - a*d)*h)), ArcSin[(S
qrt[b*c - a*xd]*Sqrtlg + h*x])/(Sqrt[-(d*g) + cxh]*Sqrtla + b*x])], ((b*e -
axf)*(dxg - cxh))/((b*xc - a*xd)*(fxg - exh))])/(bxd*Sqrt [b*c - axd]*fxh~2*Sq
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rt[c + dxx]*Sqrtle + f*x])

Rule 1596

Int[(Sqrtl(a_.) + (b_.)*(x_)1*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_
)I*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(B
xSqrt[a + b*xx]*Sqrtle + f*x]*Sqrtlg + h*x])/(fxh*Sqrtlc + d*x]), x] + (-Dis
t[(Bx(b*e - ax*xf)*(bkxg - axh))/(2xbxf*h), Int[1/(Sqrtl[a + b*x]*Sqrtlc + dx*x]
xSqrt[e + f*xx]*Sqrtlg + h*x]), x], x] + Dist[(Bx(d*e - cxf)x(dxg - cxh))/(2
xd*f*h), Int[Sqrtla + b*x]/((c + d*x)~(3/2)*Sqrtle + fxx]*Sqrtlg + h*x]), x
1, x] + Dist[(2xAxb*d*xfxh + Bx(axd*f*h - bx(dxfxg + d*xexh + c*xf*h)))/(2xb*d
xfxh), Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]), x], x
1) /; FreeQ{a, b, c, d, e, £, g, h, A, B}, x] && NeQ[2*Axdxf - Bx(d*e + c*
£), 0]

Rule 170

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)
x(x_)]*Sqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*Sqrt([g + h*x]*Sqrt[(
(bxe - a*xf)*(c + d*x))/((dxe - cxf)*(a + b*x))])/((f*xg - exh)*Sqrt[c + dxx]
*Sqrt [-(((bxe - a*f)*(g + h*x))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - a*xd)*x72)/(d*e - c*xf)]xSqrt[1 - ((b*xg - axh)*x72)/(f*g - exh
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrtla]*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 176

Int[Sqrtl(c_.) + (d_.)*x(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (f_.)
x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2#Sqrt[c + d*x]*Sqrt[
-(((bxe - a*xf)*(g + h*x))/((f*xg - exh)*(a + b*x)))])/((bxe - axf)*Sqrtlg +
h*x]*Sqrt [((bxe - axf)*(c + d*x))/((d*e - cxf)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((bxc - axd)*x72)/(d*e - c*f)]/Sqrt[1l - ((bxg - axh)*x72)/(f*g - exh)]
, xJ, x, Sqrt[e + f*xx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
, X]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 165

Int[Sqrtl(a_.) + (b_.)*x(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(
x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*(a + b*x)*Sqrt[((bxg -
axh)*(c + d*x))/((d*g - cxh)*(a + b*x))]*Sqrt[((bxg - a*h)*(e + f*xx))/((f*
g - exh)*x(a + b*x))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - bxx~
2)*Sqrt[1 + ((b*c - a*xd)*x~2)/(d*g - c*h)]*Sqrt[1 + ((bxe - a*xf)*x72)/(f*g
- exh)]), x], x, Sqrtl[g + h*x]/Sqrtla + bxx]], x] /; FreeQl[{a, b, c, d, e,
f, g, h}, x]

Rule 537
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Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl[(c_) + (d_.)*(x_)7"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrt[cl*Sqrtle]l*Rt[-(d/c), 21), x] /; FreeQ[{a, b, ¢, d

, e, T}, x] & 'GtQ[d/c,
&% SimplerSqrtQ[-(f/e),

Rubi steps

_ BVa+bxyJe+ fxJg+hx

0] && GtQlc, 0] && GtQle, 0] && '( !'GtQ[f/e, O]

-(d/ca) )

f a +bx(A+Bx)
Ve +dxyfe + fxyfg +hx

_ BVa+bxyfe+ fx g+ hx s

+1(2A B(E ______ ))f Va + bx

fhe +dx 2 A Vet deyfe + fxyfg +
a_c_£t_38 (bg—ah)(c+dx) [ (bg—a

((2A +B (b 777 (a + bx)\/(dg_ch)(a+bx) \/(fg_e

fhvc +dx Ve + 4

_ — _ (de=cf)(g+hx) .1 ﬁ
3 BVa + bxyJe + fx g+ hx B+/dg — ch/fg —ehVa + bx\/i WE (sm (\/7

fh Ve + dx dfl’l (de— cf)(a+bx)\/—

(be—af)(c+dx)

Mathematica [B] time = 16.1216, size = 6648, normalized size = 9.03

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrtla + b*x]*(A + B*x))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h

*x]) ,x]

[Out] Result too large to show

Maple [B] time = 0.078, size = 20733, normalized size = 28.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)”(1/2)*(Bxx+A)/(d*x+c)”(1/2)/(£xx+e)~(1/2)/ (h*x+g) ~(1/2) ,%)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f (Bx + A)Vbx + a »
Vdx + c\/fx + e\/hx +g

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)”~(1/2)*(B*x+A)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2) ,x
, algorithm="maxima")

[Out] integrate((Bxx + A)xsqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), %)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)”(1/2)*(Bxx+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/2),x
, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f (A + Bx) Va + bx
Ve +dxvJe + fx\g + hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**(1/2)* (B*x+A)/(d*xx+c)**(1/2)/(f*x+e)**(1/2)/(hxx+g)*x(1/
2),x%)

[Out] Integral((A + Bxx)*sqrt(a + b*x)/(sqrt(c + d*x)*sqrt(e + f*xx)*sqrt(g + h*x)
), %)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (Bx + A)Vbx + a
Vdx + cy/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)~(1/2)*(B*x+A)/(d*x+c)”~(1/2)/(fxx+e)~(1/2)/(h*xx+g)~(1/2),x
, algorithm="giac")

[Out] integrate((B*xx + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), %)



54

A+Bx
3.8 f a+bxVc+dxye+ fx+/g+hx ax

Optimal. Leaf size=442
B (c+dx)(be-af) piyqe,. . 1 [ Ve+fx+bg—ah __ (be—ad)(fg—eh) = (c+dx)(bg—ah)
24/g + hx(Ab — aB) ErTYr— EllipticF (sm ( N W) ' (g e e f)) 2B(a + bx)+/ch — dg /—(be) ( dg_ch)\/
+
/ (g+hx)(be—af) bh~
b\/C+dX\/bg—ﬂh\/fg—€h —W

[Out] (2x(A*b - a*B)*Sqrt[((b*e - axf)*(c + d*x))/((d*e - cxf)*(a + bxx))]*Sqrtlg
+ h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e + f*x])/(Sqrt[f*g - exh]*S
grtfa + bxx])], -(((b*c - a*xd)*(fxg - exh))/((d*e - cxf)*(bxg - a*h)))])/(b

*Sqrt [bxg - axh]*Sqrt[f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((bxe - a*xf)*(g + hx*x
))/((f*g - exh)*(a + b*x)))]) + (2+B*Sqrt[-(d*g) + c*h]*(a + b*x)*Sqrt[((b*

g - axh)*x(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((bxg - a*xh)*x(e + f*x))/(

(f*g - exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h))/((b*c - axd)*h)), ArcS
in[(Sqrt[b*c - axd]*Sqrt[g + h*x])/(Sqrt[-(d*g) + cxh]*Sqrtla + b*x])], ((b

xe — axf)*x(dxg - c*h))/((b*xc - axd)*(f*g - exh))])/(b*Sqrt[b*c - axd]*h*Sqr

tlc + d*x]*Sqrtle + f*x])

Rubi [A] time = 0.461344, antiderivative size = 442, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 42, e e =

integrand size
0.119, Rules used = {1598, 170, 419, 165, 537}
I B (c+dx)(be—af) .1 [ Vbg-ahye+fx\ — (be-ad)(fg—eh) 7 [(crdx)bg—ah) [(e+fx)(bg
2V8 hx(Ab = aB) (a+bx)(de—cf)P (Sln (w/fg—eh\/a+bx) | (de—cf)(bg—ah)) 2B(a + bx)/ch dg\/(a+bx)(dg—ch) \/(a+hx)(fg
+ \/_
bVc + dx+/bg — ah+[fg — eh /—% bhc + dx

Antiderivative was successfully verified.

[In] Int[(A + Bxx)/(Sqrtla + bxx]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x]

[Out] (2x(Axb - axB)*Sqrt[((b*e - a*f)*(c + d*x))/((d*e - cxf)*(a + b*x))]*Sqrtlg
+ h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e + f*x])/(Sqrt[f*g - exh]*S

grtla + b*x])], -(((bxc - axd)*(f*g - exh))/((d*xe - cxf)*(b*xg - a*h)))])/(b

xSqrt [bxg - axh]*Sqrt[fxg - exh]*Sqrtlc + d*x]*Sqrt[-(((b*e - a*f)*(g + h*x
))/((fxg - exh)*(a + bxx)))]) + (2*#B*Sqrt[-(dxg) + cxh]x(a + b*x)*Sqrt[((b*

g - axh)*x(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((bxg - a*xh)*x(e + f*x))/(

(fxg - exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h))/((b*xc - a*d)*h)), ArcS
in[(Sqrt[b*c - axd]*Sqrt[g + h*x])/(Sqrt[-(d*g) + c*h]*Sqrtla + bxx])], ((b

xe — axf)*x(d*g - c*h))/((bxc - axd)*(f*g - exh))])/(b*Sqrt[b*c - axd]*h*Sqr

tlc + d*x]*Sqrtle + f*xx])

Rule 1598

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)I*Sqrtl[(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(Ax*Db
- a*B)/b, Int[1/(Sqrtl[a + bxx]*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrtla + b*x]/(Sqrtlc + d*x]*Sqrtle + fxx]*Sqrtlg +
hxx]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rule 170

Int[1/(Sqgrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]*Sqrt[(e_.) + (£f_.)
*x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*Sqrt([g + h*x]*Sqrt[(
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(bxe - a*xf)*(c + d*x))/((d*xe - cxf)*(a + b*x))])/((f*g - exh)*Sqrtlc + d*x]
*3qrt [-(((bxe - axf)*(g + h*x))/((f*g - exh)x(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((b*c - axd)*x"2)/(d*e - cxf)]*Sqrt[1l - ((bxg - axh)*x72)/(fxg - exh
)1), %], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*d)])/(Sqrt[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 165

Int[Sqrtl(a_.) + (b_.)*(x )1/(Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£_.)*(
x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Dist[(2x(a + b*x)*Sqrt[((b*xg -
axh)*(c + d*x))/((d*g - c*¥h)*(a + b*x))]*Sqrt[((b*xg - axh)*(e + f*xx))/((f*
g - exh)x(a + b*x))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + ((b*c - a*d)*x~2)/(d*g - c*h)]*Sqrt[1 + ((bxe - a*xf)*x72)/(f*g
- exh)]), x], x, Sqrtlg + h*x]/Sqrt[a + bxx]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)~"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrt[c]*Sqrtlel*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, O] && !'( !'GtQ[f/e, 0]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rubi steps

Va+bx

A+ Bx B B f Vet+dxfe+fxfg+hx ax N (Ab - aB) f

1
Va+bxVc+dxJe+ fx/g+hx dx

dx =
f\/a+bx\/c+dx\/e+fx\/g+hx b

1

b
(bg—ah)(c+dx) [ (bg—ah)(e+fx)
(ZB(a + bx)\/(dg—ch)(a+bx) \/(fg—eh)(a+bx)) Subst f

0 (be-ad)x? (be-
(n=bx ),[1+—dg_ch 1+ =

bVc +dxyJe + fx

(de—cf)(a+bx) Vfg—ehVa+bx

2(Ab - aB) (be—af)(c+dx) T TE (Sin_l (\/bg—uh\/e+ fx) _ (be-ad)(fg—ch)

(de—cf)(bg—ah)

, (be—af)(g+hx)
b\/bg - ﬂh\/fg - eh\/c +dx —W

Mathematica [A] time = 6.47715, size = 586, normalized size = 1.33

]

EllipticF(sin71

(e+fx)(bg—ah) ryy. .. . -1 (g+hx)(af-be) \ (ad—bc)(eh—fg) (e+fx)(bg—ah)
2(a 4 by €L AP G Fg=eh) E”‘P“CF(S‘H (\/ (s (Fs ) )'(be—af)(dg—ch)) aBE )| b e
(a+bx)(dg—ch)

(g+hx)(af-be)
(a+bx)(fg—eh)

(a+bx)(bg—ah)

bVc +dxyJe + fx g+

Antiderivative was successfully verified.
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[In] Integrate[(A + B*x)/(Sqrtl[a + b*x]*Sqrtl[c + d*x]*Sqrtl[e + f*xx]*Sqrtl[g + h*x
1) ,x]

[Out] (2x(a + b*x)~(3/2)*Sqrt[((b*xg - axh)*(c + d*x))/((d*g - cxh)*x(a + bxx))]*(-
((A*xb*Sqrt [((bxg - axh)*(e + f*x))/((f*g - exh)*(a + b*x))]*(g + h*x)*Ellip
ticF[ArcSin[Sqrt[((-(b*xe) + axf)*(g + h*x))/((fxg - exh)*(a + b*x))]1], ((-(
bxc) + axd)*x(-(fxg) + exh))/((bxe - axf)x(dxg - c*h))])/((b*xg - axh)*(a + b
*xx)*Sqrt [((-(b*xe) + a*xf)*(g + h*x))/((fxg - exh)*(a + b*x))])) - (a*BxSqrt[
((bxg - axh)*(e + f*x))/((fxg - exh)*(a + b*x))]*(g + h*x)*EllipticF[ArcSin
[Sqrt [((-(b*e) + a*xf)*(g + h*x))/((f*xg - exh)*(a + b*x))]], ((-(b*c) + axd)
*x(-(f*xg) + exh))/((bxe - axf)*(d*g - c*h))])/((-(b*g) + axh)*(a + bxx)*Sqrt
[((-(bxe) + axf)*(g + hxx))/((f*g - exh)*(a + b*x))]) + (Bx(-(f*g) + e*h)*S
qrt [-(((b*e - axf)*x(bxg - axh)*x(e + fxx)*(g + h*x))/((f*g - exh) 2x(a + bx*x
)72))1*EllipticPi[(bx(-(f*g) + exh))/((b*e - a*xf)*h), ArcSin[Sqrt[((-(bxe)
+ axf)*(g + h*x))/((fxg - exh)x(a + bxx))]], ((-(bxc) + axd)*x(-(f*g) + exh)
)/ ((bxe - axf)*(d*g - c*xh))])/((b*e - axf)xh)))/(b*Sqrtlc + d*x]*Sqrtle + £
*xx]*xSqrt[g + hx*x])

Maple [B] time = 0.085, size = 2453, normalized size = 5.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((B*x+A)/(bxx+a)~(1/2)/(d*x+c)”(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2) ,x)

[Out] 2/ (h*x+g)~(1/2)/(f*x+e)~(1/2)/(d*x+c)~(1/2) / (b*x+a)~(1/2) /£/h*x ((a*f-b*e) * (h
xx+g) / (a*h-b*g) / (f*x+e) )~ (1/2) * ((exh-f*g)* (d*x+c) / (cxh-dxg) / (f*x+e) )~ (1/2)*
((exh-f*g)*(bxx+a)/(a*h-bx*g) / (f*x+e) )~ (1/2)* (A*xE1llipticF (((a*xf-b*e)* (h*x+g)
/ (axh-bxg) / (f*xx+e)) ~(1/2) , ((cxf-d*e) * (axh-b*g) / (cxh-d*g) / (axf-bxe)) " (1/2))*
x"2*%axf"3xh~2-A*E1llipticF (((a*xf-bx*e) * (h*x+g) /(axh-b*xg) / (f*xx+e)) ~(1/2), ((c*f
—-dx*e) * (a*h-b*g) / (c*h-d*g) / (a*f-b*e)) ~(1/2) ) *x~2*xb*f~3xg*xh-BxE1llipticF (((axf
-b*e) * (h*x+g) / (axh-b*xg) / (fxx+e)) ~(1/2) , ((c*xf-d*e) * (axh-b*g) / (cxh-d*g) / (axf-
bxe)) ~(1/2) ) *x"2xaxe*xf~2¥h~2+B*xE1llipticF (((a*f-b*e)* (h*x+g) /(axh-b*g) / (f*x+
e))~(1/2), ((cxf-dxe)* (a*h-bxg) / (c*h-d*g) / (a*f-b*xe)) ~(1/2) ) *x~2*xbxexf ~2*g*h+
BxE1llipticPi(((axf-bxe)* (h*x+g)/(a*h-bxg)/(f*x+e))~(1/2), (a*h-b*g)*f/h/ (a*xf
-b*e) , ((cxf-dxe)* (axh-bxg) / (cxh-d*g) / (a*xf-bxe) )~ (1/2) ) *x"2*a*xe*xf " 2xh~2-B*El
lipticPi(((a*xf-bxe)* (h*x+g)/(axh-b*xg)/(f*x+e))~(1/2), (axh-bxg) *f/h/ (axf-b*e
), ((cxf-dxe)* (a*h-bxg) / (c*h-d*g) / (a*xf-b*xe)) ~(1/2) ) *x~2*a*xf~3*g*h-B*Elliptic
Pi(((axf-b*e)* (h*x+g)/(axh-bxg) /(f*x+e)) ~(1/2), (a*h-bx*g) *f/h/ (a*xf-bxe), ((c*
f-d*e)*x (a*h-b*g) / (cxh-dx*g) / (a*xf-bxe)) ~(1/2) ) *x~2xbkexf " 2xgxh+B*E1lipticPi ((
(axf-bxe) * (h*xx+g) / (axh-b*g) / (fxx+e)) ~(1/2), (axh-b*xg) xf/h/ (axf-b*e) , ((cxf-d*
e) * (axh-bx*g) / (cxh-d*g) / (a*xf-bxe) ) ~(1/2) ) *x~2*%b*f ~3xg~2+2xA*xE1lipticF (((axf-
bxe) * (h*x+g) / (axh-b*xg) / (f*x+e)) ~(1/2), ((cxf-d*e)* (axh-b*g)/(cxh-d*g)/(axf-b
xe) )~ (1/2) ) xxxa*xexf~2xh~2-2xA*xE1lipticF (((axf-b*e)* (h*xx+g) /(a*h-b*g) / (f*x+e
))~(1/2) , ((c*f-d*e) * (a*xh-b*g) / (c*¥h-d*g) / (a*f-b*e)) " (1/2) ) xx*bxexf ~2xg*h-2%B
xE1lipticF (((axf-b*e)* (h*xx+g)/(axh-bxg) /(f*x+e)) ~(1/2), ((c*f-dxe) * (a*xh-b*g)
/ (cxh-d*g) / (axf-b*xe) )~ (1/2) ) *x*a*xe”2xf*h~2+2*BxE1lipticF (((axf-b*e)* (h*x+g)
/ (axh-bxg) / (fxx+e)) ~(1/2) , ((c*xf-dxe) * (axh-bxg) / (cxh-d*g) / (a*xf-bxe) )~ (1/2) ) *
x*xb*e”2*fkgxh+2*B+xE11lipticPi (((a*f-b*e)* (h*xx+g) /(axh-bxg) /(f*x+e))~(1/2), (a
*h-bxg) *f/h/ (axf-bxe), ((cxf-d*e)* (a*xh-b*g) / (cxh-d*g) / (a*f-b*xe) )~ (1/2) ) xx*a*
e"2xf*h"2-2*%BxE1lipticPi(((a*f-bx*e)* (h*x+g)/(axh-b*xg) /(f*xx+e))~(1/2), (a*h-b
xg)*xf/h/ (axf-bxe), ((cxf-d*e)* (axh-b*g)/(cxh-d*g)/(a*xf-b*xe)) ~(1/2))*x*a*xexf”
2xgxh-2*B+xE11lipticPi (((axf-b*e)* (h*xx+g) /(axh-bxg) /(f*x+e) )~ (1/2), (a*xh-b*g)*
f/h/ (axf-bxe) , ((cxf-d*e)* (axh-b*g) / (cxh-d*g) / (axf-b*xe) )~ (1/2)) *x*bxe 2xf*g*
h+2+B*E11lipticPi (((a*xf-b*e)* (h*x+g)/(axh-b*g) /(f*x+e))~(1/2), (a*h-bxg)*f/h/
(a*xf-bxe), ((ckxf-dxe)*(axh-bxg)/(cxh-dxg)/(axf-bxe))~(1/2))*xxbkexf " 2%g~2+A*
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EllipticF(((axf-b*e)* (h*x+g)/(a*h-b*g)/(f*x+e))~(1/2), ((c*f-d*e)* (a*xh-b*g) /
(c*h-d*g) / (axf-bxe) )~ (1/2))*axe”2xf*h~2-AxE1lipticF (((a*f-bxe)* (h*x+g)/(a*xh
-bx*g)/ (f*x+e) )~ (1/2), ((cxf-d*e)* (axh-b*g) /(c*h-d*g) /(a*f-b*e))~(1/2))*b*xe”2
xfxgxh-B*E11lipticF (((a*xf-bxe)* (h*x+g)/(axh-b*xg)/(fxx+e))~(1/2), ((cxf-d*e)*(
a*h-bxg) / (cxh-d*g) / (a*xf-bxe)) ~(1/2)) *a*e”3*xh~2+B*EllipticF (((a*xf-bxe)* (h*xx+
g)/ (axh-bxg) / (fxx+e)) ~(1/2), ((cxf-d*e)* (axh-b*xg) / (cxh-d*g) / (axf-b*xe)) " (1/2)
) *b*e”3xgxh+B*E11lipticPi (((a*xf-b*e)* (h*x+g) /(axh-b*g) /(f*x+e))~(1/2), (axh-b
xg)*xf/h/ (axf-bxe), ((cxf-d*e)* (axh-b*g)/(cxh-d*g)/(a*xf-b*e))~(1/2))*a*e”3*h"
2-BxE1lipticPi(((a*xf-b*e)* (h*x+g)/(axh-b*xg)/(fxx+e))~(1/2), (a*h-b*g)*f/h/(a
xf-bxe) , ((cxf-d*e)* (axh-b*g)/(cxh-d*g)/(axf-b*xe)) ~(1/2))*a*xe”2*f*gxh-B*xE111
pticPi(((a*xf-bxe)* (h*x+g)/(axh-b*xg)/(f*x+e))~(1/2), (a*h-b*g) *f/h/ (a*xf-bxe),
((cxf-d*e)* (axh-b*g) / (cxh-d*g) / (axf-b*e) )~ (1/2)) *bke~3*gxh+B*E1lipticPi(((a
xf-bxe)*x (hxx+g) / (a*h-bx*g) / (f*x+e))~(1/2), (axh-b*xg)*f/h/(axf-b*e) , ((cxf-dxe)
*x (axh-b*xg) / (cxh-d*g) / (axf-b*xe) ) ~(1/2) ) *¥bxe~2xfxg~2) / (exh-f*g) / (axf-b*e)

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx+ A

f\/bx+ a\/dx+c\/fx+e\/hx+gdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)~(1/2)/(d*x+c)”(1/2)/(fxx+e)~(1/2)/(h*xx+g)~(1/2),x
, algorithm="maxima")

[Out] integrate((B*xx + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), %)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(bxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*xx+g)~(1/2) ,x
, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f A+ Bx
Va + bxve + dxrJe + fxoJg + hx

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(bxx+a)**(1/2)/(d*x+c)**(1/2)/(fxx+e)**x(1/2)/(h*xx+g)**x(1/
2),x)

[Out] Integral((A + B*x)/(sqrt(a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)
), X)
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Giac [F] time = 0., size = 0, normalized size = 0.

Bx+ A

f\/bx+ a\/dx+c\/fx+e\/hx+gdx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((Bxx+A)/(b*x+a)~(1/2)/(d*x+c)”(1/2)/(fxx+e)~(1/2)/(h*xx+g)~(1/2),x

, algorithm="giac")

[Out] integrate((B*xx + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), %)
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39 f A+Bx
) (a+bfo2Vc+dee+fog+hx

Optimal. Leaf size=606

__ (c+dx)(be=af) pyye. . .1 [ Vetfxybg-ah)  (be-ad)(fg—eh)
28 + hx(Be 'Am\/mwmmefﬂﬂhPUd?Gul (me¢@ﬂm)’<@ﬁmwﬁdJ 2bVc + dxvJe + fx+Jg + hx(Ab -
(g+hx)(be-af) Va + bx(bc — ad)(be —af)(bg — ¢
\/c+dx(bc—ad)\/bg—ah\/fg—eh,/—W ( )(be = af)(bg

[Out] (2x(Axb - axB)*d*Sqrt[a + b*x]*Sqrtl[e + fxx]*Sqrtlg + h*x])/((b*xc - a*xd)*(b
xe — axf)*(bxg - axh)*Sqrtlc + d*x]) - (2%b*(Axb - a*B)*Sqrt[c + dxx]*Sqrtl[
e + fxx]*Sqrtlg + h*x])/((bxc - a*xd)*(bxe - axf)*(bxg - axh)*Sqrt[a + bxx])
- (2x(A*b - ax*B)*Sqrt[d*g - c*h]*Sqrt[f*g - exh]*Sqrt[a + b*x]*Sqrt[-(((d*
e - cxf)*(g + h*x))/((fxg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*xg -
cxh]*Sqrtle + f*x])/(Sqrtlf*g - exh]*Sqrtlc + d*x])], ((b*c - axd)*(fxg - e
*xh))/((bxe - axf)x(dxg - c*h))])/((b*xc - axd)*(b*xe - axf)*(b*g - axh)*Sqrt[
((d*e - c*f)*(a + bxx))/((bxe - axf)*(c + d*x))]*Sqrtl[g + h*xx]) + (2%(B*c -
Axd)*Sqrt [((bxe - a*xf)*(c + d*x))/((d*e - c*f)*(a + bxx))]*Sqrtlg + h*x]*E
1lipticF[ArcSin[(Sqrt[bxg - axh]*Sqrtle + f*xx])/(Sqrt[f*g - e*h]*Sqrtla + b
xx])], —(((b*c - a*xd)*(fxg - exh))/((d*e - c*xf)*(bxg - axh)))])/((b*c - axd
)*Sqrt [b*g - axh]*Sqrt[fxg - exh]*Sqrtlc + d*x]*Sqrt[-(((bxe - axf)*(g + hx
x))/((f*xg - exh)*(a + b*x)))])

Rubi [A] time = 0.985531, antiderivative size = 606, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 42, e o e

0.167, Rules used = {1599, 1602, 12, 170, 419, 176, 424}

Y (c+dx)(be— af)
Zb\/c +dxrJe + fx\lg + hx(Ab - uB) 2dVa + bxJe + fx+/g + hx(Ab - aB) 2yg + hx(Be - Ad) \ (a+bx)(de—cf) cf)
Va + bx(bc — ad)(be — af)(bg — ah) Ve + dx(bc — ad)(be — af)(bg — ah) m(bc 3 ad)\/bg_—

integrand size

Antiderivative was successfully verified.

[In] Int[(A + Bxx)/((a + b*x)~(3/2)*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]),x
]

[Out] (2x(Axb - axB)*d*Sqrt[a + b*x]*Sqrtle + fxx]*Sqrtlg + h*xx])/((b*xc - a*xd)*(b
xe - axf)*(b*xg - a*h)*Sqrtlc + d*x]) - (2*%bx(Axb - axB)*Sqrt[c + d*x]*Sqrt[
e + fxx]*Sqrtlg + h*x])/((bxc - a*xd)*(bxe - a*xf)*(bxg - axh)*Sqrt[a + bxx])
- (2x(A*b - ax*B)*Sqrt[d*g - c*h]*Sqrt[f*g - exh]*Sqrt[a + b*x]*Sqrt[-(((d*
e - cxf)*(g + h*x))/((fxg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*xg -
cxh]*Sqrtle + f*x])/(Sqrtlf*g - exh]*Sqrtlc + d*x])], ((b*c - axd)*x(fxg - e
xh))/((b*e - axf)*x(d*xg - cxh))])/((bxc - axd)*(b*xe - a*f)*(b*g - axh)*Sqrt[
((dxe - cxf)x(a + bxx))/((bxe - a*f)*(c + d*x))]*Sqrtlg + h*x]) + (2%(Bxc -
Axd)*Sqrt [((b*e - axf)*(c + d*x))/((d*e - cxf)*(a + b*x))]*Sqrtlg + h*x]*E
1lipticF[ArcSin[(Sqrt[bxg - axh]*Sqrtle + f*xx])/(Sqrt[f*g - e*h]*Sqrt[a + b
*¥x])], -(((b*c - a*xd)*(fxg - exh))/((d*xe - c*f)*(b*g - axh)))])/((b*xc - a*xd
)*Sqrt [b*xg - a*h]*Sqrt[f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((bxe - axf)*(g + hx
x))/((f*xg - exh)*(a + b*x)))])

Rule 1599

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1xSqrtl(e_.) + (£_.)*x(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[(
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(A*b~2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]
)/((m + 1)x(bxc - axd)x(bke - axf)x(bkg - axh)), x] - Dist[1/(2x(m + 1)*(b*
c - axd)*(bxe - axf)*(b*g - axh)), Int[((a + bxx) " (m + 1)/(Sqrtlc + d*x]*Sq
rt[e + f*xx]*Sqrtlg + h*x]))*Simp[A*(2*xa~2xd*xf*h*x(m + 1) - 2%a*xbx(m + 1)*(dx*
fxg + dxexh + cxfxh) + b7™2*%(2#m + 3)*(d*e*xg + cxfxg + cxexh)) - b*Bx(ax(d*e
xg + cxfxg + ckexh) + 2%bxckxexgx(m + 1)) - 2% ((A*b - a*B)*(a*xd*f*xh*x(m + 1)
- bx(m + 2)*(dxf*g + dkexh + ckfxh)))*x + dxfxh*(2km + 5)*(A*b~2 - axb*B)*x
~2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2*m]
&% LtQ[m, -1]

Rule 1602

Int[((A_.) + (B_.)*(x_) + (C_.)*x(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl[(c_.
) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[(C*Sqrt[a + b*x]xSqrtl[e + f*x]*Sqrt[g + h*x])/(bxf*h*Sqrt[c + dx
x]), x] + (Dist[1/(2*b*d*f*xh), Int[(1*Simp[2*A*b*d*xfxh - Ck(b*d*exg + a*xc*f
*h) + (2*b*Bxd*fxh - Ck(axd*f*h + b*x(d*f*g + d*exh + c*xf*h)))*x, x])/(Sqrtl[
a + b*x]*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtl[g + h*x]), x], x] + Dist[(Cx(dxe

- cxf)*(d*g - c*h))/(2*bkdxf*h), Int[Sqrtla + b*x]/((c + d*x)~(3/2)*Sqrtl[e

+ fxx]*Sqrtlg + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 170

Int[1/(Sqrt[(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)
x(x_)]*Sqrt(g_.) + (h_.)*(x_)]1), x_Symbol] :> Dist[(2*Sqrt[g + h*x]*Sqrt[(
(b*xe - axf)x(c + d*x))/((d*e - c*xf)*(a + b*x))])/((f*g - exh)*Sqrt[c + d*x]
*Sqrt [-(((bxe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - axd)*x72)/(d*e - cxf)]*Sqrt[l - ((bxg - axh)*x72)/(fxg - exh
)1), x], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int [1/(Sqrt[(a_) + (b_.)*(X_)AQ:l *Sqrt[(c_) + (d_.)*(X_)Az]), X_Symbol] > g
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]1*x], (b*c)/(a*d)])/(Sqrtl[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ
[a, 0] && !(NegQ[b/a]l && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (f_.)
*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2xSqrt[c + d*x]*Sqrt[
~(((bxe - a*xf)*(g + h*x))/((f*g - exh)*(a + b*x)))]1)/((bke - a*f)*Sqrtlg +
h*x]*Sqrt[((b*xe - axf)*(c + d*x))/((d*e - c*f)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((bxc - axd)*x72)/(d*e - c*f)1/Sqrt[1 - ((b*g - a*h)*x~2)/(fxg - exh)]
, x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
, X]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)~2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtlc]l*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]
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Rubi steps
f b2 Bceg—a? Ad fh—ab(B(deg+cfg+cel)
f A+ Bx e 2b(Ab — aB)Vc + dxyJe + fx\/g + hx .\
(a + bx)¥2vc + dxrJe + fx\/g + hx (bc — ad)(be — af)(bg — ah)Va + bx

_ 2(Ab—aB)dVa + bx+Je + fxJg + hx ~

2b(Ab — aB) Ve + dx\Je + fx/s

(bc — ad)(be — af)(bg — ah)Vc + dx

_ 2(Ab—aB)dVa + bxyJe + fx+Jg + hx ~

(bc — ad)(be — af)(bg — ah)\/a_

2b(Ab — aB)Vc + dx+Je + fx\/é

(bc — ad)(be — af)(bg — ah)Vc + dx

_ 2(Ab—aB)dVa + bxyJe + fx+Jg + hx ~

(bc — ad)(be — af)(bg — ah)Va

2b(Ab — aB)Vc + dx+Je + fx\/é

(bc — ad)(be — af)(bg — ah)Vc + dx

_ 2(Ab—aB)dVa + bxyJe + fx+Jg + hx ~

(bc — ad)(be — af)(bg — ah)Va

2b(Ab — aB)Vc + dx+Je + fx\/é

(bc — ad)(be — af)(bg — ah)Vc + dx

Mathematica [A] time = 10.9685, size = 333, normalized size = 0.55

(be — ad)(be — af)(bg — ah)Va

dx)(bg—ah . . .- h —b bc—ad —eh
2(e + fx)¥2(g + hx)2(be - af), /—E;jbjgi - _‘Zh; ((bg — ah)(Bc - Ad)EllipticF (sm 1 ( /Egib;&f;hi) , Ebz_zjj)((f; ih;) +(

(@ + b2 e + (b - ad)(fg - ely? (- Lo D0e-a)

Warning: Unable to verify antiderivative.

(a+bx)2(fg—eh)?

[In] Integrate[(A + B*x)/((a + bxx)~(3/2)*Sqrtl[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h

*x]) ,x]

[Out] (2x(b*e - axf)*Sqrt[((b*g - a*h)*(c + d*x))/((d*xg - cx¥h)*(a + bxx))]*(e + f

*xx) " (3/2)*%(g + h*x)~(3/2)*((A*xb - a*B)*(d*g - c*h)*EllipticE[ArcSin[Sqrt [((
-(bxe) + axf)*(g + hxx))/((fxg - exh)*(a + b*x))]], ((b*c - axd)*(f*g - e*h
))/((bxe - axf)*(d*g - c*h))] + (B*c - A*d)*(bxg - axh)*EllipticF[ArcSin[Sq
rt[((-(b*xe) + axf)*x(g + h*x))/((f*xg - exh)*(a + b*x))]], ((bxc - axd)*(fx*g

- exh))/((b*e - axf)*(dxg - c*h))]1))/((bxc - axd)*(f*g - exh) 3x(a + b*x) (
5/2)*Sqrtc + d*x]*(-(((b*xe - a*xf)*(bxg - axh)*x(e + f*x)*(g + h*x))/((f*xg -
exh) "2x(a + b*xx)~2)))~(3/2))

Maple [B] time = 0.156, size = 9328, normalized size = 15.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((B*x+A)/(bxx+a)~(3/2)/(d*x+c)”(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2) ,x)
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[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.
Bx+ A
3
(bx + a)2Vdx + c\[fx +eyJix + ¢

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*xx+g)~(1/2),x
, algorithm="maxima"

[Out] integrate((B*xx + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Bx + A)Vbx
B2dfhxd + a2ceg + (b2dfg + (b2de + (b%c + 2 abd) f ) )x* + ((b2de + (b%c + 2 abd) f)g + ((b2c + 2 abd)e + (2«

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)~(3/2)/(d*x+c)”(1/2)/(fxx+e)~(1/2)/(h*xx+g)~(1/2),x
, algorithm="fricas")

[Out] integral((Bxx + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)/
(b™2*%d*f*h*x~5 + a~2kxcxe*xg + (b™2xdxf*xg + (b"2xd*e + (b~2%c + 2%axb*d)*f)*h
)*¥x74 + ((b~2*xd*e + (b~2%c + 2*axb*d)*f)*g + ((b~2%c + 2%axb*d)*e + (2*axbx

c + a”2xd)*f)*xh)*x~3 + (((b™2xc + 2xa*xbxd)*e + (2xaxbkxc + a~2xd)*f)*g + (a~

2kcxf + (2xaxbxc + a"2xd)*e)*h)*x"2 + (a"2*ckxexh + (a~2*c*f + (2*xaxbxc + a”

2xd) xe) *g) *x) , X)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)**(3/2)/(d*x+c)*x(1/2)/(f*x+e)**(1/2)/(h*xx+g)**x(1/
2),x%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
Bx+ A

dx
3
(bx + a)2Vdx + c\[fx + eJhix + ¢

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*x+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2),x
, algorithm="giac")

[Out] integrate((Bxx + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)
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A+Bx
310 | (a+02)2Nerdxfet frxyg+hx &

Optimal. Leaf size=1081

2bVEF Ao T g 7 TR(Ab — aB) 24/dg — ch+[fg —eh (3Bdfha3 —b(6Adfh + B(dfg + deh + cfh))a® — b*(B(de

" 3(bc — ad)(be — af)(bg — ah)(a + bx)32

[Out] (2*xd*(3*a”3*B*xd*xfxh + b~3*%(3*Bxckexg - 2%Ax(d*exg + c*xf*xg + cxexh)) - a*xb™2
*x(Bx(dxe*xg + cxfxg + ckxexh) - 4*xAx(dxf*g + dkexh + cxf*h)) - a~2*bx(6xA*xd*f
xh + Bx(d*f*xg + dxexh + c*fxh)))*Sqrtl[a + b*x]*Sqrtl[e + f*x]*Sqrtlg + h*x])
/(3*x(b*xc - ax*xd) "2x(bxe - axf) 2*x(bxg - axh) 2xSqrtlc + dxx]) - (2%bx(A*b -
a*B)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3x(bxc - axd)*(b*xe - a*f)x
(bxg - a*h)*(a + b*x)~(3/2)) - (2xb*(3*a”~3*Bxd*xf*h + b~3*(3*xBkxckxexg - 2%Ax(
dxexg + c*xfxg + cxexh)) - axb”2x(Bx(dxexg + c*f*g + cxexh) - 4xAx(dxfxg + d
xexh + cxfxh)) - a"2%bx(6*Axd*fxh + Bx(d*xf*xg + dkexh + c*xf*h)))*Sqrtlc + dx
x]*Sqrt[e + f*xx]*Sqrtlg + h*x])/(3x(b*c - a*xd) "2x(b*xe - a*xf) 2x(b*g - a*h)~
2x3qrtla + b*x]) - (2%Sqrtld*g - cxh]*Sqrt[f*g - exh]*(3xa~3*Bxd*fxh + b~ 3x
(3*Bkxcxe*xg — 2xAx(dxe*xg + cxfxg + cxexh)) - a*xb”™2x(Bx(dxe*xg + cxfxg + cxexh
) - 4xAx(dxfxg + dxexh + cxfxh)) - a"2%b*x(6xAxd*fxh + Bx(dxf*g + d*exh + cx
fxh)))*Sqrt[a + b*x]*Sqrt[-(((d*e - cxf)*(g + hx*x))/((fxg - exh)*(c + d*x))
)1*EllipticE[ArcSin[(Sqrt[d*g - c*h]x*Sqrtle + f*x])/(Sqrt[f*g - exh]x*Sqrt[c
+ d*x])], ((bxc - axd)*(f*g - e*h))/((bxe - a*xf)*(d*g - cxh))])/(3x(b*xc -
axd) "2x(bxe - axf) " 2x(bxg - axh) "2*xSqrt[((d*xe - cxf)*x(a + bxx))/((b*e - axf
)*(c + d*x))]*Sqrtlg + h*x]) - (2%x(3*a~2xd*x(Bxc - A*d)*fxh + b~2x*(3*Bxc*d*e
xg — A*(2%d"2%exg - c”2*xfxh + cxd*x(f*xg + exh))) + axb*(3xAxd~2*x(f*g + exh)
- Bx(d"2*exg + c”2*xfxh + 2*ckdx(f*g + exh))))*Sqrt[((bxe - a*xf)*(c + d*x))/
((dxe - cxf)*(a + bxx))]*Sqrtlg + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sq
rtle + f*xx])/(Sqrt[f*g - exh]*Sqrtla + bxx])], -(((b*c - axd)*(fxg - exh))/
((dxe - cxf)*(b*xg - a*h)))])/(3*(b*c - a*xd) " 2x(b*xe - a*xf)*(b*xg - axh)~(3/2)
*xSqrt [fxg - exh]*Sqrtlc + d*x]*Sqrt[-(((bxe - axf)*(g + h*x))/((f*g - exh)x
(a + b*x)))])

Rubi [A] time = 3.3721, antiderivative size = 1080, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 42, e e =

integrand size
0.167, Rules used = {1599, 1602, 12, 170, 419, 176, 424}

2bVTF Ao T R 7 T(Ab — aB) 24/dg — ch+[fg —eh (3Bdfha3 — b(6Adfh + B(dfg + deh + cfh))a® — b*(B(de

" 3(bc — ad)(be — af)(bg — ah)(a + bx)32

Antiderivative was successfully verified.

[In] Int[(A + Bxx)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrtle + f*xx]*Sqrtl[g + h*x]),x
]

[Out] (2*xd*(3*a~3*B*xd*xfxh + b~3*%(3*Bxckexg - 2%Ax(dxexg + c*f*xg + cxexh)) - a*xb™2
*x(Bx(dxe*xg + cxfxg + ckxexh) - 4*xAx(dxf*g + dkexh + cxf*h)) - a~2*bx(6xA*xd*f

xh + B*x(d*f*g + dxexh + cxfxh)))*Sqrt[a + b*x]*Sqrtle + f*xx]*Sqrtl[g + hxx])
/(3*x(b*xc - ax*xd) "2x(bxe - axf) 2*(bxg - axh) 2xSqrtlc + dxx]) - (2%b*x(A*b -
a*B)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3x(bxc - axd)*(b*xe - a*f)x

(bxg - a*h)*(a + b*x)~(3/2)) - (2xb*x(3*a”~3*Bxd*xf*h + b~3*(3*xBkckxexg - 2%A*(

dxexg + c*xf*xg + cxexh)) - axb”2x(Bx(dxexg + c*f*g + cxexh) - 4xAx(dxfxg + d
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xexh + cxfxh)) - a"2%bx(6%Axdxfxh + Bx(d*fxg + d*exh + cxfxh)))*Sqrtlc + dx
x]*Sqrt[e + f*xx]*Sqrtlg + h*x])/(3x(b*c - a*xd) "2x(b*xe - a*xf) 2x(b*g - a*h)~
2xSqrtla + b*x]) - (2%Sqrtld*g - cxh]*Sqrt[f*g - exh]*(3xa~3*Bxd*fxh + b~3x
(3*Bkxcxe*xg — 2%Ax(dxe*xg + cxfxg + cxexh)) - axb”™2x(Bx(dxe*xg + cxfxg + cxexh
) - 4xAx(dxfxg + dxexh + cxfxh)) - a”2%b*(6xA*d*xfxh + Bx(d+xf*g + dxexh + cx
fxh)))*Sqrt[a + bxx]*Sqrt[-(((d*xe - cxf)*x(g + h*xx))/((f*g - exh)*(c + d*x))
)1*EllipticE[ArcSin[(Sqrt[d*g - c*h]x*Sqrtle + f*x])/(Sqrt[f*g - exh]x*Sqrt[c
+ d*x])], ((bxc - axd)*(f*g - exh))/((bxe - a*xf)*(d*g - cxh))])/(3x(b*xc -
axd) "2x(bxe - axf) " 2x(bxg - axh) "2*xSqrt[((d*xe - cxf)*x(a + bxx))/((b*e - axf
)*¥(c + d*x))]1*Sqrtlg + hxx]) - (2%(3*xa~2*d*(B*xc - Axd)*fxh + b 2% (3*B*ckxd*e
*xg — 2%A*d"2xexg + AxcT2xfxh - Axcxdkx(fxg + exh)) + axb*x(3*¥A*d"2x(f*g + exh
) - Bx(d"2%exg + c”2*fxh + 2%ckd*x(f*xg + exh))))*Sqrt[((bxe - axf)x*(c + d*x)
)/ ((d*e - c*f)*(a + b*x))]*Sqrtlg + h*x]*EllipticF[ArcSin[(Sqrt[bxg - axh]=*
Sqrtle + f*x])/(Sqrtlf*g - exh]*Sqrtla + b*x])], -(((bxc - axd)*x(fxg - exh)
)/ ((d*e - c*f)*(bxg - axh)))])/(3*(bxc - axd) “2*(bxe - axf)*(bxg - axh)~(3/
2)*xSqrt [f*xg - exh]*Sqrt[c + dxx]*Sqrt[-(((b*xe - axf)*(g + h*x))/((f*g - exh
)x(a + bxx)))])

Rule 1599

Int[((Ca_.) + (b_)*(x_)) " (m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)I*Sqrtl(e_.) + (f_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol]l :> Simpl[(
(A*b~2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]
)/ ((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh)), x] - Dist[1/(2*x(m + 1)*(bx*
c - axd)*(bxe - axf)*(bxg - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rtle + f£xx]*Sqrtlg + h*x]))*Simp[A*(2xa~2*d*xfxhx(m + 1) - 2xaxb*x(m + 1)*(dx
fxg + dkexh + cxfxh) + b™2%(2+m + 3)*(d*e*xg + cxf*g + ckexh)) - b*Bx(ax(d*e
*xg + ckxfkxg + ckexh) + 2*bkcxexgkx(m + 1)) - 2x((A*b - axB)*(a*xdxfxhx(m + 1)
- bx(m + 2)*(dxfxg + d*exh + cxfxh)))*x + dxfxhx(2xm + 5)*(A*b~2 - a*xb*B)x*x
~2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2*m]
&& LtQ[m, -1]

Rule 1602

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrt[(c_.
) + (d_.)*(x_)]*Sqrt[(e_.) + (f_,)*(x_)]*Sqrt[(g_.) + (h_)*(x 1), x_Symbo
1] :> Simp[(C*Sqrt[a + bxx]*Sqrtl[e + f*x]*Sqrtlg + h*x])/(bxfxhxSqrt[c + dx*
x]), x] + (Dist[1/(2%b*xd*f*h), Int[(1*Simp[2*xA*bxd*f*h - Ck(bxd*e*xg + akxcxf
xh) + (2*%b*Bxd*xfxh - Cx(axdxfxh + bx(d*f*xg + dxexh + c*fxh)))*x, x])/(Sqrt[
a + bxx]*Sqrt[c + dxx]*Sqrtle + fxx]*Sqrtlg + h*x]), x], x] + Dist[(Cx(d*e

- cxf)*(d*g - c*h))/(2*b*xd*f*h), Int[Sqrt[a + b*x]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 170

Int[1/(8qrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (f_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2xSqrt[g + h*x]*Sqrt[(
(bxe - axf)*(c + d*x))/((d*e - c*xf)x(a + b*x))])/((f*g - exh)*Sqrtlc + dx*x]
*3qrt [-(((b*xe - axf)*(g + h*x))/((f*g - e*xh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((b*c - axd)*x"2)/(d*e - cxf)]*Sqrt[l - ((bxg - axh)*x"2)/(fxg - exh
)1), %], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]
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Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrt[a]*Sqrt[c]l*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)]1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2#Sqrtl[c + d*x]*Sqrt[
-(((b*xe - axf)*(g + hxx))/((f*g - exh)*(a + bxx)))])/((b*xe - axf)*Sqrtlg +
hxx]*Sqrt [((bxe - a*xf)*(c + d*x))/((d*e - cxf)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((bxc - axd)*x"2)/(d*e - c*xf)]/Sqrt[l - ((b*xg - axh)*x"2)/(f*g - exh)]
, xJ, x, Sqrt[e + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h}
. d

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~2], x_Symbol] :> Simp[
(Sqgrt[a]*EllipticE[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*d)])/(Sqrtlc]*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rubi steps

f ~3a® Ad fh+b?(3Bceg—2 A(deg+cfg+ceh

f A+ Bx e 2b(Ab — aB)Vc + dx\Je + fx\[g + hx
(a + bx)>2\c + dxJe + fx+fg + hx ~ 3(bc - ad)(be - af)(bg — ah)(a + bx)3?

 26(Ab-aB)c +dxyfe+ fxyg + hx  2b(3a°Bdfh + b*(3Beeg — 2A(d

3(bc — ad)(be — af)(bg — ah)(a + bx)3? B

2d (3113Bdfh + b3(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cfg + ceh) -

3(bc — ad)?(be

2d (3113Bdfh + b3(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cfg + ceh) -

3(bc — ad)?(be

2d (3a3Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab?(B(deg + cfg + ceh) -

3(bc — ad)?(be

2d (3a3Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab?(B(deg + cfg + ceh) -

Mathematica [B] time = 25.5777, size = 10637, normalized size = 9.84

Result too large to show

Warning: Unable to verify antiderivative.

3(bc — ad)?(be
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[In] Integrate[(A + B*x)/((a + bxx)~(5/2)*Sqrtl[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h

*xx]) ,x]

[Out] Result too large to show

Maple [B] time = 1.2, size = 71656, normalized size = 66.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/2) ,x%)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx+ A
f = dx
(bx + a)2Vdx + cy[fx +eyJix + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)~(5/2)/(d*x+c)”(1/2)/(fxx+e)~(1/2)/(h*xx+g)~(1/2),x
, algorithm="maxima"

[Out] integrate((Bxx + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral
S fhad + aBceg + (B3dfg + (b3de + (b3c + 3ab2d) f)h)x5 + ((b3de + (b3c + 3 ab2d) f)g + ((b3c + 3 ab?d)e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)~(5/2)/(d*x+c)”(1/2)/(fxx+e)~(1/2)/(h*xx+g)~(1/2),x
, algorithm="fricas")

[Out] integral((Bxx + A)*sqrt(b*xx + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)/
(b~3*%d*xf*h*x"6 + a~3*xcxe*xg + (b~3xdxf*xg + (b~3xd*xe + (b~3%c + 3kaxb~2%d)*f)

xh)*x”5 + ((b73*d*e + (b~3xc + 3*xaxb~2*d)*f)*g + ((b~3*c + 3*kaxb~2xd)*e + 3

*x(axb~2xc + a~2xbxd)*f)*h)*x74 + (((b73xc + 3*axb~2xd)*e + 3*(a*xb”™2%c + a~2

*xbxd) *f)*g + (3x(a*b™2xc + a”~2%bxd)*e + (3*%a”2b*c + a”3xd)*f)*h)*x"3 + ((3
*x(axb~2xc + a"2xbxd)*e + (3xa~2xb*c + a~3*d)*f)*g + (a~3xc*xf + (3*%a"2*xbxc +
a~3xd)*e)*h) *x72 + (a"3xckexh + (a”3xc*f + (3*a"2xb*c + a~3xd)*e)*g)*x), X

)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)**(5/2)/(d*xx+c)**(1/2)/(f*x+e)**x(1/2)/(hxx+g)*x(1/
2),x%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
Bx+ A

dx
5
(bx + a)2Vdx + cy[fx +eyJix + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(bxx+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*xx+g)~(1/2) ,x
, algorithm="giac")

[Out] integrate((B*xx + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)xsqrt(h*x +
g)), x)
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(a+bx)¥2(de+cf+2dfx)
Vetdxnfe+fxa/g+hx

Optimal. Leaf size=898

311 |

(de—cf)(g+hx) .
Va T BC T dxe T Fryg b \dg — chy/fg — eh(5adfh — b(3dfg + deh + cfh))Va + bx ~ e (sm

h (de—cf)(a+bx)
2 A S iats
2dfh?, | (be—af)crdn V8 + hx

[Out] ((B*axd*fxh - bx(3xd*f*xg + dxexh + c*fxh))*Sqrt[a + b*x]*Sqrt[e + fxx]*Sqrt
[g + h*x])/(2*%f*h~2*Sqrt[c + d*x]) + (b*Sqrtl[a + bxx]*Sqrt[c + d*x]*Sqrt[e
+ f*x]*Sqrt[g + h*x])/h - (Sqrtld*g - c*h]*Sqrt[f*g - exh]*(5xaxd*fxh - bx(
3xdxfxg + dkexh + c*xf*h))*Sqrt[a + b*x]*Sqrt[-(((d*xe - c*f)*(g + h*x))/((f*
g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - cxh]l*Sqrtl[e + f*x])/(Sqr
t[f*g - exh]*Sqrtlc + d*x])], ((b*c - axd)*(fxg - exh))/((b*e - axf)*(dxg -
c*xh))])/ (2xd*fxh~2*%Sqrt [((d*e - cxf)*x(a + b*x))/((b*e - a*xf)*(c + d*x))]*S
grtlg + h*x]) - ((b*e - axf)*Sqrt[b*g - axh]*(3xa*xd*xfxh + b*(c*fxh - dx(3xf
xg + exh)))*Sqrt[((bxe - axf)*(c + dxx))/((d*e - cxf)x(a + b*x))]*Sqrtlg +
h*xx]*E1lipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e + f*x])/(Sqrt[f*g - exh]*Sqrt
[a + bxx])], -(((b*c - a*xd)*(f*g - exh))/((d*e - c*f)*(bxg - axh)))])/(2xbx*
fxh~2*xSqrt [f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((b*xe - a*f)*(g + h*x))/((fxg -
exh)*(a + b*x)))]) - (Sqrt[-(d*g) + cxh]*(6xaxbxd~2*f 2%g*h - 3*%a~2*d"2*f"2
*h~2 + b72x(2kckdxexf*h™2 - c”2*f72%xh72 - d72%(3*f"2xg"2 + e72*xh72)))*(a +
bxx)*Sqrt [((bxg - a*h)*(c + d*x))/((d*g - cxh)*(a + b*x))]*Sqrt[((bxg - axh
Yx(e + £xx))/((fxg - exh)*(a + b*x))]1*EllipticPi[-((bx(d*g - c*h))/((b*c -
axd)*h)), ArcSin[(Sqrt[b*xc - axd]*Sqrt[g + h*x])/(Sqrt[-(d*g) + c*h]*Sqrtla
+ b*xx])], ((b*xe - axf)*(dxg - cxh))/((b*c - axd)*(fxg - exh))])/(2%b*xd*Sqr
t[b*c - axd]*fxh~3xSqrt[c + d*x]*Sqrtle + fx*x])

Rubi [A] time = 2.51844, antiderivative size = 897, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 10, integrand size = 49, e o e

= 0.204, Rules used = {1597, 1600, 1602, 1598, 170, 419, 165, 537, 176, 424}

integrand size

(de=cf)(g+hx) .
Va T BVe T dxye T Fryg b \dg — chy/fg — eh(5adfh — b(3dfg + deh + cfh))Va + bx ~ e (sm

h (de—cf)(a+bx)
2 |
2dfh (ro—af) (o) \g + hx

Antiderivative was successfully verified.

[In] Int[((a + b*x)~(3/2)*(d*e + c*xf + 2xd*f*x))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sq
rt[g + hx*x]),x]

[Out] ((5*axd*f*xh - bx(3xd*f*xg + dxexh + c*fxh))*Sqrt[a + b*x]*Sqrt[e + fxx]*Sqrt
[g + h*x])/(2*%f*h~2*Sqrt[c + d*x]) + (b*Sqrtl[a + bxx]*Sqrt[c + d*x]*Sqrt[e
+ f*x]*Sqrt[g + h*x])/h - (Sqrtld*g - c*h]*Sqrt[f*g - exh]*(5xaxd*fxh - bx(
3xdxfxg + dkexh + c*xf*h))*Sqrt[a + b*x]*Sqrt[-(((d*xe - c*f)*(g + hx*x))/((f*
g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - cxh]l*Sqrtle + f*x])/(Sqr
t[f*g - exh]*Sqrtlc + d*x]1)], ((b*c - axd)*(f*g - e*h))/((b*e - axf)*(dxg -
c*xh))])/(2xd*fxh~2*%Sqrt [((d*e - cxf)*x(a + b*x))/((b*e - a*xf)*(c + d*x))]*S
grtlg + h*x]) - ((b*xe - axf)*Sqrt[b*g - axh]*(bxc*xf*xh + 3*xaxd*fxh - bxd* (3
fxg + exh))*Sqrt[((bxe - a*xf)*(c + d*x))/((d*e - cxf)*(a + b*x))]*Sqrtlg +
hxx]*E1lipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e + f*x])/(Sqrt[f*g - exh]*Sqrt
[a + bxx])], -(((b*c - a*d)*(f*g - exh))/((d*e - c*f)*(bxg - axh)))])/(2xbx*
fxh~2*xSqrt [f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((b*xe - a*f)*(g + h*x))/((fxg -
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exh)*(a + b*x)))]) - (Sqrt[-(d*g) + c*h]*(6xaxb*xd™2+f 2%g*h - 3*a~2*d"2xf~2
*h™2 + b72%(2kckdxexf*h™2 - c”2*f72%h72 - d72%(3*f72%xg"2 + e72%h72)))*(a +
b*x) *Sqrt [((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((bxg - axh
)x(e + £xx))/((fxg - exh)*(a + bxx))]*E1llipticPi[-((b*(d*g - c*h))/((b*c -
a*d)*h)), ArcSin[(Sqrt[bxc - axd]*Sqrtl[g + h*x])/(Sqrt[-(d*g) + c*h]x*Sqrt[a
+ b*x])], ((bxe - axf)*(d*g - c*xh))/((b*xc - a*xd)*(f*g - exh))])/(2xb*d*Sqr
t[bxc - axd]*f*xh~3xSqrt[c + d*x]*Sqrtle + fxx])

Rule 1597

Int[((Ca_.) + (b_.)*(x_)) " (m_.)*((A_.)
x_)]*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Distl[
1/(d*fxh*(2*m + 3)), Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sq
rt[g + h*x]))*Simp [a*xA*d*xf*xh*x(2*xm + 3) + (Axb + axB)*d*xfxh*(2*m + 3)*x + bx
Bkdxfxh*(2*m + 3)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B},
x] && IntegerQ[2#m] && GtQ[m, O]

(B_.)*(x_)))/(Sqrt[(c_.) + (d_.)*(

I~ +

Rule 1600

Int[(((a_.) + (b_D*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(8qrtl
(c_.) + (d_)*x(x_)I*Sqrtl[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x)]1), x_S
ymbol] :> Simp[(2%Ckx(a + b*x) m*Sqrt[c + d*xx]*Sqrtle + f*x]*Sqrtlg + h*x])/
(d*fxh*x(2*%m + 3)), x] + Dist[1/(d*f*hx(2xm + 3)), Int[((a + b*x)"(m - 1)/(S
grtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[a*xAxd*xf*h*(2*xm + 3) - Cx*(ax*
(d*xexg + cxfxg + ckexh) + 2*xbxckexg*m) + ((A*b + a*B)*d*xf*xhx(2+m + 3) - Cx(
2xax (d*xf*g + dxexh + c*xfxh) + bx(2*m + 1)*(d*exg + cxf*g + cxexh)))*x + (bx*
Bxdxf*h*(2+m + 3) + 2%Cx(axd*f*h*m - bx(m + 1)*(d*f*xg + d¥exh + cxfxh)))*x"
2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B, C}, x] & IntegerQ[2x
m] && GtQ[m, 0]

Rule 1602

Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*x(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[(CxSqrt[a + b*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(b*xf*h*Sqrt[c + dx
x]), x] + (Dist[1/(2*b*d*f*xh), Int[(1*Simp[2*A*b*d*xfxh - Ck(b*d*exg + a*xc*f
*h) + (2xb*Bxd*fxh - Ck(axd*fxh + bx(dxf*g + dxexh + c*fxh)))*x, x])/(Sqrt[
a + b*x]*Sqrtc + d*x]*Sqrtle + f*x]*Sqrtlg + hx*x]), x], x] + Dist[(Cx(dx*e

- cxf)*x(d*g - c*h))/(2%bxd*f*h), Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[e

+ f*x]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B, C},

x]

Rule 1598

Int[(CA_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]*Sqrtl[(c_.) + (d_.)*(x_)]
xSqrt[(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B)/b, Int[1/(Sqrtl[a + bxx]*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrtla + b*x]/(Sqrtl[c + d*xx]*Sqrtle + f*x]*Sqrtlg +
hxx]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rule 170

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£_.)
x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*Sqrt([g + h*x]*Sqrt[(
(bxe - a*xf)*(c + d*x))/((d*xe - cxf)*(a + b*x))])/((f*g - exh)*Sqrtlc + d*x]
*xSqrt [-(((bxe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - a*xd)*x72)/(d*e - c*xf)]*Sqrt[l - ((b*xg - axh)*x"2)/(f*g - ex*h
)1), x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]
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Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*d)])/(Sqrt[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 165

Int[Sqrtl(a_.) + (b_.)*(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)*(
x )I*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbol] :> Dist[(2x(a + b*x)*Sqrt[((b*g -
axh)*(c + d*xx))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*xg - a*xh)*(e + fx*x))/((f*
g - exh)x(a + b*x))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + ((b*c - a*d)*x~2)/(d*g - c*h)]*Sqrt[1 + ((bxe - a*xf)*x72)/(f*g

- exh)]), x], x, Sqrtlg + h*x]/Sqrt[a + bxx]], x] /; FreeQ[{a, b, c, d, e,

f, g, h}, x]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*x(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrtc]l*Sqrt[e]l*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, T}, x] & 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)]1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (f_.)
x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2*Sqrt[c + d*x]*Sqrt[
-(((b*xe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))])/((bxe - axf)x*Sqrtlg +
h*x]*Sqrt [((bxe - a*f)*(c + d*x))/((d*e - c*f)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((b*c - a*xd)*x"2)/(d*e - c*f)]/Sqrt[1 - ((bxg - a*h)*x72)/(fxg - e*h)]
, x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
. d

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrtlal*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (bxc)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

Rubi steps



Va+bx(6ad f (de-+cf)h+6d f (bde-+bcf+2ad f)hx+12bd? f2hx?)

f (a+ b0 P(de + cf +2df) | _ J Verdrret fxygtin ax
Ve +dxyfe + fxifg +hx 6dfh
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j~12d2f2h(2a2(de+cf)h—bdweg+a(dqg+cfg+ceh»)+24d2f2

_ bVa+bxVe +dxyJe+ fxyJg +hx .\
B h

_ (5adfh - b3dfg + deh + cfh)Va + bx\Je + fx g+ hx s

bVa + bxVc + dx+fe + |

2fh2\c + dx h
(Gadfh — b(3dfg + deh + cfh))Va + bx\Je + fx\Jg +hx  bVa +bxve +dxrJe +
= +
2fh2\c + dx h
(5adfh — b(3dfg + deh + cfh))Va + bx\Je + fx\Jg+hx  bVa+bxve +dxqJe +
= +
2fh2c + dx h
_ (5adfh - b3dfg + deh + cfh)Va + bx\Je + fx\g + hx . bVa + bxVc + dx+fe + |
- h

2fh?Nc + dx

Mathematica [B] time = 16.3708, size = 14853, normalized size = 16.54

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + bxx)~(3/2)*(d*e + cxf + 2xd*f*x))/(Sqrtlc + d*x]*Sqrtle + f

*x]*Sqrt [g + hx*x]),x]

[Out] Result too large to show

Maple [B] time = 0.107, size = 35480, normalized size = 39.5

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(3/2)* (2*xdxf*x+cxf+d*e)/(dxx+c)~(1/2)/(fxx+e) ~(1/2)/ (h*xx+g)~(1/

2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

X

f (2dfx +de + cf)bx + )2
Vdx + cy/fx +e\hx + g
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)”(3/2)*(2xd*xf*x+c*xf+d*e)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/ (h*xx+
g)~(1/2),x, algorithm="maxima"

[Out] integrate((2xdxf*x + d*xe + c*f)*(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e
)*sqrt (h*x + g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)~(3/2)*(2xd*xf*x+c*xf+d*e)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/ (hxx+
g)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**(3/2)* (2*xd*xf*x+cxf+dxe)/(d*xx+c)**(1/2)/(f*xx+e)*x*x(1/2)/(h
*x+g)*x*(1/2) ,%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (2dfx+de+cf)(bx + a)g ]
Vdx + c/fx +e\hx + g

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)”(3/2)*(2xd*f*x+c*xf+d*e)/(d*x+c)”~(1/2)/(f*x+e)~(1/2)/ (h*xx+
g)~(1/2),x, algorithm="giac")

[Out] integrate((2xdxf*x + dxe + c*f)*(bxx + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e
)xsqrt (h*x + g)), x)
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Va+bx(de+cf+2dfx) dx

Ve+dxq/e+ fx+/g+hx

Optimal. Leaf size=472

312 |

_ 32 [(atbx)(fg—eh) [(c+dx)(fg—eh) (f(bg—ah)‘ . _1(\/be—af\/g+hx) (de—cf)(bg—ah))
2d(e + fx)(bg - ah) \/ e Foegan \| @ s\ Geapn S\ Vormaryerrs )| Geafias 2b\/c+dx\/e+ 122

2+\a + bxVe + dx+/be — af hva + bx

[Out] (2xbxSqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(h*Sqrtl[a + b*x]) - (2xSqrt
[bxg - axh]*Sqrt[f*g - exh]*Sqrtl[c + d*xx]*Sqrt[-(((b*e - a*xf)*(g + hx*x))/((

fxg - exh)*(a + b*x)))]*EllipticE[ArcSin[(Sqrt[b*g - a*h]*Sqrtl[e + f*x])/(S
qrt[f*g - exh]*Sqrtla + b*x])], -(((bxc - axd)*(f*g - exh))/((d*e - c*xf)*(b

xg — axh)))])/(h*Sqrt[((b*e - a*xf)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt

[g + h*x]) - (2%dx(bxg - axh)~(3/2)*Sqrt[((f*g - exh)x(a + b*x))/((b*g - ax*

h)x(e + fxx))]1*Sqrt[((f*g - exh)*(c + dxx))/((d*g - c*h)*(e + f*x))I*x(e + f
*x)*E1lipticPi [(fx(b*g - a*h))/((b*xe - axf)*h), ArcSin[(Sqrt[b*e - a*xf]x*Sqr

tlg + h*x])/(Sqrt[b*xg - axh]*Sqrtle + f*x])], ((d*e - c*xf)*x(bxg - axh))/((b

xe — axf)*x(d*g - c*h))])/(Sqrt[b*xe - a*f]*h~2*Sqrt[a + bxx]*Sqrt[c + d*x])

Rubi [A] time = 0.519671, antiderivative size = 472, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 49, e

integrand size
0.102, Rules used = {1595, 165, 537, 176, 424}

_ 3/2 (a+bx)(fg—eh) [ (c+dx)(fg—eh) (f(bg—ah)_ . _1(\/be—uf\/g+hx) (de—cf)(bg—ah))
2dle+ Jlbg = al) \/<e+fx><bg—ah> errodsa \te-api’ ™™ \\igmayer s ) | Ge-aison , 2V + dee + fxy

h2\a + bxVc + dx+Jbe — af hVa + bx

Antiderivative was successfully verified.

[In] Int[(Sqrt[a + b*x]*(d*e + c*f + 2xd*xf*x))/(Sqrtl[c + d*x]*Sqrtle + f*x]*Sqrt
[g + h*xx]),x]

[Out] (2*bxSqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(h*Sqrt[a + b*x]) - (2%Sqrt
[bxg - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b*e - a*xf)*(g + hx*x))/((

fxg - exh)*(a + bxx)))]*EllipticE[ArcSin[(Sqrt[b*g - axh]*Sqrtle + f*x])/(S
qrt[f*g - exh]xSqrtla + b*x])], -(((bxc - axd)*(f*g - exh))/((d*xe - c*f)*(b

xg — axh)))])/(h*Sqrt[((b*xe - a*xf)*(c + d*x))/((d*e - c*xf)*(a + b*x))]*Sqrt

[g + h*x]) - (2xd*(bxg - a*h)~(3/2)*Sqrt[((f*g - exh)*(a + bxx))/((bxg - ax*
h)*x(e + fxx))]1*Sqrt[((f*g - exh)*(c + d*x))/((d*g - c*h)*(e + f*x))]*(e + f
*xx)*E1lipticPi[(fx(bxg - axh))/((b*e - axf)xh), ArcSin[(Sqrt[bxe - axf]*Sqr

tlg + h*x])/(Sqrt[b*xg - axh]l*Sqrtle + f*x])], ((d*e - c*xf)*(bxg - axh))/((b

xe — axf)*(d*g - c*h))])/(Sqrt[b*e - a*f]xh~2xSqrt[a + b*x]*Sqrtlc + d*x])

Rule 1595

Int[(Sqrtl(a_.) + (b_.)*(x_)I*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_
)IxSqrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(b
*BxSqrt [c + d*xx]*Sqrtle + fxx]*Sqrtlg + h*x])/(d*f*h*Sqrtla + b*x]), x] + (
-Dist [(B*(b*g - axh))/(2xfxh), Int[Sqrtle + f*x]/(Sqrtla + b*x]*Sqrt[c + dx
x]*Sqrtlg + h*x]), x], x] + Dist[(Bx(b*e - axf)x*(b*g - axh))/(2%d*xfxh), Int
[Sqrt[c + d*x]/((a + bxx)~(3/2)*Sqrtle + f*x]*Sqrtlg + h*x]), x], x]) /; Fr
eeQ[{a, b, ¢, d, e, £, g, h, A, B}, x] && EqQ[2*Axd*f - Bx(d*e + cxf), 0]
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Rule 165

Int[Sqrtl(a_.) + (b_.)*x(x_)]/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(
x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*(a + b*x)*Sqrt[((bxg -
axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*xg - axh)*(e + fx*x))/((f*
g - exh)*(a + b*x))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + ((b*c - a*xd)*x"2)/(d*g - c*h)]*Sqrt[1l + ((bxe - ax*xf)*x72)/(f*g
- exh)]), x], x, Sqrtl[g + h*xx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, O] && '( 'GtQ[f/e, O]
&% SimplerSqrtQ[-(f/e), -(d/c)])

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*x(x_))"(3/2)*Sqrtl(e_.) + (f_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2*Sqrt[c + dxx]*Sqrtl[
-(((b*xe - axf)*(g + h*x))/((f*g - exh)*(a + bxx)))])/((b*xe - axf)*Sqrtlg +
h*xx]*Sqrt [((b*e - axf)*x(c + d*x))/((d*e - c*f)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((bxc - axd)*x"2)/(d*e - c*xf)]/Sqrt[l - ((b*xg - axh)*x"2)/(f*g - exh)]
, x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
, x]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[a]*EllipticE[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*d)])/(Sqrtlc]*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]

Rubi steps
N T
f a+ bx(de + Cf + deX) dx = Zb\/c + dx\/e + fx\/g + hx B (d(bg - ﬂ]’l)) f m dx N ((be - ﬂf)(bg —
Ve +dxyfe+ fxyfg+hx hva + bx I
_ (fg—eh)(a+bx) [ (fg—eh)(c+dx)
2bVe + dxyfe+ fay3 +h (Zd(bg uh)\/@g—ahxﬁﬁw \/ ds-chersn © TS x)) >
3 ¢ +dxye+ fxyg+hx
hVa + bx I m

Mathematica [B]

— — _ (be—af)(g+hx) .1
_ 2bVe +dxyJe + fxrJg + hx 2bg ~ ahv/fg ~ehVe +dx \ et (sm

hvVa + bx (be—af)(c+dx)
e cpiarm V&

time = 15.4652, size = 6583, normalized size = 13.95

Result too large to show

Warning: Unable to verify antiderivative.
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[In] Integrate[(Sqrt[a + b*x]*(d*e + c*f + 2*xd*fx*x))/(Sqrtlc + d*x]*Sqrtle + f*x
1*Sqrt[g + h*x]),x]

[Out] Result too large to show

Maple [B] time = 0.064, size = 13177, normalized size = 27.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(1/2)* (2*xd*f*x+c*xf+d*e) / (d*x+c) ™ (1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/
2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

(2dfx+de+cf)\/bx+a
f Vdx + c/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) ~(1/2)* (2*d*f*x+ckf+d*e)/(d*x+c)”(1/2)/(fxx+e)”(1/2)/ (h*x+
g)~(1/2),x, algorithm="maxima"

[Out] integrate((2xdxf*x + d*xe + c*f)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*
sqrt (h*x + g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)” (1/2)*(2xd*f*x+c*xf+d*e)/(d*x+c)~(1/2)/(f*xx+e)”(1/2)/ (h*xx+
g)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f u+bx cf+de+2dfx)d
x
Ve +dxrfe + fx\g +hx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)**(1/2)* (2xd*f*x+c*f+d*e)/(d*x+c)**(1/2)/(fxx+e)**x(1/2)/(h
*xx+g)*x*(1/2) ,x)

[Out] Integral(sqrt(a + bxx)*(c*f + dxe + 2xdxfxx)/(sqrt(c + dxx)*sqrt(e + f*x)x*s
qrt(g + h*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

(2dfx+de+cf)\/bx+a
f \/dx+c\/fx+e\/hx+g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) ~(1/2)* (2*d*f*x+ckf+d*e)/(d*x+c)”(1/2)/(fxx+e)”(1/2)/ (h*x+
g)~(1/2),x, algorithm="giac")

[Out] integrate((2xdxf*x + d*xe + c*f)x*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)x*
sqrt(h*x + g)), x)
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de+cf+2dfx
3.13 f a+bxVc+dx+Je+ fx+/g+hx ax

Optimal. Leaf size=449

(c+dx)(be—af) .. . -1 [ ve+fx+/bg—ah (bc—ad)(fg—eh) (c-
24/g + hx(=2adf + bef + bde), /mElhptlcF (sm (WW) , —(bg_ah)(de_cf)) 4df(a + bx)/ch — dg e
+
+hx)(be-af)
bVc + dx+/bg — ahv[fg — eh, /——ngb;(f;_Z)

[Out] (2x(b*xdxe + bkckxf - 2xa*xd*xf)*Sqrt[((bxe - axf)x(c + d*x))/((dxe - c*xf)*(a +
b*x))]1*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - a*h]*Sqrtle + f*x])/(Sqr
t[fxg - exh]*Sqrtla + b*x])], -(((b*c - a*d)*(f*g - exh))/((d*e - c*f)*(bxg
- axh)))])/(bxSqrt [bxg - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe -
axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]) + (4xd*f*Sqrt[-(d*g) + c*hlx*(a
+ bxx)*Sqrt [((bxg - a*h)*(c + d*x))/((d*g - cxh)*(a + b*x))]*Sqrt[((bxg - a
*h)*(e + f£*xx))/((f*g - exh)*(a + bxx))]*EllipticPi[-((b*(d*g - c*xh))/((b*c
- axd)*h)), ArcSin[(Sqrt[b*c - a*xd]*Sqrtl[g + hx*x])/(Sqrt[-(d*g) + cxh]*Sqrt
[a + b*xx])], ((bxe - a*xf)*(dxg - cxh))/((b*c - a*xd)*(fxg - exh))])/(b*Sqrt[
bxc - axd]*h*Sqrt[c + d*x]*Sqrtle + fxx])

Rubi [A] time = 0.463886, antiderivative size = 449, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 49, e

integrand size
0.102, Rules used = {1598, 170, 419, 165, 537}
(c+dx)(be-af) . -1 [ Vbg—ah+Je+fx (be—ad)(fg—ch) (c+dx)(bg—al
24/g + hx(=2adf + bef + bde), /WF (sm ( T m) |- f)(bg_uh)) ddf(a+ bx)ych —dg, | s
+
(g+hx)(be-af)
bVc + dx+/bg — ah+[fg - eh, /—W

Antiderivative was successfully verified.

[In] Int[(d*e + cxf + 2xd*xfxx)/(Sqrtla + b*x]*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtl[g
+ h*x]),x]

[Out] (2x(b*dxe + bkxckxf - 2%a*xd*f)*Sqrt[((bxe - axf)x(c + d*x))/((dxe - c*f)*(a +
b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[bxg - axh]*Sqrtle + f*x])/(Sqr
t[f*xg - exh]*Sqrtla + bxx])], -(((b*xc - a*d)*(f*g - exh))/((d*e - cx*f)*(b*g

- axh)))])/(bxSqrt [bxg - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe -
axf)*(g + h*x))/((f*g - exh)x(a + b*x)))]) + (4*xd*fxSqrt[-(d*g) + c*h]l*(a

+ b*x)*Sqrt [((bxg - a*h)*(c + d*x))/((d*g - cxh)*(a + bxx))]*Sqrt[((b*xg - a
xh)*(e + fxx))/((f*g - exh)*x(a + b*x))]*EllipticPi[-((b*(d*g - c*h))/((b*c

- axd)*h)), ArcSin[(Sqrt[b*c - a*d]*Sqrtl[g + hx*x])/(Sqrt[-(d*g) + c*xh]*Sqrt

[a + b*x])], ((b*xe - a*f)*(d*g - c*xh))/((b*c - a*d)*(fxg - exh))])/(b*Sqrt[

bxc - axd]*h*Sqrt[c + dxx]*Sqrtle + fx*x])

Rule 1598

Int[(CA_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)I*Sqrtl[(c_.) + (d_.)*(x_)]
xSqrt[(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B) /b, Int[1/(Sqrtla + bxx]*Sqrtl[c + d*xx]*Sqrtle + f*x]*Sqrtlg + h*x]),
x], x] + Dist[B/b, Int[Sqrtla + b*x]/(Sqrtl[c + d*xx]*Sqrtle + f*x]*Sqrtl[g +
h*x]), x], x] /; FreeQ[{a, b, c, 4, e, f, g, h, A, B}, x]

Rule 170
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Int[1/(Sqgrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)
*x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*Sqrt[g + h*x]*Sqrt[(
(bxe - a*xf)*(c + d*x))/((d*xe - cxf)*(a + b*x))])/((f*g - exh)*Sqrt[c + d*x]
*xSqrt [-(((bxe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - a*d)*x72)/(dxe - cxf)]*Sqrt[l - ((bxg - axh)*x72)/(f*g - exh
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1*E1llipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtl[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 165

Int[Sqrtl(a_.) + (b_.)*x(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(
x_)]*Sqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*x(a + b*x)*Sqrt[((bxg -
axh)*(c + d*x))/((d*g - cxh)*(a + b*xx))]*Sqrt[((bxg - ax*h)*(e + fx*xx))/((f*
g - exh)*(a + b*x))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + ((b*xc - a*xd)*x72)/(d*g - c*h)]*Sqrt[1 + ((bxe - axf)*x72)/(f*g
- exh)]), x], x, Sqrtl[g + h*xx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)x(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, O] && '( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rubi steps
Va+bx 1
f de + Cf + dex dy = (2df) f c+dxrJe+fx+/g+hx ax + (—ZIldf * b(de * Cf)) f Va+bx\/c+dx\/e+fx\/gﬂ
Va + bxve + dxrJe + fx Jg + hx b b
(bg—ah)(c+dx) [ (bg—ah)(e+fx) 1
4df(a+ bx)\/ — \/ e ) Subst| [
( (dg h)(a+bx) (fg f1)(a+bx) (h—bxz) ]+(b;;+dc)hxz ]+@
- bVc +dxJe+ fx
_ (be—af)(c+dx) . -1 [ Vbg—ah\Je+fx _ (bc—ad)
) 2(bde + bef —2adf) ecarim V8 + hxF (sm ( e _a+bx) | o)
- - |- (bezaf)g+hx)
byJbg — ah+[fg — ehVc + dx ety
Mathematica [A] time = 7.66439, size = 724, normalized size = 1.61
(c+dx)(bg—ah) (e+fx)(bg—ah) . . | (g+hx)(af-be)\ (ad-bc)(eh—fg)
2Va + bx m (—deh(g + hx)(be - ﬂf)1 , WEHIPUCF (sm (1 , (a+bx)(fg—eh)) p (be—uf)(dg—ch)) + 2ﬂdf

Antiderivative was successfully verified.
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[In] Integrate[(d*e + c*f + 2*d*f*x)/(Sqrtl[a + b*x]*Sqrtlc + d*x]*Sqrtle + f*x]*
Sqrt[g + hx*x]),x]

[Out] (2*Sqrtla + b*x]*Sqrt[((b*g - axh)*x(c + d*x))/((d*g - cxh)*(a + b*x))]I*(-(b
xdxex (bxe - axf)*h*Sqrt[((bxg - a*h)*x(e + f*x))/((fxg - exh)*(a + b*x))]1*(g
+ h*xx)*EllipticF[ArcSin[Sqrt [((-(b*e) + axf)*(g + h*x))/((f*xg - exh)*(a +
b*x))]], ((-(b*xc) + a*xd)*(-(fxg) + exh))/((b*e - a*xf)*(dxg - cxh))]) + 2*ax
dxf*(b*xe - axf)*hxSqrt[((b*xg - a*h)*(e + f*x))/((fxg - exh)*(a + bxx))]1*(g
+ h*x)*E1lipticF[ArcSin[Sqrt [((-(bxe) + axf)*(g + h*x))/((f*g - exh)*(a + b
*x))]], ((=(bxc) + axd)*(-(fxg) + exh))/((bxe - axf)*(d*g - cxh))] + bkckfx
(-(bxe) + axf)x*h*Sqrt[((b*g - axh)*(e + fxx))/((fxg - exh)*(a + b*x))]*(g +
h*x)*E1lipticF [ArcSin[Sqrt [((-(b*xe) + a*xf)*(g + h*x))/((f*g - exh)*(a + bx
x))11, ((-(bxc) + axd)*x(-(f*g) + e*h))/((bxe - axf)*(d*g - c*h))] - 2*d*fx*(
bxg - axh)*(f*g - exh)*(a + b*x)*Sqrt[((-(b*xe) + axf)*(g + h*xx))/((f*xg - ex
h)x(a + b*xx))]*Sqrt[-(((b*xe - a*xf)*(bxg - axh)*(e + f*x)*(g + h*x))/((f*g -
exh) 2% (a + b*x)~2))]*EllipticPi[(b*(-(f*g) + exh))/((b*e - a*xf)*h), ArcSi
n[Sqrt[((-(bxe) + axf)*(g + h*x))/((fxg - exh)*(a + b*x))1], ((-(b*c) + axd
)x(-(f*g) + exh))/((bxe - a*xf)*(d*g - c*h))]))/(b*(b*e - axf)*h*(b*g - axh)
xSqrt[c + dxx]*Sqrtle + f*x]*Sqrtl[g + hxx]*Sqrt[((-(b*xe) + axf)*(g + h*x))/

((fxg - exh)*(a + bxx))])

Maple [B] time = 0.064, size = 2454, normalized size = 5.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2xd*f*xx+c*xf+dxe)/(b*xx+a)”~(1/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/ (h*xx+g)~(1/
2),x)

[Out] 2*(EllipticF(((a*xf-b*e)*(h*x+g)/(axh-b*g)/(f*x+e))~(1/2), ((c*f-d*e)*(a*xh-bx*
g)/ (cxh-dxg) / (axf-b*xe)) ~(1/2)) *x"2%a*xcxf~3xh~2-E11lipticF (((a*xf-bxe) * (h*x+g)
/ (axh-bxg) / (fxx+e)) ~(1/2) , ((cxf-dxe) * (axh-bxg) / (cxh-d*g) / (a*xf-b*xe) )~ (1/2) ) *
x"2*axd*exf"2¥h"2-EllipticF (((axf-b*e)* (hxx+g)/(a*h-b*g)/(f*x+e))~(1/2), ((c
*xf-dxe) * (axh-bxg) / (cxh-dxg) / (axf-bxe) ) ~(1/2) ) *x~2*b*c*f " 3xg*h+E1lipticF (((a
*xf-bxe)* (hxx+g) / (axh-b*g) / (fxx+e) ) ~(1/2) , ((c*¥f-d*e) * (axh-b*g) / (c¥h-d*g) / (a*x
f-bxe)) ~(1/2))*x"2*xb*d*exf ~2xgxh+2*xE11ipticPi (((a*f-bxe) * (h*x+g)/(axh-b*g)/
(fxx+e))~(1/2), (axh-b*g) *f/h/ (a*f-bxe) , ((cxf-d*e) *x (axh-b*g) / (cxh-d*g) / (axf-
bxe)) " (1/2))*x"2*axd*exf~2*h~2-2*E11ipticPi (((axf-b*e)* (hxx+g)/(a*h-bx*g) /(£
xx+e)) ~(1/2) , (a*h-bx*g) *f/h/ (a*xf-bxe) , ((cxf-d*e)* (axh-b*g)/(cxh-d*g) / (axf-bx
e))~(1/2))*x~2*a*xd*f " 3xgxh-2*E11lipticPi (((a*f-b*e)* (h*x+g) /(axh-b*g) / (fxx+e
))~(1/2), (a*h-bx*g) *f/h/ (a*xf-bxe) , ((cxf-d*e)* (axh-b*g)/(cxh-d*g)/(axf-b*e))~
(1/2)) *x"2xb*d*exf ~2xgxh+2xE11ipticPi (((a*f-bxe) * (h*x+g) / (axh-b*g) / (f*x+e))
~(1/2), (axh-bxg) *f/h/ (axf-b*xe) , ((cxf-d*e)* (a*xh-b*g) /(c*h-d*g) / (a*xf-bxe)) (1
/2))*x"2*%bxd*f~3*xg~2+2+%E1lipticF (((a*xf-b*e)* (h*x+g)/(a*h-b*g) /(f*x+e))~(1/2
), ((cxf-d*e) * (a*xh-b*g) / (c*¥h-d*g) / (a*xf-b*xe)) " (1/2) ) *x*axcke*xf " 2%h~2-2%E1lipt
icF(((axf-b*e)* (h*xx+g) /(axh-bxg) / (f*x+e)) ~(1/2), ((c*f-d*e)* (a*h-bxg) / (c*h-d
xg) / (axf-bxe) )~ (1/2) ) *xxa*xdxe 2xfxh~2-2+«E1lipticF (((a*xf-b*e)* (h*x+g)/(a*h-b
xg) / (£xx+e)) ~(1/2), ((c*xf-dxe) * (axh-bxg) / (cxh-d*g) / (axf-b*xe) )~ (1/2) ) *x*b*c*e
*f"2xgxh+2xE11ipticF (((axf-b*e)* (h*xx+g) / (axh-bxg) / (f*x+e)) ~(1/2), ((c*xf-dxe)
* (axh-b*g) / (cxh-d*g) / (axf-b*e)) " (1/2) ) xx*b*d*e”2xf*g*xh+4*xE11ipticPi (((a*f-b
xe)* (h*xx+g) / (axh-b*g) / (f*x+e) )~ (1/2), (axh-b*g) *f/h/ (a*xf-b*e) , ((cxf-dxe)* (ax
h-b*g) / (cxh-d*g) / (axf-b*e)) ~(1/2))*x*kaxd*e”2xf*h~2-4*E11ipticPi (((axf-b*e)*
(h*xx+g) / (axh-b*xg) / (f*x+e))~(1/2), (axh-bxg) *f/h/ (axf-b*e) , ((c*f-d*e) * (a*h-b*
g)/ (cxh-d*g) / (axf-b*xe)) ~(1/2)) *x*axd*exf " 2xgxh-4*E11ipticPi (((a*xf-bxe)* (h*x
+g) / (a¥h-bxg) / (f*x+e)) " (1/2) , (axh-b*g) *xf/h/ (axf-b*e) , ((cxf-dxe)* (a*xh-bxg) /(
cxh-dx*g) / (a*xf-bxe)) ~(1/2) ) *x*b*xd*e”2xf*xgxh+4*E11lipticPi (((axf-b*e)* (h*x+g)/
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(axh-bxg) / (fxx+e))~(1/2), (axh-bxg) *f/h/ (axf-bxe) , ((c*f-d*e)* (a*h-b*g) / (c*h-
dxg) / (a*xf-b*e) )~ (1/2)) *xxbxdxexf " 2xg~2+E11lipticF (((axf-b*e)* (h*x+g) / (axh-b*
g)/ (fxx+e))~(1/2), ((cxf-d*xe)*x (axh-b*xg) / (cxh-d*g) / (axf-b*xe)) " (1/2)) *a*xc*e™ 2%
fxh~2-EllipticF(((a*f-bxe)* (h*x+g)/(axh-b*xg)/(f*x+e))~(1/2), ((cxf-d*e)* (axh
-b*g) /(c*h-dx*g) / (a*f-b*e)) ~(1/2))*a*xd*e~3*h~2-EllipticF (((axf-b*e)* (h*x+g)/
(a*xh-b*g) / (f*x+e)) ~(1/2), ((c*¥f-d*e) * (a*h-b*g) / (c*¥h-d*g) / (a*xf-b*xe)) ~(1/2))*b
xcxe”2xfxgxh+E1lipticF (((axf-b*e)* (h*xx+g) /(a*h-b*g) / (f*x+e) )~ (1/2), ((c*xf-dx*
e) * (axh-bx*g) / (c¥h-dx*g) / (a*xf-bxe) )~ (1/2) ) *b*xd*e~3*g*xh+2*E11lipticPi (((a*xf-bx*e
) * (h*xx+g) / (axh-bxg) / (fxx+e)) ~(1/2) , (a*h-b*g) *f/h/ (a*xf-bxe) , ((cxf-d*e) * (axh-
bxg) / (cxh-d*g) /(a*xf-b*xe)) ~(1/2) ) *a*d*e~3+%h~2-2%E1lipticPi (((a*f-bxe)* (h*x+g
)/ (axh-bx*g) / (f*x+e) )~ (1/2), (axh-b*xg)*f/h/ (axf-b*e) , ((ckf-d*e) * (a*h-b*g) / (c*
h-dx*g) / (axf-b*e) )~ (1/2))*a*xd*e 2xf*g*h-2xE11lipticPi (((axf-b*e)* (hxx+g)/(axh
-bx*g) / (f*x+e) )~ (1/2), (axh-b*xg) *f/h/ (axf-b*e) , ((cxf-dx*e) * (axh-bxg) / (c¥h-d*g)
/(axf-bxe))~(1/2) ) *bxd*e”3*xg*h+2+xE11lipticPi (((axf-b*e)* (h*xx+g)/(axh-bxg) /(£
xx+e)) ~(1/2) , (a*h-bx*g) *f/h/ (a*xf-bxe) , ((cxf-d*e)* (axh-b*g) /(cxh-d*g) / (axf-b*
e))~(1/2))*xbxd*xe~2*xf*xg~2) * ((exh-f*g) * (bxx+a) / (axh-bxg) / (f*x+e)) ~(1/2) * ((exh
-fxg)*(dxx+c)/(cxh-d*g) / (fxx+e) )~ (1/2) x ((a*xf-bxe) * (h*x+g) / (a*h-b*g) / (f*x+e)
)~ (1/2) /h/ (bxx+a) = (1/2) / (dxx+c) = (1/2) / (fxx+e) = (1/2) / (hxx+g) = (1/2) / (exh-f*g)
/ (axf-bxe)

Maxima [F] time = 0., size = 0, normalized size = 0.

f 2dfx +de+cf i
Vbx + avdx + c\[fx + eJix + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xd*f*xx+cxf+d*e)/(b*x+a)~(1/2)/(d*x+c)”~(1/2)/(fxx+e)~(1/2)/ (h*xx+
g)~(1/2),x, algorithm="maxima")

[Out] integrate((2*xd*f*x + d*xe + c*xf)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(fxx + e)x*
sqrt(h*x + g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xd*f*xx+cxf+d*e)/(b*xx+a)~(1/2)/(d*x+c)”~(1/2)/(f*x+e)~(1/2)/ (h*xx+
g)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xd*f*xx+cxf+d*e)/(b*xx+a)**(1/2)/(d*xx+c)**(1/2)/(f*xx+e)*x*x(1/2)/(h
*xx+g)**(1/2) ,%)
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[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

X

f 2dfx+de+cf
d
Vbx + a\/dx+c\/fx+e\/hx+g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xd*f*xx+cxf+d*e)/(b*x+a)~(1/2)/(d*x+c)”~(1/2)/(fxx+e)~(1/2)/ (h*xx+
g)~(1/2),x, algorithm="giac")

[Out] integrate((2xdxf*x + d*e + c*f)/(sqrt(b*x + a)xsqrt(d*x + c)*sqrt(f*x + e)*
sqrt(h*x + g)), x)
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de+cf+2dfx
314 | RN oy i

Optimal. Leaf size=625

B (c+dx)(be=af) yye. . .1 [ e+rfxybg—ah )  (be-ad)(fg-el)
2dg =+ hx(de = cf )\ | gy ae-cp) PIHPHCE (Sm (mm ) (bg—ah)(de—cf)) 2bVe + dxJe + fxyfg + hx(-2a

(g-+hx)(be—af) Va + bx(bc — ad)(be — af
Ve + dx(be — ad)bg — ah+/fg — eh, ,_Wf‘z—ih) ( ) f

[Out] (2xdx(bxdxe + bkxcxf - 2*axd*xf)*Sqrtl[a + bxx]*Sqrtle + f*x]*Sqrtlg + h*x])/(

(bxc - a*xd)*(bxe - axf)*(b*g - axh)*Sqrtl[c + d*x]) - (2%b*(b*d*e + b¥c*f -

2*xaxd*f)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtlg + h*x])/((b*c - axd)*(b*e - axf
)*(b*g - axh)*Sqrtla + b*x]) - (2x(bxd*e + b*xcxf - 2xaxd*f)*Sqrt[d*g - cx*h]
xSqrt [fxg - exh]*Sqrt[a + b*x]*Sqrt[-(((d*e - cxf)*(g + h*x))/((f*g - e*h)*
(c + d*x)))]1*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrtle + f*x])/(Sqrtlf*g - e
*h]*Sqrt[c + d*x])], ((bxc - axd)*(f*g - exh))/((b*e - axf)*(d*g - cxh))])/
((b*xc - axd)*(b*e - axf)*(b*xg - axh)*Sqrt[((d*e - cxf)*(a + bxx))/((bxe - a
xf)*x(c + d*x))]*Sqrtlg + h*x]) - (2*d*x(d*xe - cxf)*Sqrt[((b*e - a*xf)*(c + dx
x))/((d*e - c*f)*(a + b*x))]*Sqrtl[g + h*x]*EllipticF[ArcSin[(Sqrt[bxg - axh
1*xSqrtle + f£xx])/(Sqrtlfxg - exh]l*Sqrt[a + b*x])], -(((bxc - axd)*(f*xg - ex
h))/((d*e - cxf)*(b*g - axh)))])/((bxc - axd)*Sqrt[b*xg - axh]*Sqrt[f*xg - ex
h]l*Sqrt[c + dxx]*Sqrt[-(((b*xe - axf)*(g + h*x))/((f*g - exh)*(a + bxx)))])

Rubi [A] time = 1.06297, antiderivative size = 625, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 49, e -

integrand size
0.143, Rules used = {1599, 1602, 12, 170, 419, 176, 424}

20Ve + dife + frnfg + x(-2adf +bef +bde) | 2dVa+ bxJe + g+ Ix(-2adf + bef + bie) 2dg + ha(d

Va + bx(bc — ad)(be — af)(bg — ah) Ve + dx(bc — ad)(be — af )(bg — ah)

Antiderivative was successfully verified.

[In] Int[(d*e + cxf + 2xd*xfxx)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt

[g + h*x]),x]

[Out] (2xdx(bxdxe + bkxcxf - 2*axd*xf)*Sqrtl[a + bxx]*Sqrtle + f*x]*Sqrtlg + h*x])/(

(bxc - axd)*(bxe - axf)*(b*xg - axh)*Sqrt[c + d*x]) - (2*b*(b*d*e + bxc*f -

2*xaxd*f)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtlg + h*x])/((b*c - axd)*(bxe - axf
)*(b*xg - axh)*Sqrtla + b*x]) - (2x(bxd*e + b*xcxf - 2xaxd*f)*Sqrt[d*g - cx*h]
xSqrt [fxg - exh]*Sqrt[a + b*xx]*Sqrt[-(((d*e - cxf)*(g + h*x))/((f*g - ex*h)*
(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrtle + f*x])/(Sqrt[f*g - e
xh]*xSqrt[c + d*x])], ((b*c - axd)*(fxg - exh))/((b*e - axf)x(dxg - cxh))])/
((b*xc - axd)*(b*e - axf)*(bxg - axh)*Sqrt[((d*e - cxf)*(a + bxx))/((bxe - a
xf)*x(c + d*x))]*Sqrtlg + h*x]) - (2*d*x(dxe - cxf)*Sqrt[((b*e - a*xf)*(c + dx
x))/((d*e - c*f)*(a + b*x))]*Sqrtl[g + h*x]*EllipticF[ArcSin[(Sqrt[bxg - axh
1xSqrtle + f*x])/(Sqrt[f*g - exh]*Sqrtla + b*x])], -(((bxc - axd)*(f*g - ex
h))/((d*e - cxf)*(b*g - axh)))])/((bxc - axd)*Sqrt[b*g - axh]*Sqrt[f*xg - ex
h]*Sqrt[c + d*x]*Sqrt[-(((b*xe - axf)*(g + h*x))/((fxg - exh)*x(a + b*xx)))])

Rule 1599

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
D1*xSqrt(e_.) + (f_.)*x(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(

.
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(A*b~2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]
)/((m + 1)x(bxc - axd)x(bke - axf)x(bkg - axh)), x] - Dist[1/(2x(m + 1)*(b*
c - axd)*(bxe - axf)*(b*g - axh)), Int[((a + bxx) " (m + 1)/(Sqrtlc + d*x]*Sq
rt[e + f*xx]*Sqrtlg + h*x]))*Simp[A*(2*xa~2xd*xf*h*x(m + 1) - 2%a*xbx(m + 1)*(dx*
fxg + dxexh + cxfxh) + b7™2*%(2#m + 3)*(d*e*xg + cxfxg + cxexh)) - b*Bx(ax(d*e
xg + cxfxg + ckexh) + 2%bxckxexgx(m + 1)) - 2% ((A*b - a*B)*(a*xd*f*xh*x(m + 1)
- bx(m + 2)*(dxf*g + dkexh + ckfxh)))*x + dxfxh*(2km + 5)*(A*b~2 - axb*B)*x
~2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2*m]
&% LtQ[m, -1]

Rule 1602

Int[((A_.) + (B_.)*(x_) + (C_.)*x(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl[(c_.
) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[(C*Sqrt[a + b*x]xSqrtl[e + f*x]*Sqrt[g + h*x])/(bxf*h*Sqrt[c + dx
x]), x] + (Dist[1/(2*b*d*f*xh), Int[(1*Simp[2*A*b*d*xfxh - Ck(b*d*exg + a*xc*f
*h) + (2*b*Bxd*fxh - Ck(axd*f*h + b*x(d*f*g + d*exh + c*xf*h)))*x, x])/(Sqrtl[
a + b*x]*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtl[g + h*x]), x], x] + Dist[(Cx(dxe

- cxf)*(d*g - c*h))/(2*bkdxf*h), Int[Sqrtla + b*x]/((c + d*x)~(3/2)*Sqrtl[e

+ fxx]*Sqrtlg + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 170

Int[1/(Sqrt[(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)
x(x_)]*Sqrt(g_.) + (h_.)*(x_)]1), x_Symbol] :> Dist[(2*Sqrt[g + h*x]*Sqrt[(
(b*xe - axf)x(c + d*x))/((d*e - c*xf)*(a + b*x))])/((f*g - exh)*Sqrt[c + d*x]
*Sqrt [-(((bxe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - axd)*x72)/(d*e - cxf)]*Sqrt[l - ((bxg - axh)*x72)/(fxg - exh
)1), x], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int [1/(Sqrt[(a_) + (b_.)*(X_)AQ:l *Sqrt[(c_) + (d_.)*(X_)Az]), X_Symbol] > g
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]1*x], (b*c)/(a*d)])/(Sqrtl[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ
[a, 0] && !(NegQ[b/a]l && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (f_.)
*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2xSqrt[c + d*x]*Sqrt[
~(((bxe - a*xf)*(g + h*x))/((f*g - exh)*(a + b*x)))]1)/((bke - a*f)*Sqrtlg +
h*x]*Sqrt[((b*xe - axf)*(c + d*x))/((d*e - c*f)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((bxc - axd)*x72)/(d*e - c*f)1/Sqrt[1 - ((b*g - a*h)*x~2)/(fxg - exh)]
, x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
, X]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)~2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtlc]l*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]
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Rubi steps
202cdefg—a?d f (de+cf)h-
f de + cf +2dfx p 2b(bde + bef - 2adf)Vc + dxrJe + fx/g + hx .\ J
X = -
(a + bx)32/c + dxvJe + fx /g + hx (bc — ad)(be — af)(bg — ah)Va + bx

_ 2d(bde + bef — 2adf)Va + bxyfe + fxyJg +hx

2b(bde + bef — 2adf)\

(bc — ad)(be — af)(bg — ah)Vc + dx

_ 2d(bde + bef —2adf)Va +bxyJe+ fxyg +hx

(bc — ad)(be — af

2b(bde + bef — 2adf)\

(bc — ad)(be — af)(bg — ah)Vc + dx

_ 2d(bde + bef —2adf)Va + bxyJe+ fxyg +hx

(bc — ad)(be — af

2b(bde + bef — 2ad f)\

(bc — ad)(be — af)(bg — ah)Vc + dx

_ 2d(bde + bef —2adf)Va + bxyJe+ fxyg +hx

(bc — ad)(be — af

2b(bde + bef — 2ad f)\

(bc — ad)(be — af)(bg — ah)Vc + dx

Mathematica [A] time = 10.504, size = 341, normalized size = 0.55

(bc — ad)(be — af

dx)(bg—ah .- -b h be—ad)(fg—eh
2+ £l + PR - af) SN (g - -2 + b+ b sn™ (LSS (e ion)

(@ + bx)52Vc + dx(be — ad)(fg — eh)? (_ (e+f2)(g +hx)(be=af)

Warning: Unable to verify antiderivative.

(a+bx)2(fg—eh)

[In] Integrate[(d*e + c*f + 2*d*f*x)/((a + b*xx)~(3/2)*Sqrtlc + d*x]*Sqrtl[e + f*x

1*Sqrt[g + h*x]),x]

[Out] (2x(b*e - axf)*Sqrt[((b*g - a*h)*(c + d*x))/((d*xg - cxh)*(a + b*x))]1*(e + f
*x) " (3/2)*%(g + h*x)~(3/2)*((bxd*e + bxcxf - 2*axdxf)*(d*g - cxh)*EllipticE[
ArcSin[Sqrt [((-(b*e) + axf)*(g + hxx))/((fxg - exh)*(a + b*x))]1], ((b*xc - a
xd)*(fxg - exh))/((bxe - axf)*x(d*g - c*h))] - dx(dxe - cxf)*(b*xg - a*h)*Ell
ipticF[ArcSin[Sqrt [((-(b*e) + axf)*(g + h*x))/((fxg - exh)x(a + bxx))]], ((
bxc - axd)*(f*g - exh))/((bxe - a*xf)*(d*g - c*xh))]))/((b*xc - a*d)*(f*xg - ex
h)~3x(a + bxx)~(5/2)*Sqrtc + d*x]*(-(((bxe - axf)*(b*xg - a*h)*(e + f*x)*(g

+ h*x))/((f*g - exh)"2*(a + b*x)72)))"~(3/2))

Maple [B] time = 0.12, size = 12909, normalized size = 20.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((2*dxf*x+cxf+dxe)/(bxx+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*xx+g) ~(1/
2) ,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.
2dfx +de+cf

dx
3
(bx + a)2Vdx + cy[fx + eyJix + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*d*f*x+cxf+dxe)/(bxx+a)”~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*xx+
g)~(1/2),x, algorithm="maxima")

[Out] integrate((2*xdxf*x + d*xe + c*xf)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e
Yxsqrt(h*x + g)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(dex +de + cf)
BPAfhxS + a?ceg + (b2dfg + (b2de + (b2c + 2abd) f)h)x* + ((b2de + (b%c +2abd)f)g + ((b%c + 2 abd)e + (2

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((2*d*f*x+c*xf+d*e)/(b*x+a)”~(3/2)/(d*x+c)”(1/2)/(fxx+e)”(1/2)/ (h*x+
g)~(1/2),x, algorithm="fricas")

[Out] integral((2xd*f*x + dxe + cx*f)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sq
rt(h*x + g)/(b™2xd*xfxh*x"5 + a~2xc*xe*xg + (b™2xdxfxg + (b"2*d*e + (b™2%c + 2
xaxbxd) *f)*xh)*x"4 + ((b72*d*e + (b™2xc + 2%axbxd)*f)x*xg + ((b72xc + 2¥axbxd)

*xe + (2%axbkc + a”2+d)*f)*h)*x"3 + (((b72%c + 2%axbxd)*e + (2%axbxc + a™2*d
)¥f)*xg + (a”"2xcxf + (2xa*xbxc + a”2*d)*e)*h)*x"2 + (a”2*ckexh + (a”2*c*xf + (
2%axb*c + a”~2xd)*e)*g)*x), X)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xdxf*x+cxf+d*e)/(bxx+a)**(3/2)/(dxx+c)**(1/2)/(fxx+e)**x(1/2)/(h
*xx+g)*x*(1/2) ,%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
2dfx +de+cf

dx
3
(bx + a)2Vdx + cy[fx +eyJix + ¢
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xd*f*xx+cxf+d*e)/(b*x+a)~(3/2)/(d*x+c)”~(1/2)/(f*xx+e)~(1/2)/ (h*xx+
g)~(1/2),x, algorithm="giac")

[Out] integrate((2*dxf*x + d¥e + c*f)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e
)*sqrt (h*x + g)), x)
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de+cf+2dfx
315 RN ey i e

Optimal. Leaf size=1090

oo A g b + bef ~2adf) 4Jdg - ch[fg — eh (32 f*ha® - bd f (dfg + 4deh + 4cfh)a? + b? (e(f

3(bc — ad)(be — af)(bg — ah)(a + bx)3?2

[Out] (4xd*(3*a~3*d~2*f"2xh - a~2*xbxd*f*(d*xf*g + 4xdxexh + 4xcxfxh) - b~ 3*(d"2*e”
2xg - cxdkex(f*g - exh) + c™2xf*x(fxg + exh)) + a*b™2x(2xc™2xf72xh + d72xe*(
fxg + 2xexh) + ckdxfx(fxg + 3*exh)))*Sqrt[a + b*x]*Sqrtle + f*x]*Sqrtlg + h
xx])/(3x(bxc - axd) "2*x(bxe - axf) 2% (b*g - axh) 2xSqrtlc + d*xx]) - (2%b*(bx*
dxe + bxc*f - 2%axd*f)*Sqrtlc + d*x]*Sqrtle + fxx]xSqrtlg + h*x])/(3*(b*xc -
axd) *(bxe - axf)*(b*xg - axh)*(a + b*x)~(3/2)) - (4*xbx(3*%a~3xd"2*f~2*xh - a”
2xbxd*f* (dxfxg + 4*xdkexh + 4*xckfxh) - b7 3*%(d"2%e”2%g - ckdkex(f*g - exh) +
c"2xfx (f*xg + exh)) + axb™2x(2xc”2xf"2*xh + d72%ex(f*xg + 2%exh) + cxd*xf*x(fxg
+ 3%exh)))*Sqrt[c + dxx]*Sqrtle + f*x]*Sqrtlg + h*x])/(3*x(b*xc - a*xd) "2x(bxe
- axf) "2x(bxg - axh)“2*Sqrt[a + bxx]) - (4*Sqrtl[d*g - c*h]*Sqrt[f*g - ex*h]
*(3%a~3xd"2*f"2xh - a”2*bkxdxfx(dxfxg + 4*xdxexh + 4*xckfxh) - b7 3x(d"2xe"2x*g
- cxdkxex(fxg - exh) + c”2*fx(fxg + exh)) + a*b™2*(2%c™2+f"2xh + d"2*ex(fxg
+ 2%exh) + cxdxfx(f*g + 3%exh)))*Sqrtla + b*x]*Sqrt[-(((d*e - c*f)*(g + h*x
))/((fxg - exh)*(c + dx*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*xh]*Sqrtle + f*x
1)/(Sqrt[f*g - exh]*Sqrtlc + dxx])], ((bxc - axd)*(f*g - exh))/((bxe - axf)
x(dxg - cxh))])/(3*(b*c - axd) "2x(b*xe - a*f) 2x(bxg - axh) "2*xSqrt[((d*e - ¢
xf)x(a + bxx))/((b*e - axf)*(c + d*x))]*Sqrtlg + h*x]) + (2x(d*e - c*f)*(3x
a"2xd"2xfxh - axbxd*(d*f*xg + 3xd*exh + 2kckxf*xh) + b™2x(2xd"2%exg - cxd*xfxg
+ ckdkxexh + c”2xfxh))*Sqrt[((bxe - a*xf)*(c + d*x))/((d*xe - cxf)*x(a + bxx))]
xSqrt [g + h*x]*EllipticF[ArcSin[(Sqrt[bxg - axh]*Sqrtle + fxx])/(Sqrtl[fx*g -
exh]*Sqrtla + b*x])], -(((bxc - axd)*(f*g - exh))/((d*xe - cx*f)*(b*g - axh)
))1)/ (3% (bxc - a*xd) “2x(bxe - axf)*(b*g - axh)~(3/2)*Sqrt[f*g - exh]*Sqrt[c
+ d*x]*Sqrt [-(((bxe - a*xf)*(g + h*x))/((f*g - exh)*(a + b*x)))])

Rubi [A] time = 3.01601, antiderivative size = 1090, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 49, e O e =

0.143, Rules used = {1599, 1602, 12, 170, 419, 176, 424}

integrand size

DN e Fig (e + bef 2adf) 4Jdg = ch[fg — eh (32 f*ha® - b f (dfg + 4deh + 4cfh)a? + b (e(f

3(bc — ad)(be — af)(bg — ah)(a + bx)3?2

Antiderivative was successfully verified.

[In] Int[(d*e + cxf + 2xd*xfxx)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt
[g + h*x]),x]

[Out] (4*d*(3*a~3xd"2*xf~2*xh - a~2xb*xdxf*(d*f*g + 4xd*exh + 4xcxfxh) - b~3x(d"2*e”
2xg — cxd*xex(fxg - exh) + c”2xf*x(f*g + exh)) + a*xb™2x(2%c”™2xf"2xh + d™2%ex*(

fxg + 2%exh) + ckxdxfx(fxg + 3*exh)))*Sqrt[a + bxx]*Sqrtle + f*x]*Sqrtl[g + h

*xx]) /(3% (bxc - axd) "2x(bxe - a*xf) 2*x(bxg - axh)"2xSqrtlc + d*x]) - (2xbx(bx

dxe + bxc*f - 2%axd*f)*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtlg + h*x])/(3*(b*c -
axd)*(bxe - axf)*(b*xg - a*h)*(a + b*x)~(3/2)) - (4xb*(3*a~3*xd"2*xf"2xh - a”
2xbxd*fx (dxfxg + 4*xdxexh + 4*xcxfxh) - b~ 3*x(d"2%e”2%g - cxd*ex(f*g - exh) +

c”2xfx (f*xg + exh)) + axb™2x(2xc”2xf"2*xh + d"2%e*x(f*xg + 2%exh) + cxd*xf*x(fxg
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+ 3*exh)))*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3*(b*xc - axd) 2*(bxe
- axf) "2x(bxg - axh) 2*Sqrt[a + bxx]) - (4*Sqrtld*g - c*h]*Sqrt[f*g - ex*hl]
*x(3%a”3%d"2xf72+%h - a”2xbxdxfx(d*xf*g + 4xdxexh + 4kxcxf*xh) - b 3% (d"2xe”2xg
- cxd*xex(fxg - exh) + c”2*xfx(fxg + exh)) + a*b™2*(2*c™2+xf"2xh + d"2*ex(fxg
+ 2%exh) + cxdxf*(f*g + 3*exh)))*Sqrt[a + b*x]*Sqrt[-(((dxe - cxf)*(g + hx*x
))/((fxg - exh)*(c + dx*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*xh]*Sqrtle + f*x
1)/ (Sqrt[fxg - exh]*Sqrtlc + d*x])], ((bxc - a*xd)*(fxg - exh))/((b*xe - axf)
x(d*g - c*h))])/(3*%(bxc - axd) 2% (b*xe - a*xf) 2x(bxg - axh) 2xSqrt[((d*e - c
xf)x(a + bxx))/((b*e - axf)*x(c + d*x))]*Sqrtg + h*x]) + (2x(d*e - c*f)*(3x
a~2xd"2xfxh - axbxdx(dxfxg + 3kdxexh + 2kcxfxh) + b72%(2xd"2*e*xg - cxd*fx*g
+ cxdxexh + c”2xfxh))*Sqrt[((bxe - a*xf)*(c + d*x))/((dxe - c*xf)*(a + b*x))]
*3qrt [g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtle + fx*x])/(Sqrtlfxg -
exh]*Sqrt[a + b*x])], -(((bxc - axd)*(f*g - exh))/((d*e - cx*f)x*(b*g - axh)
))1)/ (3% (bxc - axd) 2% (b*xe - axf)*(bxg - axh)~(3/2)*Sqrt[f*xg - exh]*Sqrtl[c
+ d*x]*Sqrt [-(((bxe - axf)*(g + h*x))/((fxg - exh)x(a + b*x)))])

Rule 1599

Int[((Ca_.) + (b_)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)IxSqrtl(e_.) + (£_.)*x(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[(
(Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtl[g + hx*x]
)/ ((m + 1)*(bxc - axd)*(b*e - axf)*(b*g - a*h)), x] - Dist[1/(2x(m + 1)*(bx
c - axd)*(b*e - axf)*x(bxg - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]))*Simp[A*(2%xa~2*xd*xf*h*x(m + 1) - 2%a*xbx(m + 1)*(dx*
fxg + dxexh + c*xfxh) + b72%(2*m + 3)*(d*exg + cxf*g + ckexh)) - b*Bx(ax(dxe
xg + cxf*g + ckxexh) + 2xb*ckxexgk(m + 1)) - 2%x((A*xb - a*B)*(axd*f*h*x(m + 1)
- bx(m + 2)*(d*f*g + dxexh + ckxfxh)))*x + d*xfxh*x(2*m + 5)*(A*b™2 - a*b*B)*x
=2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] & IntegerQ[2*m]
&% LtQ[m, -1]

Rule 1602

Int[(CA_.) + (B_.)x(x_) + (C_.)*x(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*x(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbo
1] :> Simp[(CxSqrt[a + b*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(b*xf*h*Sqrt[c + dx
x]), x] + (Dist[1/(2%b*xd*f*h), Int[(1*Simp[2xA*xbk*d*f*h - Ck(b*d*e*xg + axcxf
*h) + (2%b*Bxdxf*h - Ck(axdxf*h + b*(d*fxg + d*exh + c*xf*h)))*x, x])/(Sqrtl
a + b*x]*Sqrtc + d*x]*Sqrtle + f*x]*Sqrtlg + hx*x]), x], x] + Dist[(Cx(dx*e

- cxf)*x(d*g - c*h))/(2%bxd*f*h), Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrtlg + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 170

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)
x(x_)]*Sqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*Sqrt([g + h*x]*Sqrt[(
(bxe - axf)*(c + d*x))/((d*e - cxf)*(a + b*x))])/((f*g - exh)*Sqrtlc + dx*x]
*Sqrt [-(((bxe - a*f)*(g + h*x))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - a*d)*x72)/(d*e - c*xf)]xSqrt[1 - ((b*g - axh)*x72)/(f*g - exh
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419
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Int[1/(Sqrtl(a_) + (b_.)*x(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtl[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)1)

Rule 176

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2#Sqrt[c + d*x]*Sqrt[
-(((bxe - a*xf)*(g + h*x))/((f*g - exh)*(a + b*x)))])/((bxe - axf)*Sqrtlg +
h*x]*Sqrt [((b*e - a*xf)*(c + d*x))/((d*e - c*f)*x(a + b*x))]), Subst[Int[Sqrt
[1 + ((b*c - a*xd)*x"2)/(d*e - c*f)]/Sqrt[1 - ((bxg - a*h)*x72)/(fxg - e*h)]
, x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}
,» x]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrtlal*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

Rubi steps

f 2bdf (3bceg—a(deg+cfg+ceh))

f de +cf +2dfx dx__2b(bde+bcf—2adf)\/c+dx\/e+fx\/g+hx
(a + bx)52vc + dxrfe + fx\/g + hx - 3(bc - ad)(be — af)(bg — ah)(a + bx)3?

_ 2b(bde + bef - 2adf)Nc +dxrJe + fx\Jg+hx 4D (303 f2h - a?bdf (d,
T 3(be—ad)(be — af)(bg — ah)(a + bx)¥2

4d (303 f2h — a?bd f(df g + 4deh + 4cfh) — b° (d2e2g — cde(fg — eh) + C2f
- 3(be — ad)?(be

4d (33 f2h — a?bd f (df g + 4deh + 4cfh) — b° (d2e?g — cde(fg — eh) + C2f
- 3(be — ad)2(be

4d (3032 f2h — a?bd f(df g + 4deh + 4cfh) — b° (d2e?g — cde(fg — eh) + C2f
- 3(bc — ad)2(be

4d (33 f2h — a?bd f (df g + 4deh + 4cfh) — b° (d2e2g — cde(fg — eh) + C2f
- 3(bc — ad)2(be

Mathematica [B] time = 21.7611, size = 10601, normalized size = 9.73

Result too large to show

Warning: Unable to verify antiderivative.
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[In] Integrate[(d*e + c*f + 2*d*f*x)/((a + b*xx)~(5/2)*Sqrt[c + d*x]*Sqrtl[e + f*x
1*Sqrt[g + h*x]),x]

[Out] Result too large to show

Maple [B] time = 0.712, size = 65248, normalized size = 59.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2xd*f*x+c*xf+d*e)/(b*x+a)”(5/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*xx+g)~(1/
2) ,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.
2dfx+de+cf

dx
5
(bx + a)2Vdx + cy[fx +eyJix + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*d*f*x+cxf+d*e)/(bxx+a)”(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*xx+
g)~(1/2),x, algorithm="maxima")

[Out] integrate((2*xdxf*x + d*e + c*xf)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e
Yxsqrt(h*x + g)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

et et + dhceg + (3dfg + (bde + (b3 + 3 ab2d) f))xS + ((b3de + (b3 + 3ab2d) f)g + (b3 + 3ab2d)e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((2*d*f*x+c*xf+d*e)/(b*x+a)”~(5/2)/(d*x+c)”(1/2)/(fxx+e)”(1/2)/ (h*x+
g)~(1/2),x, algorithm="fricas")

[Out] integral((2xd*f*x + dxe + cx*f)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sq
rt(h*x + g)/(b”~3*xd*xfxh*x"6 + a~3xc*xe*xg + (b~3xdxfxg + (b~3*d*e + (b~3*c + 3
*xa*xb”2xd) *f) ¥h) *x75 + ((b~3*xd*e + (b~ 3*c + 3*kaxb™2xd)*f)xg + ((b"3*c + 33*ax
b~2xd)*e + 3% (a*xb”2%c + a”2*b*xd)*f)*h)*x"4 + (((b~"3%c + 3*a*xb™2*xd)*e + 3x(a
xb~2%c + a"2*bxd)*f)*g + (3x(axb”2*xc + a"2%bkxd)*e + (3*%a~2*bxc + a~3*d)*f)x*
h)*x~3 + ((3*(axb™2*%c + a"2xb*xd)*e + (3*a~2%bkxc + a~3*d)*f)*g + (a~3*xcxf +
(3*xa~2*b*c + a~3*d)*e)*h)*x"2 + (a”3*ckxexh + (a~3xcxf + (3*a”2%b*c + a~3*d)
*xe)*g)*x), X)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*d*f*x+cxf+d*e)/(bxx+a)**(5/2)/(d*xx+c)**(1/2)/(fxx+e)**x(1/2)/(h
*xx+g) **(1/2) ,%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
2dfx+de+cf
5
(bx + a)2Vdx + cy[fx + eJhx + ¢

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xd*f*xx+cxf+d*e)/(b*x+a)~(5/2)/(d*x+c)”~(1/2)/(fxx+e)~(1/2)/ (h*xx+
g)~(1/2),x, algorithm="giac")

[Out] integrate((2*xd*f*x + d*xe + c*xf)/((b*xx + a)”~(5/2)*sqrt(d*x + c)*sqrt(f*x + e
Yxsqrt(h*x + g)), x)
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316 f (a+bx) abB a2 C+b2Bx+b2Cx? ) dx
Ve+dxy/e+ fx+/g+hx

Optimal. Leaf size=721

d(e+fx) d(g+hx) . . . =1 \/TVC-HiX h(de—cf) 2 2 (21,2 3 2 (21,3 2
2\/cf—de,/W‘ /WElhptlcF (sm ( o= ),f(dg_ch))(—wa bd? F2h2(Bh + Cg) + 15a3Cd? f2h3 + 5abd

[Out] (2xb~2*(5xb*xBkd*xfxh + 2*Ck(axd*fxh - 2xb*(d*f*xg + dxexh + c*fxh)))*Sqrt[c +
dxx]*Sqrt[e + f*xx]*Sqrtlg + h*x])/(156xd"2*xf"2*xh~2) + (2*b~2*Ck(a + b*x)*Sq
rtlc + d*x]*Sqrtle + f*xx]*Sqrtl[g + h*x])/(5*d*fxh) - (2%b*Sqrt[-(d*e) + cxf
1% (15%a~2*%Cxd~2*%f"2*%h~2 - 10*axbxdxfxh* (3*Bkxd*f*xh - Cx(dxfxg + dxexh + cxfx
h)) + b~2x(10*Bxd*f*xh*(d*f*g + dkexh + c*xfxh) - Ck(8*kc™2*f72xh™2 + Txckxd*xfx*
hx(fxg + exh) + d"2x(8*f72*g™2 + Txexfxgxh + 8%e™2xh72))))*Sqrt[(d*(e + fx*x
))/(d*e - c*f)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt
[-(dxe) + cxf]], ((dxe - c*f)*h)/(f*(d*g - c*xh))])/(15%d~3*f~(5/2)*h~3*Sqrt
[e + f*x]*Sqrt[(d*x(g + h*x))/(d*g - cxh)]) - (2*Sqrt[-(dxe) + cxf]x(15*a~3x
Cxd~2*xf72+¥h"3 - 15%a~2*bxd~2*xf 2*xh~2%(C*g + B¥h) + bkxaxb~2*d*f*xh* (6*Bxd*f*g
xh - Cx(cxh*x(fxg - exh) + dxgx(2xf*xg + exh))) - b~ 3*(5*xBxd*f*xh*(cxh*(f*xg -
exh) + dxgx(2xf*xg + exh)) - Cx(4*xc™2xf*xh™2%(f*g - exh) + c*dxh*(3*xf~2xg~2 +
exfxgxh — 4xe”2*¥h72) + d72xg* (8*xf72*g"2 + 3xexfkxgxh + 4*xe”2xh"2))))*Sqrt [(
dx(e + f*xx))/(dxe - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[
(Sqrt [f1*Sqrt[c + dxx])/Sqrt[-(dxe) + cxf]l], ((d*e - cxf)*h)/(f*x(dxg - c*h)
)1)/(15%d~3*£7(5/2)*h~3*%Sqrt [e + f*x]*Sqrt[g + hx*x])

Rubi [A] time = 1.92244, antiderivative size = 720, normalized size of antiderivative =
58 number of rules

1., number of steps used = 8, number of rules used = 7, integrand size =
0.121, Rules used = {1600, 1615, 158, 114, 113, 121, 120}

de+fx)  [d(g+hx) _1 [fVerdx ) | (de—cfn 21 12 210 312 0213 2
2\/cf —de ‘/ decf ‘/ dech F( ( N )|f(dg_ch))(—15a bd® f*h*(Bh + Cg) + 15a°Cd* fh° + 5ab“d f h(6Bd f

integrand size

Antiderivative was successfully verified.

[In] Int[((a + bxx)*(axbxB - a”2xC + b~2xBxx + b~ 2*C*x72))/(Sqrt[c + d*x]*Sqrtl[e
+ fxx]*Sqrt[g + h*x]),x]

[Out] (2%b~2*(5xb*xB*d*xfxh + 2*a*Cxd*fxh - 4xb*Cx(dxf*g + d*exh + c*f*h))*Sqrt[c +
dxx]*Sqrt[e + f*xx]*Sqrtlg + h*x])/(156%d~2*f"2xh~2) + (2xb~2xCx(a + b*x)*Sq
rtlc + dxx]*Sqrtle + fxx]*Sqrtl[g + h*x])/(5*xd*fxh) - (2%b*Sqrt[-(d*e) + cxf
1x(15*%a~2%Cxd~2*f~2+¥h"2 - 10*axb*d*xf*h*(3*Bxd*fxh - Cx(d*f*g + d*kexh + cx*fx
h)) + b~2x(10*Bxd*f*xh*(d*f*g + dkexh + c*xfxh) - Ck(8*kc™2*f72xh™2 + Tkxckxd*xfx*
hx(fxg + exh) + d"2%(8*f72*g™2 + Txexfxgxh + 8%e”2xh72))))*Sqrt[(d*x(e + f*x
))/(d*e - c*f)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt
[-(dxe) + cxf]], ((dxe - cx*f)*h)/(f*(d*g - c*h))])/(15%d~3*£~(5/2)*h~3*Sqrt
[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - cxh)]) - (2xSqrt[-(d*e) + cxf]*(16xa~3x
Cxd~2*f72+%h~3 - 15%a~2*bxd~2*f 2*h~2%(C*g + B*h) + bkxaxb~2*d*fxh* (6*Bxd*xf*g
xh - c*xCxhx(fxg - exh) - Cxd*gx(2xf*xg + exh)) - b~ 3*(5*xBxd*f*xhx*(cxh*(f*xg -
exh) + dxgx(2xf*xg + exh)) - Cx(4*xc™2xf*xh™2+(f*g - exh) + c*xdxh*(3*xf"2xg™2 +
exfxgxh - 4*%e”2xh72) + d"2*g* (8*f~2%xg~2 + 3kexfxgxh + 4*e”2xh~2))))*Sqrt [(
dx(e + fxx))/(dxe - c*xf)]*Sqrt[(d*x(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[
(Sqrt [f]1*Sqrtlc + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - c*f)*h)/(f*x(d*g - c*h)
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)1)/(15%d73*£7(5/2)*h~3*Sqrt [e + f*xx]*Sqrtl[g + hx*x])

Rule 1600

Int[(((a_.) + (b_)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(8qrtl
(c_) + (d_)*(x_)1*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)1), x_8
ymbol] :> Simp[(2%Ckx(a + b*x) m*Sqrt[c + d*xx]*Sqrtle + f*x]*Sqrtlg + h*x])/
(d*f*h*(2*m + 3)), x] + Dist[1/(dxfxh*(2*m + 3)), Int[((a + bxx)"(m - 1)/(S
grtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[a*xAxd*xf*h*(2*xm + 3) - Cx*(ax*
(dxexg + cxfxg + ckxexh) + 2%bxckexg*m) + ((A*b + a*B)*d*xf*xhx(2+m + 3) - Cx(
2kxax (d*f*g + dkxexh + c*fxh) + b*x(2*xm + 1)*(d*kexg + c*xf*xg + cxexh)))*x + (bx
Bxd*xfxh* (2*m + 3) + 2xCk(a*xd*xf*xh*m - bx(m + 1)*(d*fxg + dxexh + ckxfxh)))*x"
2, x1, x], x] /; FreeQ[{a, b, c, d, e, f, g, h, A, B, C}, x] & IntegerQ[2x
m] && GtQ[m, O]

Rule 1615

Int [(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*x)"(n + 1)*(e + £*x)"(p +

1)/ (dxf*xb™(q - D*x(m + n +p + q+ 1)), x] + Dist[1/(d*f*xb"g*x(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)*Px - d*fxkx(m + n + p + q + 1)*x(a + bxx)"q + kx(a + b*xx)"(q -
2)x(a”2*%d*fx(m + n + pt+tq+ 1) - bx(bxcxex(m + q - 1) + ax(d*xex(n + 1) +

ckfx(p + 1))) + bx(axd*f*(2%(m + q) + n + p) - b*x(d*ex(m + q + n) + cxf*x(m

+qg+p)))*x), x], x], x]1 /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]1), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*x)/(bxe - a*xf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & '(GtQ[b/(b*xc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((b*c - axd)/d), 2]], (fx(bxc - axd))/(d*(bxe - axf))])/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(bkxe - axf),
0] && 'LtQ[-((b*c - axd)/d), 0] && !'(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*c - axd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*x(c + d*x))/(b*c - axd)]/Sqrtlc + d*x], Int[
1/(8grtla + b*x]*Sqrt[(b*xc)/(b*xc - a*d) + (b*d*x)/(b*c - a*d)]*Sqrtle + f*x
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1), x1, x] /; FreeQ[{a, b, ¢, d, e, £}, x] & !'GtQ[(b*c - axd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + bxx, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(b*xe - a*xf))])/(b*Sqr
t[(b*e - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*x] && (PosQ[-((b*c - axd)/d)] || NegQ[-((bxe - axf)/f)])

Rubi steps

f 5a2(bB-aC)d fh—b?C(2bceg+a(deg+

f (a + bx) (abB - a2C + bBx + 1?Ca?) Lo 2PC@ bx)Ver e s g v
x =
Ve +dxyfe + fx\fg + hx 5dfh

B 20?(5bBdfh + 2aCdfh — 4bC(dfg + deh + cfh))Vc + dxrJe + fx\/g +
- 1542 f22

B 20?(5bBdfh + 2aCdfh — 4bC(dfg + deh + cfh))Vc + dxrJe + fx/g +
- 1542 f22

B 20%(5bBdfh + 2aCdfh — 4bC(dfg + deh + cfh))Vc + dx+Je + fx/g +
B 15d2 f2h?

_ 2b2(5bBdfh + 2aCdfh — 4bC(dfg + deh + cfh))Vc + dxJe + fx\fg +
B 1542 f22

_ 2b2(5bBdfh + 2aCdfh — 4bC(dfg + deh + cfh))Vc + dxJe + fx\fg +
B 1542 f22

Mathematica [C] time = 12.5995, size = 825, normalized size = 1.14

2|b, /% —c(=(C((8£%82 + 7efhg + 8¢2h?) d® + Tcfh(fg + eh)d + 8c2f2h2) — 10BAfh(dfg + del + cfh)) b? +10a

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)*(axb*B - a”2*C + b~2*B*x + b~2*C*x"2))/(Sqrtlc + d*x]*
Sqrtl[e + fxx]*Sqrtlg + h*x]),x]

[Out] (-2*(b*d~2*Sqrt[-c + (d*e)/f]1*(15%a~24xC*d~2*f"2xh"2 + 10*axbxd*fxh* (-3*B*xd*
fxh + Ckx(dxf*g + d*exh + c*xfxh)) - b72%(-10*%Bxd*f*h*(d*f*g + dxexh + ckxfxh)
+ Cx(8%c™2xf72+h™2 + Txckd*xf*xhx(fxg + exh) + d~2%(8+f"2%g™2 + Txexfkxgxh +
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8xe”2xh"2))))*(e + f*x)*(g + h*x) + b~ 2*%d"2*Sqrt[-c + (d*e)/fl*fxh*x(c + d*x
)*(e + f*x)*(g + h*x)*(-5xb*Bxd*f*xh — Bxa*xCkd*xf*h + b*Cx(4xckfxh + dx(4xfx*g
+ 4xexh - 3xfxhxx))) + I*bkx(d*e - cxf)*xhx(15*%a”~2%xCxd~2*f"2xh~2 + 10*axb*dx*
fxh* (-3*xB*d*xfxh + Cx(d*f*g + dxexh + c*xfxh)) - b™2x(-10*Bxd*f*h*(dxf*g + dx*
exh + cxfxh) + C*(8*c™2*f"2xh~2 + Tkxcxdxf*h*(f*xg + exh) + d72+(8*xf"2xg™2 +

Txexfxgxh + 8%e”2xh72))))*(c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/(f*x(c + dxx))]
xSqrt [(d* (g + h*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]/S
grtlc + d*x]], (dxf*g - c*xfxh)/(d*exh - c*xfxh)] + I*dxh*(15%a”~3*C*d~2*f 3*h
T2 - 16%xa”2%b*d"2xf 2% (Cxe + B*xf)*h~2 - Lxa*xb~2xdxfxh* (-6*Bxd*exf*h + cxCxf
x(=(f*g) + exh) + Cxd*xex(fxg + 2%exh)) + b 3k (-5*Bxd*f*hx(cxf*(-(fxg) + exh
) + dxex(fxg + 2%exh)) + Cx(4xc™2+f72xh*x (- (f*xg) + exh) + cxd*xf*(-4*xf72xg~2

+ exfkxgxh + 3%e72xh72) + d"2%ex(4*f"2xg~2 + 3kexf*gkh + 8%e”2*xh72))))*(c +

d*x) " (3/2)*Sqrt [(dx(e + f*x))/(f*x(c + d*x))]*Sqrt[(d*(g + h*x))/(h*x(c + d*x
))1*EllipticF[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*xx]], (d*f*xg - cxfxh)/
(d*exh - cxfxh)]))/(16%d"4xSqrt[-c + (dxe)/f]*f~3xh~3*Sqrt[c + d*x]*Sqrt[e

+ f*x]*Sqrt[g + h*x])

Maple [B] time = 0.049, size = 8425, normalized size = 11.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)*(Cxb~2*xx~24+B*b~2*x+B*a*xb-Cxa~2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*
x+g) ~(1/2) ,%)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

X

f (Cbzx2 + Bb?x — Ca? + Bab)(bx + ) ;
Vdx + c/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (Ckb~2xx™2+B*b~2xx+Bxa*b-Cxa~2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2%x~2 + Bxb~2*x - C*a”2 + Bkaxb)*(b*x + a)/(sqrt(d*x + c)*sq
rt(fxx + e)*sqrt(h*x + g)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Cb3x3 — Ca® + Ba®b + (Cub2 + Bb3)x2 - (Cazb - 2Bab2)x)\/dx +oyfx+eyhx+g
x

integral Afld + cog + (dfg N (de + cf)h)xz + (ceh + (de + cf)g)x ,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (Ckb~2xx~2+B*b~2xx+Bxa*b-Cxa~2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")
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[Out] integral((Cxb~3*x~3 - C*a”3 + B*a~2%b + (Ckaxb~2 + B*b"3)*x"2 - (C*a”2%b -
2*¥Bxa*b”2) *x) *sqrt (d*xx + c)*sqrt(f*x + e)*sqrt(h*x + g)/(d*f*xh*x"3 + ckexg
+ (dxf*g + (d*e + c*f)*h)*x"2 + (cxexh + (dxe + cx*f)*g)*x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*x+a)* (Ckb**2xx**2+B*b**2xx+B*axb-Cka*x*2) / (d*x+c)**(1/2)/(f*xx+e

)xx(1/2) / (hxx+g) **(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

b?x? + Bb?x — Ca? + Bab)(bx +4a)

(c
f Vdx + cyffx +e\Jhx + g

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (C*b~2%x~2+B*b~2*x+Bxa*b-C*a~2)/(d*x+c) ~(1/2)/(f*x+e)~(1/
2) / (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2*x"2 + Bxb~™2%x - Cxa”2 + Bkaxb)*(b*x + a)/(sqrt(d*x + c)*sq

rt(fxx + e)*sqrt(h*x + g)), x)
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3.17 dx

J“abB—a2C+b2Bx+b2Cx2
vV c+dxJe+ fx\/g+hx

Optimal. Leaf size=410

[de+fx)  [dg+ho) e o oo [ o =1 (VFVCHAx  hde—cf) 2 2 2,2
2\cf —de docf \| dg—ch EllipticF (sm ( N ), f(dg—ch)) (—311 Cdfh* + 3abBdfh* + b“(—(3Bdfgh — C(ch(fg -
Bd2f32h2\Je + fx+/g + hx

[Out] (2xb~2*CxSqrtl[c + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx])/(3xd*f*xh) + (2%b~2xSqrt
[-(d*e) + cxf]l*(3*Bxd*xfxh - 2*Ckx(d*f*g + dxexh + cxfxh))*Sqrt[(d*(e + f*x))

/(d*e - c*f)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrtl[c + d*x])/Sqrt[-

(dxe) + cxf]l], ((dxe - c*f)*h)/(£x(d*xg - c*h))])/(3xd"2*f~(3/2)*h~2*Sqrt [e

+ f*x]*Sqrt [(dx(g + h*x))/(d*g - cxh)]) + (2xSqrt[-(dxe) + c*xf]*(3xa*xb*Bxdx*

fxh™2 - 3*%a”24Ckd*xf*h~2 - b~2%(3*Bxd*xf*gxh - Cx(cxh*(fxg - exh) + dkxgx(2*fx*

g + exh))))*Sqrt[(dx(e + f*x))/(d*e - c*xf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]
*E1lipticF [ArcSin[(Sqrt [f]*Sqrtlc + d*x])/Sqrt[-(d*xe) + cxf]], ((dxe - cx*f)

*h) /(£x(d*g - c*h))])/(3*d"2*f7(3/2)*h™2xSqrt [e + f*x]*Sqrtl[g + h*x])

Rubi [A] time = 0.58561, antiderivative size = 410, normalized size of antiderivative =
53 number of rules
b

1., number of steps used = 7, number of rules used = 6, integrand size =
0.113, Rules used = {1615, 158, 114, 113, 121, 120}

dle+fx) [d(g+hx) o[ . 1 [\fVe+dx) (de=cf)h 2 2 2 . 12 (
2\/cf —de, ,W‘ IWF (sm ( N )If(dg_ch)) (—3a Cdfh* + 3abBdfh* + b>(—(3Bd fgh — cCh(f g — eh) — Cd:
3d? f32h2\Je + fx+/g + hx

integrand size

Antiderivative was successfully verified.

[In] Int[(axb*B - a"2%C + b~2*B*x + b~ 2*C*x~2)/(Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt
[g + h*xx]),x]

[Out] (2xb~2#C*Sqrtlc + dxx]*Sqrtle + f*x]*Sqrtlg + h*x])/(3*dxfxh) + (2xb~2xSqrt
[-(dxe) + cxf]*(3*xBxdxfxh - 2*Cx(dxf*g + d*exh + cxf*h))*Sqrt[(dx(e + f*x))

/(d*e - c*f)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrtlc + d*x])/Sqrt[-

(d*e) + cxf]], ((d*e - c*xf)*h)/(fx(dxg - cxh))])/(3*d"2+f~(3/2)*h~2*Sqrt [e

+ fxx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) + (2+Sqrt[-(d*xe) + c*xf]*(3*a*xb*Bxd*

fxh™2 - 3*%a”24Ckd*f*h~2 - b~ 2% (3*Bxd*f*xgxh - c*Cxh*x(f*g - exh) - Ckxdkxgx(2xf

*xg + exh)))*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[(d*(g + h*x))/(d*g - cxh)]
*E1lipticF[ArcSin[(Sqrt [f]*Sqrt[c + d*x])/Sqrt[-(d*e) + c*xf]l], ((dxe - cxf)

xh) /(£x(d*g - c*h))])/(3*xd"2*xf~(3/2)*h~2xSqrt[e + f*x]*Sqrt[g + h*x])

Rule 1615

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(a_.)*((e_.) + (£
_I)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*x)"(n + 1)*(e + £*x)~(p +

1)/ (dxf*xb~(q - D*x(m +n +p + q+ 1)), x] + Dist[1/(d*f*xb"g*x(m + n + p +
q + 1)), Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)*Px - d*fxkx(m + n + p + q + 1)*x(a + bxx)"q + kx(a + b*xx)"(q -
2)x(a"2*%d*fx(m + n + pt+tq+ 1) - b*x(bxcxex(m + q - 1) + ax(d*xex(n + 1) +

ckfx(p + 1))) + bx(axd*f*(2*(m + q) + n + p) - bx(d*ex(m + q + n) + cxf*x(m

+q+p)*x), x], xI, x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]
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Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*xx]*Sqrt[(b*x(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && 'LtQ[-((bxc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - ax*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((b*xc - axd)/d), 2]]1, (fx(bxc - axd))/(dx(bxe - axf))])/b, x] /;
FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !'(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(bxc - axd)), 0] && GtQ[d/(dxe - cxf), 0] && !LtQ[(bxc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)x*(x
1), x_Symbol]l :> Simp[(2#Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - axd)/bl)], (fx(b*xc - a*xd))/(d*(b*xe - axf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[b/(b*c - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*xx] && (PosQ[-((b*xc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
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1 1
5d(3abBd fli—3a*Cd fh-b*C(deg-+cfg+ceh))+5 b2d(3Bd f—2C

f abB — a>C + b*Bx + b*Cx? i 202CVe + dxrfe + fx+Jg + hx . 2f Verdiyer fryg i
Ve +dxyfe + fx\fg + hx 3dfh 3d2fh
2 - _gth
RN+ Ao  Fryg T (b?(3Bdfh xw@meWMfﬁ%@ﬁt
B 3dfh 3dfh?

dfh?

_ 2D2CVc +dxyJe+ fxyJg+ hx s

( 3abB — 322C — b2(3Bd fgh—cCh(fg—eh)-Cdg(2 fg+eh))) \

3dfh Ny

(
| WRCVT T e T Fiyg T . 2b2\/—de+cf(BBdfh—2C(dfg+deh+cfh))\/:d

3dfh

3d2f32h2Je + fx

d(
2172C\/C+dx\/e+fx\/g+hx ) 2b2\/—de+cf(3Bdfh—2C(dfg+deh+cfh))\/:d

3dfh

Mathematica [C] time = 6.55086, size = 442, normalized size = 1.08

Ve+dx

d d(g+h T dfg-cfn
2idherdx, | f((i:{é),/hg: el ptlcF[z sinh” 1[ ] LRIy ;fh ]( 3a2Cd f21+3abBd f2h+b2(-3Bdefh+cCf (eh—fg)+Cde(2eh+£g)))

3d2 f32h2 \Je + fx

20242 (e
+

Ve +dx

de
——c

f

Antiderivative was successfully verified.

[In] Integrate[(axb*B - a~2xC + b~2*Bxx + b~ 2*Cxx~2)/(Sqrt[c + d*x]*Sqrtle + f*x
1*Sqrt[g + h*x]),x]

[Out] (Sqrtlc + dxx]=*(2%b~2xCxd~2xf*h*(e + f*xx)*(g + h*x) + (2%b72xd~2*%(3*B*d*f*h
- 2%Ckx (dxfxg + d*exh + cxfxh))*x(e + fxx)*x(g + h*x))/(c + d*x) + (2%xI)*b~2x%
Sqrt[-c + (d*e)/fl*xfxh*(3*Bxd*fxh - 2xCx(d*f*g + dxexh + c*fxh))*Sqrtlc + d
xx]*Sqrt [(dx (e + f*x))/(f*(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*x(c + dxx))]*E1ll
ipticE[I*ArcSinh[Sqrt[-c + (dxe)/f]l/Sqrtlc + dxx]], (dxfxg - c*xfxh)/(d*e*h

- cxf*xh)] + ((2%I)*dxh*(3*axb*Bxd*xf~2xh — 3%a~2%Cxd*f~2%h + b~2%(-3*%Bxd*exf

xh + cxCxfx(-(f*g) + exh) + Cxdkxex(fxg + 2%exh)))*Sqrt[c + d*xx]*Sqrt[(d*(e

+ £xx))/(fx(c + d*x))]*Sqrt[(d*x(g + h*x))/(h*x(c + d*x))]*EllipticF[I*ArcSin
h[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxf*g - cxfxh)/(d*exh - cxfxh)])/Sqrt

[-c + (d*e)/£f]1))/(3*d"3*f~2+¥h"2*Sqrt[e + f*x]*Sqrtl[g + h*x])

Maple [B] time = 0.032, size = 2825, normalized size = 6.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int ((Cxb~2%x~2+B*b~2*x+B*axb-C*a~2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*xx+g)~(1/
2) ,x)

[Out] -2/3%(-C*x~2xb~2%c*d~2*f 2+h~2-C*x~2%b~2*d " 3*exf*h~2-Cxb~2*c*d~2*exf*g*xh-Cx
K*xb 2% Ckd T 2% T 24 gkh-Crxxb~2%d " 3kexfxgxh-2%Cx ((d*x+c) *f/ (cxf-d*xe) ) ~(1/2) * (- (
h*x+g) *d/ (cxh-d*xg) )~ (1/2) *x (- (f*x+e) *d/ (c*xf-dxe) ) " (1/2) *E1lipticE(((d*x+c) *f
/(cxf-dxe) )~ (1/2), ((cxf-d*e)*h/f/(c*h-d*g)) ~(1/2) ) *b~2%c~3*f"2xh~2-C*x~2%b~
2xd"3*f 2% gkh+2*%Ck ((d*x+c) *f/ (cxf-d*e)) ~(1/2) * (- (h*xx+g) *d/ (cxh-d*xg) )~ (1/2) *
(= (f*xx+e)*xd/ (cxf-d*e)) ~(1/2)*E1lipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((c*xf-dx
e)*h/f/(cxh-dxg) )~ (1/2) ) *b~2*c*xd~2*kexf*gxh-Ckxxb~2xc*xd~2xe*f*xh~2-3*Bx* ((d*x+
c)*f/(c*xf-dxe) )~ (1/2)* (- (hxx+g)*d/ (cxh-d*xg) )~ (1/2) * (- (f*x+e) *d/ (c*xf-dxe) )~ (
1/2)*E1lipticE(((d*x+c)*f/(cxf-d*xe))~(1/2), ((cxf-d*e)*h/f/(cxh-d*g))~(1/2))
*xb~2xc*xd"2xe*xf*xh~2-3%Bx* ((d*x+c) *f/ (cxf-d*xe) )~ (1/2) * (- (h*x+g)*d/ (cxh-d*g) )~ (
1/2) * (= (fxx+e) *d/ (cxf-d*e)) ~(1/2)*E1llipticE(((d*x+c)*f/(cxf-dxe))~(1/2), ((c
xf-dxe)*xh/f/(cxh-d*g)) ~(1/2) ) *b~2xc*d™2xf ~2xg*xh-3*B* ((d*x+c)*f/ (cxf-dxe) )~ (
1/2) * (- (h*xx+g) *d/ (cxh-d*xg) ) ~(1/2) * (- (f*x+e) *d/ (cxf-d*e) ) ~(1/2) *E11lipticF (((
dxx+c)*f/ (cxf-d*xe) )~ (1/2), ((c*xf-d*e)*h/f/(c¥h-d*g) )~ (1/2))*a*bkcxd™2*f " 2*h"~
2+3*B* ((d*x+c)*f/ (cxf-dxe) )~ (1/2) *x (- (h*x+g) *d/ (c¥h-d*g) ) ~(1/2) * (- (f*x+e) *d/
(cxf-dxe))~(1/2)*xEllipticF (((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-dxe)*h/f/(cxh-
dxg) )~ (1/2) ) *axb*d~3*xe*xfxh~2+3*B* ((d*x+c)*f/ (cxf-dxe) )~ (1/2) *x (- (h*x+g) *d/ (c
xh-d*xg) )~ (1/2) % (- (f*x+e)*d/ (c*xf-d*e) )~ (1/2)*E1lipticF (((d*x+c)*f/(c*xf-dx*e))
~(1/2), ((cxf-d*xe)*h/f/(cxh-d*g)) ~(1/2) ) *b~2xc*d~2xf ~2xg*h-3*Bx* ((d*x+c) *f/ (c
xf-dxe)) " (1/2) % (- (h*x+g)*d/ (cxh-d*g) )~ (1/2) x (- (f*x+e) *d/ (cxf-d*e)) ~(1/2) *E1
lipticF(((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-dxe)*h/f/(cxh-d*xg))~(1/2))*b~2*d"
3kexfxgxh+3*%B* ((d*x+c) *f/ (cxf-d*e) )~ (1/2) * (- (h*x+g) *d/ (c¥h-d*xg) ) ~(1/2) * (- (£
xx+e)*d/ (cxf-d*e)) " (1/2)*E1lipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-d*e)*h
/£/ (c*h-d*g) )~ (1/2))*b~2%d "~ 3kexf*xgkh+Ck ((d*x+c)*f/ (cxf-d*e) )~ (1/2) * (- (h*x+g
)*d/ (cxh-d*g)) ~(1/2)* (- (f*x+e) *d/ (c*f-d*e)) ~(1/2)*E1lipticF (((dxx+c)*f/(cxf
-d*e))~(1/2), ((cxf-d*e)*xh/f/(cxh-d*xg) )~ (1/2)) *b~2*c~2xd*exf*h~2-C* ((d*x+c) *
£/ (cxf-d*e)) " (1/2) * (- (h*x+g) *d/ (cxh-d*g) ) ~(1/2) * (- (f*x+e) *d/ (cxf-d*e)) "~ (1/2
)*¥E1lipticF(((d*x+c)*f/(cxf-dxe))~(1/2), ((cxf-d*e)*h/f/(c*h-d*g))~(1/2))*b~
2%c”2%d*f " 2%g*h+3*B* ((d*x+c) *f/ (cxf-d*e)) ~(1/2) * (- (h*xx+g) *d/ (cxh-d*xg) ) ~(1/2
)k (- (fxx+e)*d/ (cxf-d*xe)) " (1/2)*E1lipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-
dxe)*xh/f/(cxh-d*g) )~ (1/2)) *b~2xc~2xd*f ~2xh~2+3*C* ((d*x+c) *f/ (cxf-d*e)) ~(1/2
) * (= (hxx+g) *d/ (cxh-d*xg) )~ (1/2) * (- (£*xx+e) *d/ (cxf-d*e) )~ (1/2) *E11lipticF (((d*x
+c)*f/(cxf-d*xe))~(1/2), ((c*xf-dxe) *h/f/(cxh-d*g) )~ (1/2) ) *a~2*c*d~2*f~2+¥h~2-3
*xCk ((d*x+c) *f/ (cxf-d*e) )~ (1/2) % (- (h*xx+g) *d/ (cxh-d*g) )~ (1/2) * (- (f*x+e) *d/ (c*
f-d*e))~(1/2)*E1lipticF (((d*x+c)*f/(c*xf-d*e)) ~(1/2), ((cxf-dxe)*h/f/(cxh-d*g
)) " (1/2))*a”2xd"3*kexfxh~2-C* ((d*x+c) *f/ (cxf-dxe) )~ (1/2) * (- (h*x+g) *d/ (c*h-d*
g)) " (1/2)x (- (f*x+e)*d/ (c*xf-dxe) )~ (1/2)*E1llipticF (((d*x+c)*f/(cxf-d*e)) ~(1/2
), ((c*xf-dxe)*h/f/(cxh-d*g) )~ (1/2))*b~2*c*d"2%e " 2xh~2-2*C* ((d*x+c) *xf/ (c*f-d*
e)) " (1/2) % (- (hxx+g) *d/ (cxh-d*g) ) ~(1/2) * (- (f*x+e) *d/ (cxf-d*e)) " (1/2) *E1llipti
cF(((d*x+c)*f/(cxf-d*xe) )~ (1/2), ((cxf-d*e)*xh/f/(cxh-d*g)) ~(1/2))*b~2xc*xd~2*f
~2%g”2+Ck ((d*x+c)*xf/ (cxf-dxe) )~ (1/2) * (- (h*x+g) *d/ (c*h-d*g) ) ~(1/2) * (- (f*x+e)
xd/ (cxf-d*e))~(1/2)*EllipticF (((d*x+c)*f/(cxf-d*xe))~(1/2), ((cxf-d*e)*h/f/(c
xh-d*g) )~ (1/2))*b~2xd"3*e” 2xgxh+2*C* ((d*xx+c) *f/ (cxf-d*e) )~ (1/2) * (- (h*xx+g) *d
/ (cxh-d*xg) )~ (1/2) *x (- (f*x+e)*d/ (c*f-dx*e)) " (1/2)*E1llipticF (((d*x+c)*f/ (cxf-dx*
e))~(1/2), ((cxf-d*e)*h/f/(cx¥h-d*g)) ~(1/2) ) *b"2*%d " 3*ke*f*g ~2+2*C* ((d*x+c) *£f/ (
cxf-dxe)) " (1/2)* (- (h*x+g)*d/ (c*h—-d*g) ) ~(1/2) * (- (£*x+e) *d/ (cxf-dxe) )~ (1/2) *E
11ipticE(((d*x+c)*f/(cxf-dxe))~(1/2), ((cxf-d*e)*h/f/(c*h-d*g))~(1/2))*b~2*c
*xd"2%e " 2*¥h"2-C*xx~3*b~2%d"3*f "2xh~2+2xC* ((d*x+c) *f/ (c*xf-dxe) )~ (1/2) x (- (h*x+g
)*d/ (cxh-d*g) )~ (1/2) % (- (£*x+e) *d/ (cxf-d*e) )~ (1/2)*E1lipticE(((d*x+c)*f/ (c*f
-d*e))~(1/2), ((cxf-d*e)*h/f/(cxh-d*g) )~ (1/2)) *b~2%c*d~2%f ~2xg~2-2xCx ((d*x+c
)xf/(cxf-d*e)) ™ (1/2)* (- (h*x+g)*d/ (c*¥h-d*g) )~ (1/2) * (- (f*x+e)*d/ (cxf-d*e) )~ (1
/2)*E1lipticE(((d*x+c)*f/(cxf-d*xe))~(1/2), ((cxf-d*e)*h/f/(cxh-d*xg))~(1/2))*
b~2*d"3%e” 2xg*h-2%Ck ((d*x+c) *xf/ (cxf-d*e)) ~(1/2) * (- (h*xx+g) *d/ (cxh-d*g) ) ~(1/2
)* (= (fxx+e) *d/ (cxf-d*xe) )~ (1/2)*E1lipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-
d*xe)*h/f/(cxh-dxg) )~ (1/2) ) *b~2xd"3*kexf*g~2) * (d*x+c) ~(1/2) * (£xx+e) ~ (1/2) * (h*
x+g) ~(1/2)/h~2/£72/d"3/ (d*f*h*kx~3+ckfxhkx~2+d*kexh*kx~2+d*f*g*x~2+ckexh*x+c*f
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xg*xt+dkexgxxtcrexg)

Maxima [F] time = 0., size = 0, normalized size = 0.

Cb?x? + Bb?x — Ca® + Bab P
x
Vdx + cyfx+eyhx+g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+Bxb~2*xx+B*axb-C*xa~2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/ (h*xx+
g)~(1/2),x, algorithm="maxima")

[Out] integrate((Cxb~2%x~2 + Bxb~2%x - C*a~2 + B*axb)/(sqrt(d*x + c)*sqrt(f*x + e
Yxsqrt(h*x + g)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Cb2x2 + Bb%x — Ca? + Bab)\/dx +oyfx+eyhx+g
dfhx3 + ceg + (dfg + (de + cf)h)x2 + (ceh + (de + cf)g)x’x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+Bxb~2*x+B*axb-C*xa~2)/(d*x+c)”~(1/2)/(fxx+e)~(1/2)/ (h*x+
g)~(1/2),x, algorithm="fricas")

[Out] integral((Cxb~2*x~2 + B*b72%x - C*a”2 + Bkaxb)*sqrt(d*x + c)*sqrt(fxx + e)x*
sqrt(h*x + g)/(d*f*h*x~3 + ckexg + (dxfxg + (dxe + cxf)*h)*x72 + (c*exh + (
d*e + cxf)*g)*x), Xx)

Sympy [F] time = 0., size = 0, normalized size = 0.

(a + bx) (Bb— Ca + Cbx) i
Ve + dxyJe + fxifg +hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxb**2*x**2+B*xb**2xx+Bkaxb-Ckax*2)/(dxx+c)**(1/2)/(f*x+e)**(1/2)
/ (hxx+g) **(1/2) ,x)

[Out] Integral((a + b*x)*(Bxb - Cxa + Cxb*x)/(sqrt(c + d*x)*sqrt(e + fxx)*sqrt(g
+ h*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f Ch%x? + Bb?x — Ca® + Bab
Vdx + c/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((Cxb™2*x™2+B*b~2*x+B*a*xb-C*a~2)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/ (h*x+
g)~(1/2),x, algorithm="giac")

[Out] integrate((Cxb~2%x~2 + Bxb~2%x - C*a~2 + B*axb)/(sqrt(d*x + c)*sqrt(f*x + e
Yxsqrt(h*x + g)), x)
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3.18 dx

”f abB—a?C+b?Bx+b*Cx?
(a+bx)\/c+dx\/e+fx\/g+hx

Optimal. Leaf size=291

d(e+fx) . -1 \/?Vc+dx (de—cf)h d(e+fx) [d(g+hx) . .
2bCH/g + hx+Jcf —de decf E (sm ( N ) If(dg_ch)) 24/cf —de, /W W(aCh — bBh + bCQ)EllipticF |
d\/]_chm d(g+hx) d\/j_fh\/e + fx\/g + hx

dg—ch

[Out] (2xbxCxSqrt[-(d*e) + cxfl*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrtl[g + hxx]*Ell
ipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d*xe) + cxf]], ((d*e - cx*f)*h)/
(fx(d*g - c*h))]1)/(d*Sqrt[f]1*h*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - c*h)

1) - (2xSqrt[-(d*e) + c*f]*(b*Cxg - b*B*h + a*Cxh)*Sqrt[(d*(e + f*x))/(d*e

- cxf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrtl[c +
d*x])/Sqrt[-(d*e) + cxf]], ((dxe - c*f)*h)/(f*x(d*g - c*xh))])/(d*Sqrt [f]*h*S
qrtle + f*x]*Sqrtlg + h*x])

Rubi [A] time = 0.278637, antiderivative size = 291, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 60, e -

integrand size
0.1, Rules used = {24, 158, 114, 113, 121, 120}

d(e+fx) .1 [ VfVerdx\ | (de—cf)h dle+fx) |d(g+hx) .1
2bCH/g + hx+Jcf —de decf E (sm ( N )If(dg_ch)) 24/cf —de, | decf \| dgh (aCh — bBh + bCQ)F (sm (
d(g+hx) - d+/fhrJe + fxAlg + hx
d\[Fhfe + fx i_d’; Ve + fryg

Antiderivative was successfully verified.

[In] Int[(axb*B - a"2*C + b~2*B*xx + b~ 2*C*xx~2)/((a + b*x)*Sqrt[c + d*x]*Sqrtle +
f*x]*Sqrt[g + h*x]),x]

[Out] (2xbxCxSqrt[-(d*e) + cxfl*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrtl[g + hxx]*Ell
ipticE[ArcSin[(Sqrt[f]*Sqrtlc + d*x])/Sqrt[-(d*e) + cxf]], ((d*e - cx*f)*h)/
(fx(d*g - c*h))]1)/(d*Sqrt[f]1*h*Sqrtle + f*x]*Sqrt[(d*(g + h*x))/(d*g - c*h)

1) - (2xSqrt[-(d*e) + c*f]*(b*Cxg - bxB*h + a*xCxh)*Sqrt[(d*(e + f*x))/(d*e

- cxf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrtl[c +
d*x])/Sqrt[-(dxe) + cxf]], ((dxe - c*f)*h)/(f*x(d*g - cxh))])/(d*Sqrt [f]*h*S
qrtle + f*x]*Sqrtlg + h*x])

Rule 24

Int[(u_)*((a_) + (b_)*(v_)) " (m_)*x((A_.) + (B_.)*(v_) + (C_.)*(v_)"2), x_S
ymbol] :> Dist[1/b"2, Int[ux(a + bxv)~(m + 1)*Simp[b*B - a*C + b*Cxv, x], x
1, x] /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*xb~2 - axbxB + a~2xC, 0] && LeQ[
m, -1]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + dxx]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + f*x]

Rule 114
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Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + fxx]*Sqrt[(b*(c + d*x))/(b*c - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-((bxc - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [- ((bxc - axd)/d), 211, (f*(bxc - axd))/(d*(b*e - a*f))])/b, x] /;

FreeQ[{a, b, ¢, d, e, £}, x] && GtQ[b/(bxc - a*xd), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*c - axd)), 0] && GtQ[d/(d*e - cxf), 0] && 'LtQ[(b*c - a*xd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I1x*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] && 'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*xx, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(bxc - a*d)/bl)], (f*(b*c - axd))/(d*(bxe - axf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((bxc - a*d)/d)] || NegQ[-((b*xe - a*xf)/f)])

Rubi steps

f b2(bB—aC)+b3Cx

X
Ve+dxJe+ fxrg+hx

f abB — aC + b*Bx + b?Cx?

X =
(a + bx)Ve +dxJe + fx\g + hx b2
Vi . o
) (bc)fmwd (bCg th+aCh)fmdex
h h
((ng bBh + aCh), [ %L ")) [ — & (bc d;?f;
Ve+ X ——\/g+hx B

de cf de—cf
=- +

hyJe + fx

= d(e+fx) .1 [ VfVerdx \ | (de—cf)h ((ng - bE
2bC+/—de + cf , | decf \g + hxE (sm ( \/W) |f(dg_ch))
d(g+hx)
d\/?h\/e + fx W
d(e+£x) .1 [ NfVerdx ) (de—cfn
deer V8 + hxE (sm ( — f) | I dg_ch)) 2y/-de+c

d(g+hx)
dy[fhnfe + fx =

2bC+/—de + cf
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Mathematica [C] time = 2.43639, size = 326, normalized size = 1.12

de
y 3p [derfr)  [dgrho) B el | T dfg-cfn ) d
2| —idh(c + dx) Flerdn\| Ferin (aCf — bBf + bCe)EllipticF | i sinh vl + bCd“(e + fx)(g + hx) I

d2fhvc + dxJe + fx\fg + hx, /if—e -c

Antiderivative was successfully verified.

[In] Integrate[(a*xb*B - a”2%C + b~2xBxx + b~2xCxx~2)/((a + b*x)*Sqrt[c + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]),x]

[Out] (2x(b*Cxd~2+Sqrtl[-c + (dxe)/fl*(e + f*xx)*(g + h*x) + IxbxCx(dxe - c*f)x*hx*(c
+ d*x)~(3/2)*Sqrt [(dx(e + f*x))/(f*x(c + d*x))]*Sqrt[(d*(g + hxx))/(h*x(c +
d*x))]*E1lipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxf*g - cxfx*

h)/(dxexh - c*fxh)] - I*d*(bxCxe - b*Bxf + axCxf)*hx(c + d*x)~(3/2)*Sqrt[(d

x(e + £*xx))/(fx(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*Ar
cSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (d*f*g - cxfxh)/(d*exh - c*xf*h)]))
/(d"2xSqrt[-c + (d*e)/f]*fxh*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x])

Maple [B] time = 0.026, size = 673, normalized size = 2.3

h d cf —de)h
) N x+g\/fx+e\/ x+c BEllipticF (dx*‘c)fl (f ) bed fh
d?fh (dfhx3 + cfhx? + dehx? + df gx? + cehx + cfgx + degx + ceg) cf —de f(ch - dg)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxb~2xx~2+Bxb~2*x+B*a*xb-C*a~2)/(b*x+a)/(d*xx+c)~(1/2)/(f*x+e)~(1/2)/(hx*
x+g)~(1/2) ,%)

[Out] 2x(B*EllipticF(((d*x+c)*f/(cxf-d*e))~(1/2), ((c*f-d*e)*h/f/(cxh-dxg))~(1/2))
xb*xckxd*f*h-B*E1lipticF (((d*x+c)*f/(cxf-d*xe)) " (1/2), ((cxf-d*e)*h/f/(c*h-d*g)
)~ (1/2) ) *b*d"2xexh-C*E1lipticF (((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-d*xe)*h/f/(
cxh-dx*g)) ~(1/2))*xa*xckxd*f*h+C+xE1lipticF (((d*x+c)*f/(cxf-d*xe))~(1/2), ((c*xf-dx
e)*h/f/(cxh-dxg) )~ (1/2))*axd"2xexh-CxEllipticF (((d*x+c)*f/(cxf-d*xe))~(1/2),
((cxf-dxe)*h/f/(cxh-d*g) )~ (1/2))*bxc*xd*f*g+CxE1lipticF (((d*x+c)*f/(c*xf-dx*e)
)~ (1/2), ((c*f-d*e) *h/f/(cxh-d*g)) ~(1/2) ) *b*d™2xe*xg-C*E1lipticE(((d*x+c)*f/(
cxf-d*xe))~(1/2), ((cxf-d*xe)*xh/f/(cxh-d*g) )~ (1/2)) *b*c 2+fxh+C*E11lipticE(((d*
x+c)*f/ (cxf-d*xe)) ~(1/2), ((cxf-dxe)*h/f/(cxh-d*xg) )~ (1/2)) *b*c*d*exh+C*xE11lipt
icE(((d*x+c)*f/(cxf-d*xe))~(1/2), ((cxf-dxe)*h/f/(cxh-d*xg) )~ (1/2)) *b*cxd*xf*g-
CxEllipticE(((d*x+c)*f/(cxf-dxe))~(1/2), ((cxf-dxe)*h/f/(cxh-d*g) )~ (1/2))*bx
d™2xexg) * (- (fxx+e)*d/ (cxf-dxe) )~ (1/2) * (- (h*x+g) *d/ (cxh-d*g) )~ (1/2) * ((d*x+c)
*f/(cxf-d*xe)) ™ (1/2) /h/f/d™2x (hxx+g) = (1/2) * (f*x+e) " (1/2) * (d*x+c) = (1/2) / (d*f*
h*x~3+c*fxh*x"2+d*exh*x~2+d*f*gxx~2+ckexh*x+cxfxgkx+d*rexgkx+cre*g)

Maxima [F] time = 0., size = 0, normalized size = 0.

f Cb%x? + Bb?x — Ca® + Bab .
(bx + a)Vdx + c\/fx +e\Jhx + g

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((C*b~2*x~2+B*b~2*x+B*a*xb-C*a~2)/(bxx+a)/(d*x+c)”~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2%x"2 + Bxb~2*x - C*a~2 + B*axb)/((bxx + a)*sqrt(d*x + c)*sq
rt(fxx + e)*sqrt(h*x + g)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Cbx — Ca + Bb)Vdx + c/fx + e\Jhx + g
dfhx3 + ceg + (dfg + (de + cf)h)x2 + (ceh + (de + cf)g)x,x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((C*b~2*x~2+B*b~2*x+B*a*b-C*xa~2)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] integral((Cxb*x - C*a + Bxb)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)/(d*f
*h*x73 + cxexg + (d*f*g + (d*e + cxf)*h)*x"2 + (cxexh + (d¥e + c*xf)*g)*x),

x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f Bb - Ca + Cbx i
Ve +dxyJe + fxifg + hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxb*x2*x*x2+B*xb**2*x+Bkaxb-Cxa**2)/(b*xx+a)/(d*x+c)*x(1/2)/(f*x+e
)xx(1/2) / (hxx+g) **x(1/2) ,x)

[Out] Integral((Bxb - Cxa + Cxb*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f Ch%x? + Bb?x — Ca® + Bab
(bx + a)Vdx + c\/fx +e\Jhx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2*x~2+B*b~2*x+B*a*xb-C*a~2)/(bxx+a)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2%x~2 + Bxb~2*x - Cxa”2 + B*axb)/((bxx + a)*sqrt(d*x + c)*sq
rt(fxx + e)*sqrt(h*x + g)), x)
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3.19 dx

J“ abB—a?C+b?Bx+b*Cx?
(a+bx)2V. c+dxJe+ fx/g+hx

Optimal. Leaf size=309

d(e+fx) [d(g+hx) . . .1 \/7 Ve+dx N h(de—cf) d(e+fx) [d(g+hx) b(de—c
2C+Jcf —de,| decf 3 / Py EllipticF (sm ( N ), f(dg_ch)) 2(bB - 2aC)+/cf —de, | decf [ Py IT (— Ty
dﬁ\/e+fx\/g+hx \/j_f\/e+fx\/g+hx(bc—

[Out] (2xCxSqrt[-(d*e) + c*f]*Sqrt[(dx(e + f*x))/(d*e - cxf)]1*Sqrt[(d*(g + hx*x))/
(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]1*Sqrtlc + dxx])/Sqrt[-(d*xe) + cxf]l],

((d*e - cxf)xh)/(f*(d*g - cxh))])/(d*Sqrt[f]*Sqrtle + f*x]*Sqrt[g + h*x]) -

(2% (b*B - 2*axC)*Sqrt[-(d*e) + cxf]xSqrt[(dx(e + f*x))/(d*e - c*f)]*Sqrt[(
dx(g + h*x))/(d*g - cxh)]*E1lipticPi[-((b*(d*xe - cxf))/((b*c - axd)*f)), Ar
cSin[(Sqrt [f1*Sqrt[c + d*x])/Sqrt[-(d*e) + cxfl], ((dxe - c*f)x*h)/(fx(d*xg -
cxh))1)/((bxc - axd)*Sqrt[f]*Sqrtle + f*x]*Sqrtl[g + h*x])

Rubi [A] time = 0.82074, antiderivative size = 309, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 8, integrand size = 60, number of rules

= 0.133, Rules used = {24, 1607, 169, 538, 537, 12, 121, 120}

| e+fx) d(g+hx) -1 \/_\/c+dx (de=cf)h — [d(e+fx) d(g+hx) b(de— cf)
2C Cf de V de—cf V dg—ch F( ( cf de )lf(dg—ch)) Z(bB ZLIC) Cf de V de—cf V dg—ch ( (be— ad)f

d\/_\/e+fx\/g+hx \/—\/e+fx\/g+hx(bc—ad)

integrand size

Antiderivative was successfully verified.

[In] Int[(axb*B - a™2*%C + b~2*B*xx + b~2*C*xx~2)/((a + b*x) 2xSqrt[c + d*xx]*Sqrt[e
+ £xx]*Sqrt[g + h*x]),x]

[Out] (2*CxSqrt[-(d*e) + c*f]l*Sqrt[(dx(e + f*x))/(d*e - cxf)]1*Sqrt[(d*(g + hx*x))/
(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]1*Sqrtlc + dxx])/Sqrt[-(d*xe) + cxfl],

((d*e - cxf)xh)/(f*(d*g - cxh))])/(d*Sqrt[f]*Sqrtle + f*x]*Sqrt[g + h*x]) -

(2% (b*B - 2*axC)*Sqrt[-(d*e) + cxf]xSqrt[(dx(e + f*x))/(d*e - c*f)]*Sqrt[(
dx(g + h*x))/(d*g - cxh)]*E1lipticPi[-((b*(d*e - cxf))/((b*c - axd)*f)), Ar
cSin[(Sqrt [f]1*Sqrtlc + d*x])/Sqrt[-(d*e) + cxf]]l, ((d*e - cxf)*h)/(f*(d*g -
cxh))]1)/((bxc - axd)*Sqrt[f]1*Sqrtle + fxx]*Sqrtlg + hxx])

Rule 24

Int[(u_)*((a_) + (b_)*(v_)) " (m_)*x((A_.) + (B_.)*(v_) + (C_.)*(v_)"2), x_S
ymbol] :> Dist[1/b72, Int[ux(a + bxv)~(m + 1)*Simp[b*B - a*C + b*Cxv, x], x
1, x]1 /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - axb*B + a~2xC, 0] && LeQ[
m, —-1]

Rule 1607

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*x((c_.) + (d_D)*(x_))"(n_.)*((e_.) + (£
_Ox(x_ )" (p_)*x((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder [Px, a + bx*x, x], Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*x(g + h*x) q
, xJ, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d*
x)"n*x(e + f*x) px(g + h*x)"q, x] /; FreeQ[{a, b, c, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rule 169
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Int[1/((Ca_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl[(e_.) + (f_.)*(x_
)I1xSqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]1, x] /; FreeQ[{a, b, ¢, d, e
, £, g, h}, x] & !'SimplerQle + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*X

Rule 538

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)~2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1l + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
bxx~2)*Sqrt[1 + (d*x~2)/c]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T+, x] && 1GtQ[c, O]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*x(x_)"2]*Sqrtl(e_) + (f_.)*(x
)721), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrt[cl*Sqrtlel*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, ¢, d
, e, T}, x] & 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrt[a + b*x]*Sqrt[(b*xc)/(b*xc - a*xd) + (b*d*x)/(b*xc - axd)]*Sqrt[e + f*x
1, x1, x] /; FreeQ[{a, b, ¢, d, e, £}, x] & !'GtQ[(bxc - a*xd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*xx, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*xf))])/(b*Sqr
t[(b*e - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((bxc - a*d)/d)] || NegQ[-((b*xe - a*xf)/f)])

Rubi steps
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f b2(bB-aC)+b3Cx
f abB — a?C + b*Bx + b*Cx? v = (a+bx)Vet+dxrJe+ fx+/g+hx
(a + bx)2Vc + dxrJe + fxa/g + hx b?

2C
[———dx
ctaxyje+jrx X 1
- N NS L (6B - 24C) f dx
b (a + bx)Vc + dxyJe + fx\g + hx

1
e dx — (2(bB - 2aC)) Subst | [ —————
f\/c+dx\/e+fx\/g+hx (bc—ad—bxz)

d(e+fx)
(C /d<e+fx>) [ : » (2(bB 24C) f)s bst | |
de=cf Vordx, |2 Afx Ve+hx

de—cf = de—cf

\e+ fx

dle+fx) [d(g+hx) (Z(bB - ZaC)\/;—;
de—cf dg—ch i \/ LA [ dg | d ax

cf de—cf \| dg—ch dg—ch

Ve + fx\/g+ hx

de+fx) [d(g+hx) VFfVe+dx \ | (de—cf)h
2C\/ —de +cf | doof N doch P( ( —de+cf)|f(dg—ch)) 2(bB - 2aC),

d\/—\/e + fx+/g + hx

Mathematica [C] time = 1.75386, size = 248, normalized size = 0.8

-

de de
fae_. ao_
2ivfe + fx, /Zf:g; d(2aC - bBYTT| L inn ™t | Y |43 | _ (4cd - bBd + beC)EllipticF | i sinh ™

b(c f d) Ve+dx dﬁh—cfh m y

d [ d(e+fx)
f/g + hx(ad - bc) ?e—c ﬁ

Antiderivative was successfully verified.

[In] Integrate[(a*xb*B - a”2+C + b™2*Bxx + b™2*Cxx~2)/((a + b*x) 2*xSqrtlc + d*x]*
Sqrtle + fxx]*Sqrt[g + h*x]),x]

[Out] ((2xI)*Sqrtle + f*x]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]1*(-((b*c*xC - b*Bxd +
axCxd)*EllipticF [I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + dxx]], (dxfxg - cxfx
h)/(d*exh - c*fxh)]) + (-(b*B) + 2%a*C)*d*EllipticPil[((b*c - axd)*f)/(b*(-(

d*e) + cxf)), I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (dxfxg - cxfxh)/
(d*exh - cxf*h)]))/((=(b*c) + axd)*Sqrt[-c + (d*e)/fl1*f*Sqrt[(d*(e + f*x))/
(fx(c + d*x))]1*Sqrt[g + h*x])

Maple [B] time = 0.033, size = 663, normalized size = 2.2

Vhx + g/fx +evdx +c (dx+c)f \/ hx+g \/ (fx+e)d |
- |
(ad be)df (dfhx3 + cfhx? + dehx? + df gx? + cehx + cfgx + degx + ceg cf —de ch —dg cf —de

Verification of antiderivative is not currently implemented for this CAS.




111

[In] int((Cxb~2*x"2+B*b~2*x+B*axb-Cxa~2)/(b*x+a) "2/ (d*x+c) ~(1/2)/(fxx+e)~(1/2)/(
hxx+g)~(1/2) ,x%)

[Out] 2% (h*x+g)~(1/2)*(f*x+e) ~(1/2)*(d*x+c)~(1/2) /d/f* ((d*x+c)*f/ (cxf-d*e)) ™ (1/2)
* (- (hxx+g) *d/ (cxh-dx*g) )~ (1/2) * (- (f*x+e) *d/ (cxf-d*e) )~ (1/2) * (B¥E1lipticPi (((
dxx+c)*f/ (cxf-d*e) )~ (1/2) ,- (c*xf-d*e) *b/f/ (a*d-b*c) , ((cxf-d*e)*h/f/(c*h-d*g)
)~ (1/2)) ¥*bxcxd*f-B*E1lipticPi (((d*xx+c)*f/(cxf-d*e)) ~(1/2) ,-(cxf-dxe)*b/f/(a
xd-bxc) , ((cxf-d*e)*h/f/(c*h-d*g))~(1/2))*b*d~2xe+CxE1lipticF (((d*x+c)*f/(cx*
f-dxe))~(1/2), ((cxf-d*e)*h/f/(cxh-d*g))~(1/2))*a*cxd*f-C+xEllipticF (((d*x+c)
*xf/(cxf-dxe))~(1/2), ((cxf-dxe)*h/f/(cxh-d*g) )~ (1/2))*axd"~2*e-CxE1llipticF (((
dxx+c)*f/ (cxf-d*xe) )~ (1/2), ((c*xf-d*xe)*h/f/(c¥h-d*g) )~ (1/2))*b*c~2*xf+C*E1lipt
icF(((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-d*e)*h/f/(cxh-d*xg) )~ (1/2)) *b*kcxd*xe-2%
CxEllipticPi(((d*x+c)*f/(c*xf-dxe))~(1/2),-(cxf-d*e)*b/f/(a*d-b*c), ((cxf-dxe
)*¥h/f/ (cxh-d*g) )~ (1/2) ) *a*xcxd*xf+2*xC+xE1lipticPi (((d*x+c)*f/(cxf-d*xe))~(1/2),
-(cxf-d*xe)*xb/f/(axd-b*c) , ((cxf-d*e) *h/f/(cxh-d*g) )~ (1/2))*axd~2*e) /(a*xd-b*c
)/ (d*f*h*x”3+cxf*h*x™2+d*exh*x~2+d*f*xg*x~2+ckexh*x+ckfxgrx+dke*xgkx+crexg)

Maxima [F] time = 0., size = 0, normalized size = 0.

f Cb?x? + Bb?x — Ca? + Bab

(bx + a)*Vdx + c[fx + ey/hx + g ’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*%x~2+Bxb~2*x+B*axb-C*xa~2)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e) " (
1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2%x"2 + Bxb~2%x - C*a~2 + B*axb)/((bxx + a) 2*sqrt(d*x + c)*
sqrt(f*x + e)x*sqrt(h*x + g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+Bxb~2*x+B*axb-C*xa~2)/(b*x+a) "2/ (d*x+c)~(1/2)/(fxx+e)~(
1/2) / (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxb**2*x**2+B*xb**2xx+Bkaxb-Cxa*x*2)/(b*x+a)**2/ (dxx+c)*x(1/2)/(f*
x+e)**(1/2) / (hxx+g) **(1/2) ,x)

[Out] Exception raised: ValueError
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Giac [F] time = 0., size = 0, normalized size = 0.

f Cb?x? + Bb?x — Ca® + Bab p
x
(bx + a)*Vdx + c[fx + eyJhx + g
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+Bxb~2*x+B*axb-C*xa~2)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(
1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2%x~2 + Bxb~2%x - C*a~2 + B*axb)/((bxx + a) 2*sqrt(d*x + c)*
sqrt (f*x + e)*sqrt(h*x + g)), x)
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3.20 dx

J“ abB—a?C+b?Bx+b*Cx?
(a+bx)3V. c+dxJe+ fx/g+hx

Optimal. Leaf size=680

de+fx)  [dg+h) pyye .. . 1 [fVerdx\  h(decf) dle+fx) [dg+hy) [ o
Jﬂw_%qu_kaHfV@ﬂﬂmmmf&m (ﬁﬁ%yﬂ@mﬂ Vd_@VdHfVQHhGah

Ve + fx\fg + hx(be — ad)(be - af) _

[Out] -((b~2*(b*B - 2*a*xC)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/((bxc - axd
)*(bxe - axf)*x(bxg - axh)*(a + bxx))) + (bx(b*B - 2%a*xC)*Sqrt[f]*Sqrt[-(d*e
) + cxf]l*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sq
rt[f1*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]], ((d*e - c*f)*h)/(f*(d*xg - cxh))])
/((bxc - axd)*(bxe - axf)*(b*g - a*h)*Sqrtle + f*x]*Sqrt[(d*(g + h*x))/(d*g
- cxh)]) - ((b*B - 2xa*C)*Sqrt[f]*Sqrt[-(d*e) + c*f]*Sqrt[(dx(e + f*x))/(d
xe — cxf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrtl[c
+ dxx])/Sqrt[-(d*e) + cxf]], ((d*e - cxf)*h)/(f*(d*g - cxh))])/((bxc - axd
)x(bxe - a*xf)*Sqrtle + fxx]*Sqrtlg + h*x]) - (Sqrt[-(dxe) + c*xf]*(4xa~3*Cxd
xf*xh + 2%axb”~2xBx(d*f*g + dxexh + c*fxh) - b~3x(Bxd*exg — c*(2%Ckexg — Bxfx
g - Bxexh)) - a"2%b*x(3*Bxd*fxh + 2xCk(d*fxg + dxexh + c*xfxh)))*Sqrt[(dx(e +
fxx))/(d*xe - cxf)]1*Sqrt[(d*(g + hx*x))/(d*g - cxh)]*EllipticPi[-((bx(dxe -
cxf))/((bxc - axd)*f)), ArcSin[(Sqrt[f]*Sqrtlc + d*x])/Sqrt[-(d*e) + cx*f]l],
((d*e - cxf)*h)/(fx(d*g - cxh))])/((bxc - axd) ~2*Sqrt[f]*(bxe - axf)*(b*g
- axh)*Sqrt[e + fxx]*Sqrt[g + hx*x])

Rubi [A] time = 1.81509, antiderivative size = 680, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 11, integrand size = 60, number of rules

= 0.183, Rules used = {24, 1599, 1607, 169, 538, 537, 158, 114, 113, 121, 120}

Jf —de,| ‘i@%}”‘ / % (~a2b(3Bdfh +2C(cfh + deh + dfg)) + 4a>Cdfh + 2ab2B(cfh + deh + dfg) — b*(Bdeg
B \/j_f\/e + fx+/g + hx(bc — ad)?>(be — af)(bg — ah)

integrand size

Antiderivative was successfully verified.

[In] Int[(a*xb*B - a"2*%C + b72*B*xx + b™2*C*xx~2)/((a + b*x) 3*Sqrt[c + d*x]*Sqrt[e
+ fxx]*Sqrt[g + h*x]),x]

[Out] -((b~2%(bxB - 2*axC)*Sqrt[c + dxx]*Sqrtle + f*x]*Sqrtlg + h*x])/((b*c - axd
)*(bxe - axf)*(bxg - axh)*(a + b*x))) + (b*x(b*B - 2*xaxC)*Sqrt[f]*Sqrt[-(d*e
) + cxf]*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sq
rt [f]*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*xe - c*f)*h)/(fx(d*g - cxh))])
/((bxc - axd)*(bxe - axf)*(b*g - axh)*Sqrtle + f*x]*Sqrt[(d*(g + hxx))/(d*g
- cxh)]) - ((b*B - 2xaxC)*Sqrt[f]*Sqrt[-(d*e) + c*f]*Sqrt[(dx(e + f*x))/(d
xe — c*f)]*Sqrt[(d*(g + h*xx))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c
+ d*x])/Sqrt[-(d*e) + cxf]], ((d*e - c*xf)*h)/(f*(d*g - c*h))])/((bxc - axd
)*(bxe - axf)*xSqrtle + f*x]*Sqrtlg + h*x]) - (Sqrt[-(d*e) + cxf]x*(4*a~3*Cxd
xf*xh + 2%axb”~2xBx(d*f*g + dxexh + c*fxh) - b~3x(Bxd*exg - c*(2xCkexg — Bxfx
g - Bxexh)) - a"2%b*x(3*Bxd*fxh + 2xCk(d*f*g + dxexh + c*xfxh)))*Sqrt[(dx(e +
f*xx))/(dxe - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticPi[-((b*(d*e -
c*xf))/((bxc - a*xd)*f)), ArcSin[(Sqrt[f]l*Sqrtlc + d*x])/Sqrt[-(d*e) + cx*f]],
((d*e - c*f)*h)/(f*x(d*g - cxh))])/((bxc - axd) ~2*Sqrt[f]*(b*e - axf)*(b*g
- axh)*Sqrt[e + f*xx]*Sqrtl[g + hx*x])
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Rule 24

Int[(u_.)*((a_) + (b_)*(v_)) " (m_)*x((A_.) + (B_.)*(v_) + (C_.)*(v_)"2), x_S
ymbol] :> Dist[1/b72, Int[ux(a + bxv)~(m + 1)*Simp[b*B - a*C + b*Cxv, x], x
1, x] /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*b*B + a~2*C, 0] && LeQI
m, -1]

Rule 1599

Int[((Ca_.) + (b_)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)IxSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
(A*b~2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx]
)/ ((m + 1)*(bxc - axd)*(b*e - axf)*(b*g - ax*h)), x] - Dist[1/(2x(m + 1)*(bx
c - axd)*(b*e - axf)*x(bxg - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + f*xx]*Sqrtlg + h*x]))*Simp[A*(2%xa~2xd*xf*h*x(m + 1) - 2%a*xbx(m + 1)*(dx*
fxg + dxexh + cxfxh) + b7™2%(2#m + 3)*(d*e*xg + cxfxg + cxexh)) - b*Bx(ax(d*e
xg + cxf*xg + ckexh) + 2xbkckxexgkx(m + 1)) - 2x((A*b - a*B)*(axd*f*xhx(m + 1)

- bx(m + 2)*(dxfxg + d¥exh + cxfxh)))*x + dxfxh*x(2*xm + 5)*(A*b~2 - a*xb*B)x*x
~2, x], x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+*m]
&% LtQ[m, -1]

Rule 1607

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*x(x_))"(n_.)*x((e_.) + (£
_ O )T (p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder [Px, a + bxx, x], Int[(a + b*x) mx(c + d*x)"n*(e + f*x) p*x(g + h*x) q
, xJ, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d*

x) "n*x(e + f*x) p*x(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n, p,
qt, x] &% PolyQ[Px, x] &% EqQ[m, -1]

Rule 169

Int[1/((Ca_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl[(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]1, x] /; FreeQ[{a, b, ¢, d, e
, £, g, h}, x] & !'SimplerQle + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*X ]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1l + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
b*x”2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + £*x72]), x], x] /; FreeQ[{a, b, c, d, e
, T+, x] && 1GtQlc, O]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(axSqrt[cl*Sqrtle]l*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, ¢, d
, e, T}, x] & 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + dxx]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
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SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(b*x(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - a*xf)]), Int[Sqrt[(bxe)/(b*e - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*xd*x)/(bxc -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 211, (fx(bxc - axd))/(d*(bxe - a*xf))1)/b, x] /;
FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !'(SimplerQ[c + dx*x, a + b*x] && GtQ[-

(d/(b*c - a*xd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - a*d)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)x*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*xf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - ax*xd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*xx] && (PosQ[-((b*xc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps



f b2(bB-aC)+b3Cx Jdx
f abB — a?C + b*Bx + b*Cx? Y (arbx)PVetdxnJet fxJg+hx

(a + bx)3Vc + dxyJe + fxa/g + hx b?

116

_ PA(bB-2aC)Vc +dxrJe + fxrJ3 + hx

f bz(sz(Zbceg—a(deg+cfg+ceh))—(bB—aC)(

(bc — ad)(be — af)(bg — ah)(a + bx)

_ PA(bB-2aC)Vc +dxrJe + fxrJg + hx

f ab>Bd fh—2a2b2Cd fh+(b*Bd fh-2ab>Cd f)

Ve+dxJe+ fx/g+hx

(bc — ad)(be — af)(bg — ah)(a + bx)

B V2(bB - 2aC)Vc + dxrJe + fx\/g + hx

2b2(be — ad)(be — af)(bg — ah

((bB - 2aC)df) [ W

(bc — ad)(be — af)(bg — ah)(a + bx)

_ PA(bB-2aC)Vc +dxrJe + fxrJ3 + hx

2(bc - ad)(be - af)

d(e+fx)
(bB — 2aC)df | 2 )
( decf f \/C+dxv

(bc — ad)(be — af)(bg — ah)(a + bx)

_ P(bB- 2aC)Ve + dxrJe + fx/g + hx

2(be - ad)(be — af)+/

b(bB — 2aC)Fy/=de + cf [ "L :

(bc — ad)(be — af)(bg — ah)(a + bx)

(bc — ad)(be — af)(b;

b(bB — 2aC)F/~de + cf [ oL :

_ PP(bB—2aC)Vc + dxvJe + fxJg + hx
T (bc — ad)(be — af)(bg — ah)(a + bx)

Mathematica [C] time = 16.8554, size = 16821, normalized size = 24.74

Result too large to show

Warning: Unable to verify antiderivative.

(bc — ad)(be — af)(b;

[In] Integrate[(a*b*B - a”2*C + b~ 2#B*x + b~2%C*xx"2)/((a + b*x) 3*Sqrtc + d*x]*

Sqrtle + f*x]*Sqrtlg + hxx]),x]

[Out] Result too large to show

Maple [B] time = 0.079, size = 13405, normalized size = 19.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((C*xb~2*x"2+Bxb~2*xx+B*axb-Cxa~2)/(b*xx+a) "3/ (d*xx+c)~(1/2)/(fxx+e)~(1/2)/(

hxx+g)~(1/2) ,x%)
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[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

X

f Cb?x? + Bb*x — Ca® + Bab
(bx + a)’Vdx + c\[fx + exJhx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+Bxb~2*xx+B*axb-C*xa~2)/(b*x+a) 3/ (d*x+c)~(1/2)/(f*x+e)~(
1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima"

[Out] integrate((Cxb~2%x"2 + Bxb~2%x - C*a”2 + B*axb)/((bxx + a) 3*sqrt(d*x + c)*
sqrt (f*x + e)xsqrt(h*x + g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*%x~2+Bxb~2*xx+B*axb-C*xa~2)/(b*x+a) 3/ (d*x+c)~(1/2)/(f*x+e) " (
1/2) / (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckb**2xx**2+B*b**2xx+Bxaxb-Cka*x*2)/(b*x+a)**3/ (d*x+c)**(1/2)/(f*
x+e)x*(1/2) / (hxx+g)**(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

X

f Cb?x? + Bb?x — Ca® + Bab
(bx + a)’Vdx + c\[fx +exJhx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+B*b~2*x+Bxaxb-Cxa~2)/(b*x+a) "3/ (d*x+c) ~(1/2)/(fxx+e) (
1/2) / (h*x+g) ~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2%x"2 + Bxb~2%x - C*a~2 + B*axb)/((bxx + a) 3*sqrt(d*x + c)*
sqrt (fxx + e)*sqrt(h*x + g)), x)
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f \/a+bx(abB—a2C+b2Bx+b2Cx2)

3.21 Vetdxrfe+fxa/g+hx

dx

Optimal. Leaf size=980

— — _ _ (de—cf
CVa ¥ BeVe T e+ Frag 7 T2 \dg — chy/fg — eh(4bBdfh + C(adfh — 3b(dfg + deh + cfh)))Va + bx Foc

deh (de—cf)(a+bx)
2 £21,2 S
4d2 f2h? /(be_af)(ﬁdx)\/g + hx

[Out] (bx(4*b*Bxd*f*h + Cx(axdxfxh - 3*%bx(dxfxg + d*exh + cxfxh)))*Sqrtla + b*x]x*
Sqrt[e + fxx]*Sqrtlg + h*x])/(4*d*f~2xh~2*Sqrt[c + d*x]) + (b~2*C*Sqrtla +
b*x]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(2+d*xfxh) - (b*Sqrtld*g - c
xh]*Sqrt [fxg - exh]*(4*xb*Bxd*fxh + Cx(axd*fxh - 3xb*(d*f*g + dxexh + c*xfxh)
))*Sqrt[a + b*xx]*Sqrt[-(((d*e - c*xf)*(g + h*x))/((f*g - exh)*(c + d*x)))]*E
1lipticE[ArcSin[(Sqrt[d*xg - cxh]*Sqrtle + fxx])/(Sqrt[f*g - exh]*Sqrtlc + d
xx])], ((bxc - axd)*(f*xg - exh))/((bxe - axf)*(d*g - c*h))])/(4*d~2*f~2+h"2
*Sqrt [((d*e - cxf)x(a + b*xx))/((bxe - a*xf)*(c + d*x))]*Sqrtlg + h*x]) + ((b
xe — axf)*Sqrt[bxg - axh]*(a*Cxd*f*xh - bx(4*xBxd*fxh - Cx(3*d*xfxg + 3*d*exh
+ cxf*xh)))*Sqrt [((b*xe - a*xf)*(c + d*x))/((d*xe - c*xf)*(a + b*x))]*Sqrtlg + h
*xx]*E1lipticF[ArcSin[(Sqrt [b*g - ax*h]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrt[
a + b*x])], -(((b*xc - axd)*(f*g - exh))/((dxe - cxf)*(bxg - axh)))])/(4xdxf
“2x%h72xSqrt [f*xg - exh]*Sqrtlc + d*x]*Sqrt[-(((bxe - axf)*(g + h*xx))/((f*xg -
exh)*(a + b*x)))]) - (Sqrt[-(d*g) + c*h]*((a*xd*fxh + b*(d*f*g + d*exh + c*
fxh))* (4xb*B*xd*f*h + Cx(a*xd*f*xh - 3*b*(d*f*g + dxexh + cxfxh))) + 4xdxfxh*(
2%a~2*%Cxd*f*xh + b72+Ck (dkexg + cxf*xg + ckxexh) - axb*(4*Bxd*fxh - Cx(dxf*g +
dxexh + c*xfxh))))*(a + b*x)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a +
bxx))]1*Sqrt [((bxg - axh)*(e + f*xx))/((fxg - exh)*(a + b*x))]*EllipticPi[-(
(b*(d*g - cx*h))/((b*c - a*d)*h)), ArcSin[(Sqrt[b*c - a*xd]*Sqrtlg + h*x])/(S
qrt[-(d*g) + cxh]x*Sqrtl[a + b*xx])], ((bxe - axf)x(dxg - c*h))/((bxc - axd)*(
fxg - exh))])/(4*xd"2xSqrt [bxc - axd]*f~2xh~3*Sqrt[c + d*x]*Sqrtle + f*x])

Rubi [A] time = 2.78726, antiderivative size = 976, normalized size of antiderivative

. . ber of rul
1., number of steps used = 9, number of rules used = 9, integrand size = 62, e

integrand size
0.145, Rules used = {1600, 1602, 1598, 170, 419, 165, 537, 176, 424}

- — _ _ (de—cf
N T BV e T daye T g 4 T2 \dg — ch/fg — eh(4bBdfh + aCdfh — 3bC(dfg + deh + cfh))Va + bx o

deh (de—cf)(a+bx)
2 £21,2 ERauiiiecs
4d2f2h2 | (be_af)(c+dx)\/g+ hx

Antiderivative was successfully verified.

[In] Int[(Sqrtla + bxx]*(a*b*B - a"2+C + b~2*B*x + b~2*C*x~2))/(Sqrt[c + d*x]*Sq
rt[e + f*x]*Sqrtlg + h*x]),x]

[Out] (b*(4xb*Bkd*xf*h + a*xCxd*fxh — 3xb*Ck(d*xfxg + d*exh + cxfxh))x*Sqrtla + b*xx]x*
Sqrtle + fxx]*Sqrtlg + h*x])/(4*xd*f~2xh~2*xSqrtc + d*x]) + (b~2xCxSqrtl[a +
bxx]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtlg + h*xx])/(2xd*fxh) - (bxSqrt[d*g - ¢

*xh] *Sqrt [fxg - exh]*(4xb*Bkd*xfxh + axCkd*xfxh - 3*b*Ck(d*f*g + d¥exh + cxfxh
))*Sqrt[a + bxx]*Sqrt[-(((d*e - c*xf)*(g + h*x))/((f*g - exh)*(c + d*x)))]*E
11ipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrtle + fxx])/(Sqrt[f*g - exh]*Sqrtlc + d
xx])], ((bxc - axd)*(f*xg - exh))/((bxe - axf)*(d*g - c*h))])/(4*xd~2*f"2xh"2

xSqrt [((d*e - c*xf)*(a + b*x))/((bxe - axf)*(c + d*x))]1*Sqrtl[g + h*x]) - ((b

xe — axf)*Sqrt[b*g - axh]*(4*b*Bxdxfxh - a*Cxd*fxh - b*Cx(cxfxh + 3*d*(f*g

+ exh)))*Sqrt [((bxe - axf)*(c + d*x))/((d*xe - cxf)x(a + bxx))]*Sqrt[g + h*x
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1*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrt[a
+ bxx])], -(((bxc - a*xd)*(f*g - exh))/((d*e - c*f)*(bxg - a*h)))])/(4*dxf~2
xh~2xSqrt [fxg - exh]*Sqrtlc + d*x]*Sqrt[-(((b*xe - a*f)*(g + h*x))/((fxg - e
xh)*x(a + bxx)))]) - (Sqrt[-(d*g) + cxh]*((axd*fxh + bx(dxf*g + d*exh + cxfx
h))* (4xbxBxd*f*xh + a*xCkxd*xfxh - 3*b*Ck(d*f*xg + d*xexh + cxfxh)) + 4xdxfxhx* (2%
a"2xCxdxf*h + b72xCx(d*exg + ckxfxg + ckexh) - axbx(4*xBxdxfxh - Ck(dxf*xg + d
xexh + c*xfxh))))*(a + bxx)*Sqrt[((b*g - a*h)*(c + d*x))/((d*g - c*h)*(a + b
*xx) )] *Sqrt [((bxg - axh)*x(e + f*xx))/((f*g - exh)*(a + b*x))]*EllipticPi[-((b
x(d*xg - c*h))/((bxc - axd)*h)), ArcSin[(Sqrt[bxc - axd]*Sqrtlg + h*x])/(Sqr
t[-(d*g) + cxh]l*Sqrtla + b*x])], ((b*e - a*xf)*x(d*xg - cxh))/((b*c - axd)*(f*
g - exh))])/(4xd"2xSqrt [bxc - axd]*f~2xh~3*Sqrt[c + d*x]*Sqrtle + fxx])

Rule 1600

Int[(((a_.) + (b_D*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(8qrtl
(c_.) + (d_)*x(x_)I*Sqrtl[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x)]1), x_S
ymbol] :> Simp[(2%Ckx(a + b*x) m*Sqrt[c + d*xx]*Sqrtle + f*x]*Sqrtlg + h*x])/
(d*f*h*(2*m + 3)), x] + Dist[1/(d*fxh*(2*m + 3)), Int[((a + bxx)"(m - 1)/(S
grtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[a*xAxd*xf*h*(2*xm + 3) - Cx*(ax*
(dxexg + cxfxg + ckxexh) + 2%bxckexg*m) + ((A*b + a*B)*d*f*xhx(2+m + 3) - Cx(
2xax (dxf*g + dxexh + c*xfxh) + bx(2*m + 1)*(d*exg + c*xf*g + cxexh)))*x + (bx*
Bxd*xfxh* (2*%m + 3) + 2xCk(a*xd*xf*h*m - bx(m + 1)*(d*fxg + dxexh + ckxfxh)))*x"
2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B, C}, x] & IntegerQ[2x
m] && GtQ[m, O]

Rule 1602

Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*x(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbo
1] :> Simp[(CxSqrt[a + b*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(b*xf*h*Sqrt[c + dx
x]), x] + (Dist[1/(2*b*d*f*xh), Int[(1*Simp[2*A*b*d*xfxh - Ck(b*d*exg + a*xc*f
*h) + (2*b*Bxd*fxh - Ck(axd*fxh + bx(d*f*g + d*exh + c*xf*h)))*x, x])/(Sqrtl
a + b*x]*Sqrtc + d*x]*Sqrtle + f*x]*Sqrtlg + hx*x]), x], x] + Dist[(Cx(dx*e

- cxf)*x(d*g - c*h))/(2%bxd*f*h), Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrtle

+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rule 1598

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)I*Sqrtl[(c_.) + (d_.)*(x_)]
xSqrt[(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B)/b, Int[1/(Sqrtl[a + bxx]*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrtla + b*x]/(Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtlg +
hxx]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B}, x]

Rule 170

Int[1/(Sqgrtl(a_.) + (b_.)*x(x_)1*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*Sqrt([g + h*x]*Sqrt[(
(bxe - a*xf)*(c + d*x))/((d*xe - cxf)*(a + b*x))])/((f*g - exh)*Sqrt[c + d*x]
*xSqrt [-(((bxe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - a*xd)*x72)/(d*e - c*xf)]xSqrt[1 - ((bxg - axh)*x"2)/(f*g - ex*h
)1), x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~21*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1*E1lipticF[ArcSin[Rt[-(d/c), 21*x], (b*xc)/(a*d)])/(Sqrt[al*Sqrtl[c]*Rt
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[-(d/c), 21), x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 165

Int[Sqrtl(a_.) + (b_.)*x(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£_.)*(
x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Dist[(2x(a + b*x)*Sqrt[((b*xg -
axh)*(c + d*xx))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*xg - a*h)*(e + fx*x))/((f*
g - exh)x(a + b*x))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - b*x~
2)*xSqrt[1 + ((bxc - a*d)*x72)/(d*g - c*h)]*Sqrt[1 + ((b*xe - axf)*x"2)/(f*g
- exh)]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*x(x_)~"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrt[cl*Sqrtle]*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, ¢, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]
&% SimplerSqrtQ[-(f/e), -(d/c)])

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (f_.)
x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2*Sqrt[c + d*x]*Sqrt[
-(((b*xe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))])/((bxe - axf)*Sqrtlg +
h*x]*Sqrt [((b*e - axf)*(c + d*x))/((d*e - c*f)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((b*c - a*d)*x~2)/(d*e - c*f)]/Sqrt[l - ((bxg - a*h)*x72)/(f*g - e*h)]
, xJ, x, Sqrt[e + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
, x]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

Rubi steps
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f 4a?(bB-aC)d fh—b*C (beeg+a(deg-+c|

X

\/c+dx\/e+fx\/g+hx 2dfh

f Va + bx (ﬂbB - a?C + b*Bx + szxz) = V2CVa + bxvc + dxJe + fxfg + hx .\

_ b(4bBdfh + aCdfh - 3bC(dfg + deh + cfh))Va + bxJe + fx\/g + hx
4df2h?\c + dx

_ b(4bBdfh +aCdfh - 3bC(dfg + deh + cfh))Va + bxrJe + fx\[g + hx
4df2h?\c + dx

_ b(4bBdfh +aCdfh - 3bC(dfg + deh + cfh))Va + bxrJe + fxJg + hx
4d f2h?\c + dx

_ b(4bBdfh +aCdfh - 3bC(dfg + deh + cfh)Va + bxrJe + fx /g + hx

4d f2h?\c + dx

Mathematica [B] time = 19.2678, size = 21555, normalized size = 21.99

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrt[a + b*x]*(a*xb*B - a~2*C + b~ 2xB*x + b~ 2xC*x~2))/(Sqrt[c + d
*xx]*xSqrt[e + f*x]*Sqrtlg + hxx]),x]

[Out] Result too large to show

Maple [B] time = 0.145, size = 55327, normalized size = 56.5

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(1/2)*(Cxb~2*x~2+B*b~2*x+B*a*xb-C*xa~2)/(d*x+c) ~(1/2)/ (fxx+e)~(1/
2) / (h*x+g)~(1/2) ,%)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f (Cbzx2 + Bb?x — Ca® + Bub)\/bx +a
Vdx + c/fx +e\hx + g

dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)”(1/2)*(Ckb~2%x~2+B*b~2%x+B*axb-Cka~2)/(d*x+c)~(1/2)/(f*x+
e)”(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2%x~2 + Bxb~2%x - C*a~2 + B*axb)*sqrt(b*xx + a)/(sqrt(d*x + c
)*sqrt (f*x + e)*sqrt(h*x + g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)~ (1/2)*(C*b~2xx"2+B*b~2xx+B*a*xb-Cxa~2)/(d*x+c)~(1/2)/ (f*x+
e)~(1/2)/(h*xx+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

3
(a + bx)2 (Bb— Ca + Cbx) i
Ve +dxyJe + fxafg +hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**(1/2)* (Ckb**2xx**x2+B*b**2*x+B*xa*b-C*a*x*2) /(d*x+c)**(1/2)
/ (£xx+e)*x(1/2) / (hxx+g)**(1/2) ,x)

[Out] Integral((a + b*x)*x(3/2)*(B*b - Cxa + Cxb*x)/(sqrt(c + d*x)*sqrt(e + f*xx)x*
sqrt(g + h*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (Cbzx2 + Bb?x — Ca® + Bub)\/bx +a
Vdx + c/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)” (1/2)*(Cxb~2*x~2+B*b~2*x+B*axb-C*a~2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/(h*xx+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2%x~2 + Bxb~2%x - C*a~2 + B*axb)*sqrt(b*x + a)/(sqrt(d*x + c
)*sqrt (f*xx + e)*sqrt(h*x + g)), x)
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abB-a?C+b?Bx+b?Cx?
322 dx
\/a+bx\/c+dx\/e+fx\/g+hx

Optimal. Leaf size=734

(c+dx)(be=af) pyqe,. . 1 [ Ve+fx+bg—ah (be—ad)(f g—eh) (c+a
C\/g-l-—hx(be - af)\/bgi e ———=—FllipticF (sm ( — '_fg—eh) ’ _(bg—ah)(de—cf)) (a+ bx)m (a+

Fhe + dxy[fg —eh, |- S0t

(a+bx)(fg—eh)

[Out] (b*CxSqrtl[a + b*xx]*Sqrtle + f*x]*Sqrtlg + h*x])/(fxh*Sqrtlc + d*x]) - (b*Cx
Sqrt[d*g - c*h]*Sqrt[f*g - exh]*Sqrtla + b*x]*Sqrt[-(((d*e - c*f)*(g + h*x)
)/ ((fxg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrtl[e + fx*x]
)/ (Sqrt[f*g - exh]l*Sqrtlc + d*x])], ((bxc - a*d)*(f*g - exh))/((b*e - a*xf)x
(d*g - c*h))])/(d*f*h*Sqrt[((d*e - c*xf)*(a + b*x))/((bxe - axf)*(c + d*x))]
xSqrt[g + h*x]) - (Cx(bxe - axf)*Sqrt[bxg - axh]*Sqrt[((b*e - axf)*x(c + d*x
))/((d*xe - cxf)*(a + bxx))]*Sqrtlg + h*xx]*EllipticF[ArcSin[(Sqrt[b*g - axh]
*xSqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrtla + bxx])], -(((bxc - axd)*(fxg - exh
))/((d*e - cxf)*(b*xg - axh)))])/(fxhxSqrt[f*g - exh]*Sqrtl[c + dxx]*Sqrt[-((
(b*xe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]) - (Sqrt[-(d*g) + c*h]*(a*x
Cxd*fxh - bx(2xBkxdxfxh - Cx(d*f*xg + dxexh + c*xfxh)))*(a + b*x)*Sqrt[((b*xg -
axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*xg - axh)*(e + fx*x))/((f*
g - exh)*(a + b*x))]*EllipticPi[-((b*(d*g - cxh))/((b*c - a*d)*h)), ArcSin[
(Sqrt[b*xc - axd]*Sqrtlg + h*x])/(Sqrt[-(d*g) + c*h]xSqrtla + b*x])], ((b*e
- axf)*(d*g - cxh))/((bxc - a*d)*(fxg - exh))])/(d*Sqrt[b*c - axd]*fxh~2*Sq
rt[c + dxx]*Sqrtle + fx*x])

Rubi [A] time = 0.711542, antiderivative size = 732, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 62, LT

integrand size
0.129, Rules used = {1586, 1596, 170, 419, 176, 424, 165, 537}

— (c+dx)(bg—ah) [ (e+fx)(bg—ah) _ _ _b(dg—ch) | .bc—ad\/z
(a + bx)4/ch dg\/(a+bx)(dg_ch)\/(be)(fg_eh)( aCdfh +2bBdfh —bC(cfh + deh + dfg))H( beaay S0 (Jm\ﬂ

dfh2vc + dxJe + fxvbe - ad

Antiderivative was successfully verified.

[In] Int[(axb*B - a”™2xC + b~2*Bxx + b~ 2*Cxx72)/(Sqrt[a + b*x]*Sqrt[c + dxx]*Sqrt
[e + f*x]*Sqrtlg + hx*x]),x]

[Out] (b*CxSqrtla + b*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(f*h*Sqrtlc + dxx]) - (b*Cx
Sqrt [dxg - c*h]*Sqrt[f*g - exh]*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*(g + h*x)
)/ ((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrtle + fx*x]
)/ (Sqrt [fxg - exh]*Sqrtlc + d*x])], ((bxc - axd)*(fxg - exh))/((bxe - axf)=*
(d*g - c*h))])/(dxfxh*Sqrt[((d*e - cxf)x(a + b*x))/((b*e - a*xf)*(c + d*x))]
*xSqrt[g + h*x]) - (Cx(b*e - axf)*Sqrt[bxg - axh]*Sqrt[((bxe - axf)*x(c + d*x
))/((dxe - c*xf)*(a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]
xSqrt[e + f*x])/(Sqrtl[f*g - exhl*Sqrtla + b*x])], -(((b*c - axd)*(f*g - exh
))/((dxe - cxf)*(b*xg - a*h)))])/(f*h*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-((
(bxe - axf)*(g + h*x))/((fxg - exh)*x(a + bxx)))]) + (Sqrt[-(d*g) + cxh]=*(2x
bxBxd*f*h - axCxd*fxh - bxCx(dxf*g + dxexh + c*xfxh))x*(a + b*x)*Sqrt[((b*xg -
axh)*x(c + d*xx))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*xg - a*h)*(e + fx*x))/((f*
g - exh)*(a + b*x))]*EllipticPi[-((b*(d*g - cxh))/((b*c - a*d)*h)), ArcSin[
(Sqrt[b*xc - axd]*Sqrtl[g + h*x])/(Sqrt[-(d*g) + c*h]*Sqrtla + bxx])], ((bxe
- axf)*x(d*g - c*h))/((bxc - axd)*(f*g - exh))])/(d*Sqrt[b*c - axd]*fxh~2xSq
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rt[c + dxx]*Sqrtle + f*x])

Rule 1586

Int[(u_.)*(Px_ )~ (p_.)*(Qx_)"(q_.), x_Symbol] :> Int[u*PolynomialQuotient [Px
, Qx, x]7pxQx~(p + q), x] /; FreeQlq, x] && PolyQ[Px, x] && PolyQ[Qx, x] &&
EqQ[PolynomialRemainder [Px, Qx, x], 0] && IntegerQ[p] && LtQ[p*q, O]

Rule 1596

Int[(Sqrtl(a_.) + (b_.)*(x_)I*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_
)I*Sqrt[(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(B
xSqrt[a + b*xx]*Sqrtle + f*x]*Sqrtlg + h*x])/(fxh*Sqrt[c + d*x]), x] + (-Dis
t[(Bx(b*e - a*xf)*(b*xg - axh))/(2xbxf*h), Int[1/(Sqrtl[a + b*x]*Sqrtlc + d*x]
xSqrt[e + f*x]*Sqrtlg + h*xx]), x], x] + Dist[(Bx(d*e - cxf)*(d*g - cx*h))/(2
*d*f*h), Int[Sqrtla + b*x]/((c + d*x)~(3/2)*Sqrtle + fxx]*Sqrtlg + h*x]), x
1, x] + Dist[(2xAxbxd*f*h + B*(axd*fxh - bx(dxf*g + dxexh + cxfxh)))/(2xbxd
xf*h), Int[Sqrtla + b*x]/(Sqrtlc + d*x]*Sqrtl[e + f*xx]*Sqrtl[g + h*x]), x], x
1) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && NeQ[2xAxd*f - Bx(d*e + cx
£), 0]

Rule 170

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)
x(x_)]*Sqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*Sqrt[g + h*x]*Sqrt[(
(bxe - axf)*(c + d*x))/((d*e - cxf)*(a + b*x))])/((f*g - exh)*Sqrtlc + dx*x]
*Sqrt [-(((bxe - a*f)*(g + h*x))/((f*g - exh)*(a + bx*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - a*d)*x72)/(d*e - c*xf)]xSqrt[1 - ((b*g - axh)*x72)/(f*g - exh
)1), %], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrt[a]*Sqrt[c]l*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al &% SimplerSqrtQ[-(b/a), -(d/c)1)

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)]1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (f_.)
x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2#Sqrtl[c + d*x]*Sqrt[
-(((b*xe - axf)*(g + h*x))/((f*g - exh)*(a + bxx)))])/((b*xe - axf)*Sqrtlg +
hxx]*Sqrt [((bxe - a*xf)*(c + d*x))/((d*e - cxf)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((bxc - axd)*x"2)/(d*e - cxf)]/Sqrt[l - ((b*xg - axh)*x"2)/(f*g - exh)]
, xJ, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
, x]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[a]*EllipticE[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*d)])/(Sqrtlc]*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 165

Int[Sqrtl(a_.) + (b_.)*(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£_.)*(
x )I*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbol] :> Dist[(2x(a + b*x)*Sqrt[((b*g -
axh)*x(c + d*xx))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*xg - a*h)*(e + fx*x))/((f*
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g - exh)*(a + b*x))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - b*x~
2)x3qrt[1 + ((b*c - a*xd)*x72)/(d*g - c*h)]*Sqrt[1 + ((bxe - axf)*x"2)/(f*g
- exh)]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, 4, e,
f, g, h}, x]

Rule 537

Int[1/(((a ) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*Sqrt[cl*Sqrtlel*Rt[-(d/c), 21), x] /; FreeQ[{a, b, ¢, d
, e, £}, x] && 'GtQ[d/c, 0] && GtQ[c, O] && GtQle, O] && !'( !'GtQ[f/e, O]
&% SimplerSqrtQ[-(f/e), -(d/c)])

Rubi steps

f abB — a®C + b?Bx + b>Cx? P f Va + bx(bB - aC + bCx) q
X = x
Va + bxVc + dxrJe + fx\/g + hx Ve +dxrfe + fx\/g + hx

1
_bCVarbrer fayfgrn (e afbg - ah) e
- Fhve + dx 2fh

(2b(bB - aC)dfh + bC(adfh - b(dfg + de

_ bCVa + bxvJe + fxrJg + hx .\

fhvc+dx
— — _ (de=cf)g+h
~ bCVa + bxyJe + fx/g + hx bCg ~ chv/fg — ehva + bx \/ (Fg—eh)(c+d
fhvc+dx dfh (de—cf)(a+1

(be—af)(c+a

Mathematica [B] time = 16.0311, size = 6667, normalized size = 9.08

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(axb*B - a~2xC + b~2*Bxx + b~ 2*Cxx~2)/(Sqrt[a + b*x]*Sqrtlc + d*x
1#Sqrt[e + f*x]*Sqrt[g + h*x]),x]

[Out] Result too large to show

Maple [B] time = 0.079, size = 20235, normalized size = 27.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxb~2*x"2+B*b~2*x+B*xaxb-Cxa~2)/(b*xx+a) ~(1/2)/(d*x+c)~(1/2)/(fxx+e)~(1/
2) / (h*x+g) ~(1/2) ,%)

[Out] result too large to display
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Maxima [F] time = 0., size = 0, normalized size = 0.

Ch%x? + Bb?x — Ca® + Bab
Vbx + avdx + c\[fx + eJix + ¢

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxb™2*x™2+B*b~2*x+B*a*xb-C*a~2)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+
e)”(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2%x~2 + Bxb~2%x - C*a~2 + B*axb)/(sqrt(b*x + a)*sqrt(d*x + c
)*sqrt (f*x + e)*sqrt(h*x + g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb™2*x™2+B*b~2*x+B*a*b-C*a~2)/(b*x+a) ™ (1/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/(h*xx+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxb**2*x**2+B*xb*x*2xx+Bkaxb-Cka*x*2)/(bxx+a)**(1/2)/(d*x+c)**(1/2)
[ (£xx+e)**(1/2) / (h*xx+g)**(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f Cb?x? + Bb?x — Ca? + Bab
Vbx + aVdx + cVfx+eyhx+g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+Bxb~2*xx+B*axb-C*xa~2)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/(h*xx+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2%x~2 + Bxb~2%x - C*a~2 + B*axb)/(sqrt(b*x + a)*sqrt(d*x + c
)*sqrt (f*xx + e)*sqrt(h*x + g)), x)
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3.23 dx

‘f' abB—a?C+b?Bx+b*Cx?
(a+bx)3/2\/c+dx\/e+fx\/g+hx

Optimal. Leaf size=436
(c+dx)(be-af) . L. . 1 [ Ve+fx+/bg—ah _(bc—ad)(fg—eh) — (c+dx)(bg—a
24/g + hx(bB - 2aC), /( e f)ElhptlcF (sm (WW)' (bg—ah)(de—cf)) 2C(a + bx)Jch —dg (erbodg
+

Ve + dx+/bg — ahv[fg — eh, /——g::;{))((;;_ig

[Out] (2% (b*B - 2xa*C)*Sqrt[((b*e - axf)x(c + d*x))/((d*e - c*xf)*(a + b*x))]*Sqrt
[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]l*Sqrtle + f*x])/(Sqrt[f*g - exh]
*Sqrt[a + b*x])], -(((bxc - a*d)*(f*g - exh))/((d*e - c*xf)*(bxg - a*h)))])/
(Sqrt[b*xg - axh]*Sqrt[f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((b*e - axf)*(g + h*x
))/((fxg - exh)*(a + bxx)))]) + (2*%CxSqrt[-(d*g) + cxh]x(a + bxx)*Sqrt[((b*
g - axh)*(c + d*x))/((d*g - cxh)*(a + bxx))]*Sqrt[((b*g - axh)x(e + fx*x))/(
(fxg - exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h))/((bxc - a*d)*h)), ArcS
in[(Sqrt[b*c - a*d]*Sqrt[g + h*x])/(Sqrt[-(d*g) + cxh]*Sqrtla + bxx])], ((b
*xe — axf)*(d*g - cxh))/((bxc - a*d)*(f*xg - exh))])/(Sqrt[bxc - axd]*h*Sqrt[
c + d*x]*Sqrtle + fxx])

Rubi [A] time = 0.511977, antiderivative size = 436, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 62, il LLLT

integrand size
0.097, Rules used = {24, 1598, 170, 419, 165, 537}
S (c+dx)(be— af) —1 [ Vbg—ah+je+fx _ (be—ad)(fg—ch) [ . |(c+dx)(bg—ah) [ (e+]
2yg + hx(bB - 2aC) V (a+bx)(de—cf) (Sl (WW)' (de—cf)(bg—ah)) 2C(a + bx)ych —dg V (a+bx)(dg—ch) V (a+
+
(g+hx)(be—af)
Ve + dx\/bg - ah\/fg —eh, /——(be)(fg_eh)

Antiderivative was successfully verified.

[In] Int[(a*b*B - a~2*C + b~ 2*B*xx + b~2xC*xx~2)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sq
rt[e + f*x]*Sqrtlg + h*x]),x]

[Out] (2% (b*B - 2*a*C)*Sqrt[((b*xe - a*f)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt
[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e + f*x])/(Sqrt[f*g - ex*hl]
xSqrtla + b*xx])], -(((bxc - axd)*(f*g - exh))/((dxe - cxf)*(b*g - a*h)))])/

(Sqrt [bxg - a*h]*Sqrt[f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((b*e - axf)*(g + hxx
))/((f*g - exh)*(a + b*x)))]) + (2xC*xSqrt[-(d*g) + c*h]*(a + b*x)*Sqrt[((b*

g - axh)*x(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((bxg - a*xh)*x(e + f*x))/(

(f*g - exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h))/((b*c - axd)*h)), ArcS
in[(Sqrt[b*c - axd]*Sqrt[g + h*x])/(Sqrt[-(d*g) + cxh]*Sqrtla + bxx])], ((b

xe — axf)*x(dxg - cxh))/((bxc - axd)*(fxg - exh))])/(Sqrt[b*c - a*xd]*h*Sqrt[

c + dxx]*Sqrtle + fxx])

Rule 24

Int[(u_)*((a_) + (b_)*(v_)) " (m_)*x((A_.) + (B_.)*(v_) + (C_.)*(v_)"2), x_S
ymbol] :> Dist[1/b72, Int[ux(a + bxv) (m + 1)*Simp[b*B - a*C + b*Cxv, x], x
1, x]1 /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - axb*B + a~2xC, 0] && LeQ[
m, -1]

Rule 1598

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)]
*xSqrt[(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(Ax*Db
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- a*B) /b, Int[1/(Sqrtla + bxx]*Sqrtl[c + d*xx]*Sqrtle + f*x]*Sqrtlg + h*x]),
x], x] + Dist[B/b, Int[Sqrtla + b*x]/(Sqrtlc + d*x]*Sqrtle + fxx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h, A, B}, x]

Rule 170

Int[1/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrt[(e_.) + (f_.)
*x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*Sqrt[g + h*x]=*Sqrt[(
(bxe - axf)*(c + d*x))/((d*xe - cxf)*(a + b*x))])/((f*g - exh)*Sqrt[c + d*x]
*Sqrt [-(((bxe - a*f)*(g + h*x))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - axd)*x72)/(d*e - c*f)]*Sqrt[1l - ((b*xg - a*h)*x"2)/(fxg - exh
)1), x1, x, Sqrtle + f*x]/Sqrtla + bxx]], x] /; FreeQ[{a, b, c, d, e, £, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrt[a]*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 165

Int[Sqrtl(a_.) + (b_.)*x(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(
x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*(a + b*x)*Sqrt[((bxg -
axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*xg - axh)*(e + fx*x))/((f*
g - exh)x(a + b*x))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - bx*x~
2)*xSqrt[1 + ((bxc - a*d)*x"2)/(d*g - c*h)]*Sqrt[1l + ((b*xe - axf)*x72)/(fx*g
- exh)]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, 4, e,
f, g, h}, x]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(axSqrtlcl*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQl[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, O] && GtQle, 0] && !'( 'GtQ[f/e, O]

&% SimplerSqrtQ[-(f/e), -(d/c)])

Rubi steps

J‘ b2(bB—aC)+b3Cx dx
f abB - a?C + b?*Bx + b*Cx? _ Y Va+bxVe+dxyJe+fxy/g+hx
(a + bx)¥2vc + dxyJe + fx\g + hx b?

Va + bx

1

=C d bB —2aC
f\/c+dx\/e+fx\/g+hx o ! )f\/a+bx\/c+dx\/e+

Fx

(bg—ah)(c+dx) [ (bg—ah)(e+fx) b 1
st
(ZC(IZ + bx)\/(dg—ch)(a+bx)\/(fg—eh)(a+bx)) Subs [f (h_bxz)\/l+(bc—ad)x2 \/l

dg—ch

(be—¢

Ve +dxyJe+ fx

_ (be—ad)(fg—eh)

_ (be—af)(c+dx) . -1 [ Vbg-ah+Je+fx
2(bB - 2aC) {echiartn) g+hxF(sm (WW)

(de—cf)(bg—ah)

]

, (be—af)(g+hx)
\/bg - ah\/fg - Eh\/c + dx _W
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Mathematica [A] time = 6.68979, size = 583, normalized size = 1.34

(e+fx)(bg—ah) .. . -1 (g+hx)(af-be) \ (ad-bc)(eh—fg) (e+fx)(bg—ah) L. .-
2a+ bx)3/2 (c+d)(bg—ah) bB(g+hx) @b (F3=oh) ElhptlcF(sm (1 / (@b 3=oh) ), Te=a)( dg—ch)) 2aC(g+hx) @b 3=ah) ElhptlcF(sm
(a+bx)(dg—ch)

+hx)(af-be)
(a+bx)(bg—ah) gw;(g _g;) (a+bx)(ah—bg)\/%

Ve +dxyfe + fxafg + 1

Antiderivative was successfully verified.

[In] Integrate[(a*xb*B - a”2+C + b™2*Bxx + b~2*Cxx~2)/((a + b*x)~(3/2)*Sqrt[c + d
*xx]*Sqrt[e + fxx]*Sqrtlg + h*x]),x]

[Out] (2x(a + b*x)~(3/2)*Sqrt[((b*xg - a*h)*(c + d*x))/((d*g - cxh)*(a + bxx))]*(-
((bxB*Sqrt [((b*xg - axh)*(e + f*xx))/((f*g - exh)*(a + b*x))]*(g + h*x)*Ellip
ticF[ArcSin[Sqrt[((-(b*xe) + a*xf)*(g + h*x))/((fxg - exh)*(a + b*xx))]1], ((-(
bxc) + axd)*(-(fxg) + exh))/((bxe - axf)x(dxg - c*h))])/((b*xg - axh)*(a + b
*xx)*Sqrt [((-(b*e) + axf)*(g + hxx))/((f*g - exh)*(a + b*x))])) - (2*axCxSqr
t[((bxg - axh)*x(e + fxx))/((f*g - exh)*x(a + b*x))]*(g + h*x)*EllipticF[ArcS
in[Sqrt[((-(b*xe) + a*xf)*x(g + h*x))/((f*xg - exh)*(a + b*x))]], ((-(b*c) + ax
d)*(-(fxg) + exh))/((b*e - axf)*(d*xg - cxh))])/((-(b*g) + axh)*(a + bx*x)*Sq
rt[((-(b*xe) + axf)*(g + h*x))/((f*xg - exh)*(a + b*x))]) + (Cx(-(f*g) + exh)
*Sqrt [-(((bxe - axf)*(bxg - a*h)*(e + f*x)*(g + h*x))/((f*xg - exh)"2x(a + b
*xx)~2))]*E1lipticPi [(b*(-(f*xg) + exh))/((b*e - axf)+*h), ArcSin[Sqrt[((-(bx*e
) + axf)*(g + h*x))/((fxg - exh)x(a + b*x))]], ((-(bxc) + axd)*x(-(f*g) + ex
h))/((b*xe - a*xf)*(d*g - c*xh))])/((bxe - axf)xh)))/(Sqrtlc + d*x]*Sqrtle + f
*x]*3qrt[g + h*x])

Maple [B] time = 0.086, size = 3003, normalized size = 6.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*b~2%x~2+B*b~2*x+B*axb-Cxa~2)/(b*x+a) " (3/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/
2) / (h*xx+g) ~(1/2) ,%)

[Out] 2/(b*x+a)~(1/2)/(d*x+c)~(1/2)/ (f*x+e)~(1/2) / (h*x+g) ~(1/2) /£/h*x ((a*f-b*e) * (h
xx+g) / (a*h-b*g) / (f*x+e) )~ (1/2) x ((exh-f*g) * (d*x+c) / (cxh-dxg) / (f*xx+e) )~ (1/2)*
((exh-fxg)* (b*xx+a)/(a*xh-b*xg) / (f*x+e)) " (1/2) * (CxE1llipticF (((a*f-b*e)* (h*x+g)
/ (axh-bxg) / (fxx+e)) ~(1/2) , ((cxf-dx*e) * (axh-b*g) / (cxh-d*g) / (axf-bxe) )~ (1/2))*
X"2%b"2%exf " 2*xgxh+C*E11ipticPi (((a*f-bxe)* (h*x+g)/(axh-b*g)/(f*x+e))~(1/2),
(axh-bxg) *f/h/ (axf-b*xe) , ((cxf-d*e)* (a*xh-b*g) /(c*h-d*g) /(a*f-bxe)) ~(1/2))*x"
2xaxb*xexf~2xh~2+2*xC+xE1lipticPi (((a*xf-bx*e)* (h*x+g) /(axh-b*xg) / (fxx+e)) ~(1/2),
(axh-bxg) *f/h/ (axf-b*xe) , ((cxf-d*e)* (a*xh-b*g)/(c*h-d*g)/(a*f-b*e)) ~(1/2))*x*
b~ 2%exf " 2xg"2+B*E1lipticF (((axf-b*e)* (h*x+g) / (axh-b*g) / (fxx+e))~(1/2), ((c*f
-dx*e) * (a*h-b*g) / (c*h-d*g) / (a*f-b*e)) ~(1/2))*xaxbxe~2*xf*xh~2-BxEllipticF (((axf
-b*e) * (h*x+g) / (axh-b*xg) / (f*xx+e)) ~(1/2) , ((c*xf-d*xe) * (axh-b*g) / (cxh-d*g) / (axf-
bxe)) " (1/2))*b~2*xe"2*xf*gxh+BxE1lipticF (((axf-b*e)* (h*xx+g) /(axh-bxg) / (f*x+e)
)~ (1/2), ((c*xf-d*e) * (axh-b*g) / (cxh-d*g) / (axf-b*e)) ~(1/2)) *x~2*a*b*f~3xh~2-Bx
EllipticF(((axf-bx*e)*(h*x+g)/(axh-bxg)/(f*x+e))~(1/2), ((cxf-dx*e)* (axh-bx*g) /
(cxh-dx*g) / (axf-bxe) )~ (1/2) ) *x~2+b~2*f " 3xg*xh-2*C*E1lipticF (((axf-bx*e) * (h*x+g
)/ (a*h-bx*g) / (f*x+e) )~ (1/2), ((cxf-d*e)* (axh-b*g) /(cxh-d*g) /(axf-b*xe)) ~(1/2))
xx*a”2%xe*xf " 2xh"2-C*E1lipticF (((a*xf-bxe) * (h*xx+g)/(axh-b*g)/ (f*x+e))~(1/2), ((
cxf-dxe) * (axh-b*g) / (cxh-d*g) / (axf-b*e)) ~(1/2))*x"2*a”~2*xf~3+xh~2+C*E1lipticPi
(((axf-bxe) * (h*xx+g) / (axh-b*xg) / (f*x+e) ) ~(1/2) , (axh-b*xg) *f/h/ (axf-b*e) , ((c*f-
d*e) * (axh-b*g) / (c*h-d*g) / (axf-b*e) )~ (1/2) ) *x"2%b~2%f ~3%g~2-C*E11lipticF (((a*



130

f-bxe) * (h*xx+g) / (axh-b*g) / (£xx+e)) ~(1/2), ((cxf-d*e) * (axh-b*g) / (cxh-d*g) / (axf
-bxe)) " (1/2))*a"2*e”2+f*h"2-C+EllipticF (((a*f-b*e)* (h*x+g)/(axh-bxg)/(f*x+e
))~(1/2), ((c*xf-d*xe) *x (axh-b*xg) / (cxh-d*g) / (axf-b*xe) )~ (1/2) ) *axb*e~3xh~2+C+E11l
ipticF(((axf-b*e)* (h*xx+g)/(axh-bxg) /(f*xx+e)) ~(1/2), ((c*xf-dxe)* (a*xh-bxg) / (c*
h-dxg) / (axf-bxe) )~ (1/2) ) *b~2xe~3*g*h+C*xE11lipticPi (((a*xf-bxe)* (h*xx+g)/(a*h-b
*g) /(£*xx+e))~(1/2), (a*¥h-b*g) *f/h/ (a*f-b*e) , ((cxf-dxe)* (axh-b*g) / (cxh-d*g) /(
axf-bxe)) ~(1/2))*a*b*e~3xh~2-C*E1lipticPi (((a*f-bxe)* (h*x+g)/(a*xh-b*g)/(f*x
+e))~(1/2), (axh-bxg) *f/h/ (axf-b*xe) , ((cxf-d*e)* (axh-b*g) /(c*xh-d*g) / (a*f-bx*e)
)~ (1/2)) *b~2%e"3xg*xh+C+xE1lipticPi (((a*xf-b*e)* (h*x+g) /(axh-b*xg) / (f*x+e)) ~(1/
2) , (a*h-bx*g) *f/h/ (axf-bxe) , ((cxf-d*e)* (axh-b*g)/(cxh-d*g) /(axf-b*xe)) ~(1/2))
*xb~2xe " 2xfxg " 2+2xC*E1lipticF (((a*xf-bxe) * (h*x+g) / (axh-b*g) / (fxx+e))~(1/2), ((
cxf-dxe)* (axh-bxg) /(cxh-dxg) / (axf-bxe) )~ (1/2) ) *x*a*xb*e*f ~2+g+h-2+C+Elliptic
Pi(((axf-b*e)* (h*x+g)/(axh-bxg) /(f*x+e)) ~(1/2), (a*h-b*g) *f/h/ (a*xf-bxe), ((c*
f-dxe) * (a*h-bx*g) / (c*h-d*g) / (a*xf-bxe)) ~(1/2) ) *x*a*xbxe*f 2*xgxh-C*E11lipticPi ((
(axf-bxe) *x (h*xx+g) / (axh-b*g) / (f*x+e)) ~(1/2), (axh-b*xg) xf/h/ (axf-b*e) , ((c*f-d*
e)x (axh-bx*g) / (cxh-dx*g) / (a*xf-bxe)) ~(1/2) ) *x~2*a*b*f " 3*g*h-C*E1lipticPi (((axf
-bxe) * (h*x+g) / (axh-b*g) / (f*x+e) )~ (1/2), (axh-bxg) *f/h/ (axf-bxe) , ((c*f-d*e)*(
axh-b*g) / (cxh-d*g) / (axf-b*e)) ~(1/2))*x"2xb~2%exf ~"2xgxh+2*xB*E1lipticF (((axf-
bxe) * (h*x+g) / (axh-b*xg) / (fxx+e)) ~(1/2), ((cxf-d*e)* (axh-b*g)/(cxh-d*g)/(axf-b
xe) )~ (1/2) ) *xxa*xbxexf~2xh~2-2+«B*E11lipticF (((a*f-bxe) * (h*x+g)/(axh-b*g) / (f*x
+e))~(1/2), ((cxf-d*e)* (axh-b*g) / (cxh-d*g) / (axf-b*xe)) ~(1/2)) *x*b~2%e*xf ~2*g*h
-2%C*E1llipticF (((axf-b*e)* (hxx+g)/(axh-b*xg) / (f*x+e))~(1/2), ((c*f-dxe) * (a*h-
bxg) / (cxh-d*g) / (axf-b*xe)) " (1/2)) *x*axb*e”2+fxh~2+2xCxE11lipticF (((axf-bxe)*(
hxx+g) / (axh-b*g) / (fxx+e) )~ (1/2), ((cxf-d*e)* (axh-b*g) / (cxh-d*g) / (a*xf-b*e)) ~(
1/2) ) xx*b~2%e” 2xfxgxh+2*CxE11ipticPi (((a*xf-bxe) * (h*x+g) / (axh-b*g) / (f*x+e))”
(1/2) , (a*h-bx*g) *f/h/ (axf-bxe) , ((cxf-d*e)* (axh-b*g)/(cxh-d*g) /(axf-b*xe)) ~(1/
2) ) *x*axbkxe”~2xf*xh"2-2%C*E1lipticPi (((a*f-b*e)* (h*x+g)/(a*xh-b*xg)/(f*x+e)) (1
/2), (axh-bxg) xf /h/ (axf-b*e) , ((cxf-d*e) * (axh-b*g) / (cxh-d*g) / (axf-b*xe)) ~(1/2)
) *xxb~2%e " 2*xfxgxh+CxE1lipticF (((axf-b*e)* (h*xx+g) /(axh-bxg) / (f*x+e)) ~(1/2), (
(cxf-dxe) * (axh-bxg) / (cxh-dxg) / (a*xf-bxe) )~ (1/2) ) xaxb*e " 2*f*gxh-C*xE1lipticF ((
(axf-bxe) *x (h*xx+g) / (axh-b*xg) / (f*x+e)) ~(1/2), ((cxf-d*e)* (axh-b*g) / (cxh-d*g) /(
axf-bxe)) ~(1/2) ) *x"2*%axb*e*xf "2xh~2-C*E1lipticPi (((axf-b*e) * (h*x+g) / (a*h-b*g
)/ (f*x+e))~(1/2), (a*h-bxg) *xf/h/ (axf-b*e) , ((c*¥f-d*e)*(a*xh-b*xg) / (cx¥h-d*g) / (ax
f-bxe)) ~(1/2))*xaxbxe”2*xfxg*h+C+xE1lipticF (((axf-b*e)* (h*x+g)/(a*h-bx*g) / (f*x+
e))~(1/2), ((cxf-d*xe)* (axh-b*xg) / (cxh-d*xg) / (axf-b*xe)) ~(1/2)) *x~2xa*b*f ~3*gxh)
/ (exh-f*g) / (axf-b*e)

Maxima [F] time = 0., size = 0, normalized size = 0.
Cb?x?* + Bb?x — Ca? + Bab
3
(bx + a)2Vdx + cy[fx +eyJix + ¢

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2%x~2+B*b~2*x+B*axb-C*xa~2)/(b*x+a) ~(3/2)/(d*x+c)~(1/2)/(f*xx+
e)”~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima"

[Out] integrate((Cxb~2%x~2 + Bxb~2*x - Cxa~2 + B*axb)/((bxx + a)~(3/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((Cxb~2*x~2+B*b~2*x+Bxaxb-C*xa~2)/(b*x+a) (3/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/(h*xx+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxb**2xxx*2+B*b**2xx+Bxaxb-Cxa**2)/ (b*x+a)**(3/2) /(d*x+c)**(1/2)
[ (£xx+e)**(1/2) / (hxx+g)**(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f Cb?x? + Bb*x — Ca® + Bab

3
(bx + a)2Vdx + cy[fx +eyJix + ¢
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+B*b~2*x+Bxaxb-C*xa~2)/(b*x+a) (3/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/(h*x+g) ~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2%x~2 + Bxb~2*x - C*a~2 + Bxaxb)/((bxx + a)~(3/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)



132

3.24 dx

‘f' abB—a?C+b?Bx+b*Cx?
(a+bx)5/2\/c+dx\/e+fx\/g+hx

Optimal. Leaf size=616

_ (c+dx)(be=af) pqye. o .1 [ VerfxJbg—ah ) (be—ad)(fg—eh)
2y/g + hix(aCd de+bdDV(mew1ﬂEHqﬁmF($n (thumrm)’(@%mwﬁdJ 20%Vc + dxrfe + fxa/g + ha
(g+hx)(be—af) Va + bx(bc — ad)(be — af
Ve + dx(be — ad)+Jbg — ah+/fg — eh, /—ng_eh) ( ) f

[Out] (2*%b*(b*B - 2*axC)*d*Sqrt[a + bxx]*Sqrtle + f*x]*Sqrtlg + h*x])/((bxc - axd
)*(bxe - axf)*x(bxg - axh)*Sqrtlc + d*x]) - (2xb~2x(b*B - 2xa*C)*Sqrt[c + d*
x]*Sqrtle + f*x]*Sqrtlg + h*x])/((bxc - axd)*(bxe - axf)*(b*g - axh)*Sqrt[a
+ b*x]) - (2%bx(b*B - 2xa*C)*Sqrt[d*g - c*h]*Sqrt[f*g - exh]*Sqrtla + b*x]
*Sqrt [-(((d*e - c*xf)*(g + h*x))/((f*g - exh)*(c + dxx)))]*EllipticE[ArcSin[
(Sqrt[d*g - cxh]xSqrtle + f*x])/(Sqrt[f*g - exh]*Sqrtlc + d*x])], ((b*c - a
xd)*x(fxg - exh))/((bxe - axf)*x(d*g - c*h))])/((b*xc - a*d)*(bxe - axf)*(bxg
- axh)*Sqrt [((d*xe - c*xf)*(a + b*x))/((bxe - a*xf)*(c + d*x))]*Sqrtl[g + h*x])
+ (2% (b*c*C - bxBxd + a*xCxd)*Sqrt[((bxe - axf)*(c + d*x))/((d*e - cxf)*(a
+ b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtle + fx*x])/(Sq
rt[fxg - exh]*Sqrt[a + b*xx])], -(((b*xc - a*xd)*(f*xg - exh))/((d*e - c*f)*(bx*
g - axh)))])/((b*c - axd)*Sqrt[b*xg - axh]*Sqrt[f*g - exh]xSqrt[c + d*x]*Sqr
t[-(((b*xe - axf)*(g + h*x))/((fxg - exh)*(a + bxx)))])

Rubi [A] time = 1.17029, antiderivative size = 616, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 62, e .

0.129, Rules used = {24, 1599, 1602, 12, 170, 419, 176, 424}

integrand size

I (c

262Ve + dxfe + fx\[g + hx(bB —2aC)  2bdVa + bx+fe + fx+/g + hx(bB - 2aC) 28 + hx(aCd = bBd + beC), |G
- + +

Va + bx(bc — ad)(be — af)(bg — ah) Ve + dx(bc — ad)(be — af)(bg — ah) Ve T dx(be — ad)-

Antiderivative was successfully verified.

[In] Int[(a*b*B - a”2*C + b~ 2*B*x + b~2*C*xx~2)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sq
rt[e + f*x]*Sqrtlg + h*x]),x]

[Out] (2*%b*x(b*B - 2*a*xC)*d*Sqrt[a + bxx]*Sqrtl[e + f*x]*Sqrtlg + h*x])/((bxc - axd
)*(bxe - axf)*x(bxg - axh)*Sqrtlc + d*x]) - (2xb~2x(b*B - 2xa*C)*Sqrt[c + d*
x]*Sqrtle + f*x]*Sqrtlg + h*xx])/((bxc - axd)*(bxe - axf)*(b*g - axh)*Sqrt[a
+ bxx]) - (2%b*(b*B - 2*xaxC)*Sqrt[d*g - c*h]*Sqrt[f*g - exh]*Sqrtl[a + bx*x]
*Sqrt [-(((d*e - cxf)*(g + h*x))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[
(Sqrt[d*g - cxh]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrtlc + d*xx])], ((b*c - a
xd)*x(fxg - exh))/((bxe - axf)*x(d*g - c*h))])/((b*xc - a*xd)*(bxe - axf)*(bxg
- axh)*Sqrt[((d*e - c*f)*(a + b*x))/((bxe - axf)*(c + d*x))]*Sqrtlg + hx*x])
+ (2% (b*c*C - b*Bxd + axCxd)*Sqrt[((bxe - axf)*(c + d*x))/((d*e - cxf)*(a
+ b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]l*Sqrtle + f*x])/(Sq
rt[fxg - exh]*Sqrtla + b*x])], -(((b*c - axd)*(f*g - e*h))/((d*e - cxf)*(b*
g - axh)))])/((b*c - axd)*Sqrt[b*xg - axh]*Sqrt[f*g - exh]xSqrt[c + d*x]*Sqr
t[-(((b*xe - a*xf)*(g + h*x))/((fxg - exh)*(a + bxx)))])

Rule 24

Int[(u_.)*((a_) + (b_)*(v_)) " (m_)*x((A_.) + (B_.)*x(v_) + (C_.)*(v_)"2), x_S
ymbol] :> Dist[1/b72, Int[ux(a + bxv)~(m + 1)*Simp[b*B - a*C + b*Cxv, x], x
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1, x] /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*b*B + a~2xC, 0] && LeQ[
m, —-1]

Rule 1599

Int[((Ca_.) + (b_.)*(x_)) " (m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)J*Sqgrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simpl[(
(A*b~2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx]
)/ ((m + 1)*(b*c - a*xd)*(b*e - axf)*(bxg - ax*h)), x] - Dist[1/(2x(m + 1)*(b*
c - axd)*(bxe - axf)*(b*g - axh)), Int[((a + bxx)"(m + 1)/(Sqrtlc + d*x]*Sq
rtle + f£xx]*Sqrtg + h*x]))*Simp[A*(2xa~2*d*xfxhx(m + 1) - 2xaxb*x(m + 1)*(dx
fxg + dxexh + ckxfxh) + b72%(2*m + 3)*(d*exg + cxf*xg + ckexh)) - b*Bx(ax(dxe
xg + cxf*g + ckexh) + 2xbkckxexgk(m + 1)) - 2x((A*b - a*B)*(axd*f*xh*x(m + 1)
- bx(m + 2)*(dxfxg + dxexh + cxfxh)))*x + dxf*xh*x(2*xm + 5)*(A*b~2 - a*xb*B)x*x
~2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2*m]
&& LtQ[m, -1]

Rule 1602

Int[((A_.) + (B_)*(x_) + (C_)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrt[(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[(C*Sqrt[a + bxx]*Sqrtl[e + f*x]*Sqrtlg + h*x])/(b*fxhxSqrt[c + dx*
x]), x] + (Dist[1/(2%b*xd*f*h), Int[(1*Simp[2xA*bxd*f*h - Ck(bxd*e*xg + axcxf
xh) + (2*%b*B*d*xfxh - Cx(a*xdxfxh + b*x(d*f*xg + dxexh + c*fxh)))*x, x])/(Sqrt[
a + b*x]*Sqrt[c + d*x]*Sqrtle + fxx]xSqrtl[g + h*x]), x], x] + Dist[(Cx(dxe

- cxf)*x(d*g - c*h))/(2%b*xdxf*h), Int[Sqrtla + b*x]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrtlg + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 170

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2xSqrt[g + h*x]*Sqrt[(
(bxe - a*f)*(c + d*x))/((d*xe - cxf)*(a + b*x))])/((f*g - exh)*Sqrt[c + d*x]
*Sqrt [-(((b*xe - axf)*(g + h*x))/((f*g - exh)*x(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((b*c - axd)*x"2)/(d*e - cxf)]*Sqrt[1l - ((bxg - a*xh)*x"2)/(fxg - exh
)1), x], x, Sqrtle + f*x]/Sqrtla + bxx]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int[1/(Sqrt(a ) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1*E1lipticF[ArcSin[Rt[-(d/c), 2]1*x], (b*c)/(a*xd)])/(Sqrt[al*Sqrt[c]*Rt
[-(d/c), 2]), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)1)

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)]/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (f_.)
*x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2*Sqrtl[c + d*x]*Sqrt[
-(((b*xe - axf)*(g + hxx))/((f*g - exh)*(a + b*x)))])/((bke - a*xf)*Sqrtl[g +
h*x]*Sqrt [((b*e - axf)*(c + d*x))/((d*xe - c*f)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((b*c - a*xd)*x72)/(dxe - c*f)]/Sqrt[1l - ((b*g - axh)*x~2)/(fxg - ex*h)]
, x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}
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, XJ

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrtlc]l*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rubi steps

J‘ b2(bB-aC)+b3Cx dx
f abB — a?C + b?*Bx + b*Cx? 7 (a+bx)¥2Netdxfe+ fxJg+hx

(a + bx)52Vc + dxyJe + fx\g + hx b?

_ 20%(bB - 2aC)Vc + dxrJe + fxrg + hx s

h2(bZC(bceg—a(deg+cfg+ceh))—u(bB—ﬁ

(bc — ad)(be — af)(bg — ah)Va + bx

_ 2b(bB - 2aC)dVa + bxrJe + fx\fg + hx

20%(bB — 2aC)Vc + dxrJe + fxf

(bc — ad)(be — af)(bg — ah)Vc + dx

(bc — ad)(be — af)(bg — ah)Va

20%(bB — 2aC)Vc + dxJe + fxy/

_ 2b(bB - 2aC)dVa + bxrJe + fx g + hx

(bc — ad)(be — af)(bg — ah)Vc + dx

_ 2b(bB - 2aC)dVa + bxrJe + fx g+ hx

(bc — ad)(be — af)(bg — ah)Va

20%(bB — 2aC)Vc + dxJe + fxy/

(bc — ad)(be — af)(bg — ah)Vc + dx

_ 2b(bB - 2aC)dVa + bxrJe + fx g+ hx

(bc — ad)(be — af)(bg — ah)Va

202(bB — 2aC)Vc + dxJe + fxy/

(bc — ad)(be — af)(bg — ah)Vc + dx

Mathematica [A] time = 11.9875, size = 340, normalized size = 0.55

(bc — ad)(be — af)(bg — ah)Va

dx)(bg—ah . L. .- h —b bc—ad —eh
2e + F1)¥2(g + hx)2(be — af), /% ((bg — ah)(aCd - bBd + bcC)EllipticF (sm 1 (1 / Egjb)’ff’; h;) , gbg_g f;‘(f;g_jh

(a -+ bx)P2\e + dx(be — ad)(fg — eh)? (_ (e+fx)gehx)be-af)(bg-—

Warning: Unable to verify antiderivative.

(a+bx)2(fg—eh)?

[In] Integrate[(a*b*B - a™2+C + b72*Bxx + b™2*xCxx~2)/((a + b*x)~(5/2)*Sqrtlc + d

*xx]*Sqrt[e + f*x]*Sqrtlg + h*x]),x]

[Out] (2x(b*e - axf)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - cxh)*(a + bxx))]*(e + £

*xx) " (3/2)*%(g + h*x)~(3/2)*(b*(b*B - 2%a*xC)*(d*g - c*h)*EllipticE[ArcSin[Sqr
t[((-(bxe) + axf)*(g + h*x))/((fxg - exh)x(a + b*x))]], ((bxc - axd)*(f*xg -
exh))/((b*xe - a*xf)*(dxg - cxh))] + (bxc*C - b*Bxd + axCxd)*(b*g - axh)*Ell
ipticF[ArcSin[Sqrt[((-(b*e) + axf)*(g + h*x))/((fxg - exh)x(a + b*x))]], ((
bxc - axd)*(f*g - exh))/((bxe - axf)*(d*g - c*xh))]))/((b*xc - a*d)*(f*g - ex
h)~3*(a + bxx)~(5/2)*Sqrt[c + d*xx]*(-(((bxe - axf)*(b*xg - ax*h)*(e + f*x)*(g
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+ h*x))/((f*g - exh)"2*(a + b*x)72)))~(3/2))

Maple [B] time = 0.156, size = 9443, normalized size = 15.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxb~2*x"2+B*b~2*x+Bxaxb-Cxa~2)/(b*xx+a) ~(5/2)/(dxx+c)~(1/2)/(fxx+e)~(1/
2) / (h*x+g) ~(1/2) ,%)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.
Cb?x? + Bb?x — Ca® + Bab
5
(bx + a)2Vdx + cy[fx + eyJix + ¢

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+Bxb~2*xx+B*axb-C*xa~2)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+
e)”~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima"

[Out] integrate((Cxb~2xx~2 + Bxb~2*x - C*a~2 + Bkaxb)/((b*x + a)~(5/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Cbx—-Ca+E
B2AfhxS + a’ceg + (b2dfg + (b2de + (b%c + 2 abd) f )h)x* + ((b2de + (b2 + 2 abd) f)g + ((b2c + 2abd)e +

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+Bxb~2*xx+B*axb-C*xa~2)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/(h*xx+g)~(1/2) ,x, algorithm="fricas")

[Out] integral((Cxb*x - Cxa + B*b)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt
(hxx + g)/(b~2xd*f*h*x"5 + a~2*ckxexg + (b~ 2*d*f*g + (b~2xd*e + (b~2*c + 2xa
xb*d) *f) *h)*x~4 + ((b™2xd*e + (b~2%c + 2*xaxb*xd)*f)*g + ((b~2%c + 2*xaxb*d)*e

+ (2%axbxc + a~2xd)*f)*h)*x"3 + (((b™2*%c + 2*axbxd)*e + (2*kaxbxc + a~2*d)*

f)*xg + (a”"2xcxf + (2xa*xbxc + a~2*d)*e)*h)*x"2 + (a”2*ckexh + (a”2*cxf + (2%
axbxc + a”2xd)*e)*g)*x), X)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate ((Cxbx*2xx**2+Bxb**2*x+Bkaxb-Cka**2)/ (b*x+a)**(5/2)/ (d*x+c)**(1/2)
/ (£xx+e) *x(1/2) / (hxx+g) **(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
Cb?x? + Bb*x — Ca® + Bab
5
(bx + a)2Vdx + cy[fx +eyJix + ¢

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((C*b~2*x~2+B*b~2*x+B*a*xb-Cxa~2)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+
e)”~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2*x~2 + Bxb~2%x - Cxa”2 + Bkaxb)/((bxx + a)~(5/2)*sqrt(d*x +
c)*sqrt(fxx + e)xsqrt(h*x + g)), x)
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3.25 dx

‘f' abB—a?C+b?Bx+b*Cx?
(a+bx)7/2\/c+dx\/e+fx\/g+hx

Optimal. Leaf size=1128

2 (9Cdfha3 —b(6Bdfh +5C(dfg + deh + cfh))a? + b*(C(deg + cfg + ceh) + 4B(dfg + deh + cfh))a — b3(2Bdeg —
3(bc — ad)?(be — af)?(bg — ah)?>Va + bx

[Out] (2*%b*d*(9*%a~3*Cxd*f*xh - b~ 3*(2%Bkdxe*xg - c*x(3*Cxe*xg — 2*Bxf*g - 2%Bxe*h)) +
axb~ 2% (Ck (dxexg + c*xf*xg + cxexh) + 4*Bx(dxfxg + d*exh + cxfxh)) - a~2%b*(6
*Bxd*xf*h + 5xCx(dxfxg + dkexh + c*f*h)))*Sqrt[a + bxx]*Sqrtl[e + f*x]*Sqrtlg
+ h*x])/(3x(b*c - axd) "2x(bxe - a*xf) 2*(b*xg - axh) 2xSqrtlc + d*x]) - (2*b
“2x(b*B - 2¥axC)*Sqrtc + d*x]*Sqrtle + f*x]*Sqrtlg + hxx])/(3*(bxc - axd)*
(bxe - a*xf)*(b*xg - axh)*x(a + b*x)7(3/2)) - (2%b72x(9*a~3*Cxd*fxh - b~3%(2*B
xd*xexg — cx(3xCkxexg — 2xBxfxg — 2xBkxexh)) + a*xb™2x(Cx(d*exg + cxf*g + c*exh
) + 4xBx(dxfxg + dxexh + cxfxh)) - a”2%b*(6*Bxd*fxh + 5xCx(d*f*g + dxexh +
cxf*h)))*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3x(b*xc - a*xd) 2% (b*e -
axf) 2% (b*g - axh) 2xSqrtl[a + b*xx]) - (2xb*Sqrt[d*g - c*h]*Sqrt[f*g - ex*h]
*x(9%xa”3*Ckxd*fxh - b~ 3% (2*Bxd*exg — cx(3xCkexg — 2xBxfxg — 2xBxexh)) + a*xb”2
*x(Cx(dxe*xg + cxfxg + ckxexh) + 4*Bx(dxf*g + dkexh + cxf*h)) - a~2*bx(6xB*xd*f
xh + B*Ck(d*f*g + dxexh + cxfxh)))*Sqrt[a + b*x]*Sqrt[-(((d*xe - c*xf)*(g + h
*x))/((fxg - exh)*x(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtl[e + f
*x])/(Sqrt [fxg - exh]*Sqrtlc + d*x])], ((b*c - a*xd)*x(f*xg - exh))/((b*xe - ax
f)*(dxg - cxh))])/(3*x(b*xc - a*xd) 2x(bxe - axf) 2% (bxg - axh) 2*Sqrt[((d*e -
cxf)*x(a + b*x))/((bxe - axf)*(c + d*x))]1*Sqrtlg + h*x]) - (2*%(3*%a~3*Cxd~2x*
fxh - b73*(2*%Bxd~2*%exg - B*xc 2xf*h - c*kdx(3xCkexg - Bxf*g - Bkexh)) - 3*a”2
*xbxd* (Bxd*f*h + Cx(dxfxg + dkexh - c*xf*h)) + axb”™2x(3*Bxd"2x(f*g + exh) + C
*(d"2%exg - ckdxfxg - ckdkexh - 2%c™2xfxh)))*Sqrt[((b*e - axf)*(c + d*x))/(
(d*e - c*f)*(a + b*x))]*Sqrtlg + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqr
tle + £*x])/(Sqrtf*g - exh]*Sqrtla + b*x])], -(((bxc - axd)*(fxg - exh))/(
(d*e - c*f)*(b*xg - axh)))])/(3x(bxc - axd) 2% (b*e - a*xf)*(bxg - axh)~(3/2)*
Sqrt [fxg - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe - a*xf)*(g + hx*x))/((fxg - ex*h)*(
a + b*x)))1)

Rubi [A] time = 4.29887, antiderivative size = 1119, normalized size of antiderivative =

0.99, number of steps used = 9, number of rules used = 8, integrand size = 62, number of rules

= 0.129, Rules used = {24, 1599, 1602, 12, 170, 419, 176, 424}

integrand size

2 (9Cdfha3 —b(6Bdfh + 5C(dfg + deh + cfh))a® + b*(C(deg + cfg + ceh) + 4B(dfg + deh + cfh))a + b>(3cCeg —
3(bc — ad)?(be — af)?(bg — ah)?>Va + bx

Antiderivative was successfully verified.

[In] Int[(a*b*B - a~2*%C + b~2*B*x + b 2*xC*x~2)/((a + b*x)~(7/2)*Sqrt[c + d*x]*Sq
rt[e + f*x]*Sqrtlg + h*x]),x]

[Out] (2%bxd*(9*%a~3*Ckxd*f*h + b~3*(3*ckCxe*xg - 2*%Bxd*exg — 2xBxckx(fxg + exh)) + a
*b~2% (Cx(dxexg + c*xfxg + c*xexh) + 4*Bx(dxfxg + d*exh + cxfxh)) - a~2xb*(6x*B
xd*xfxh + 5xCk(d*f*xg + dxexh + c*xfxh)))*Sqrt[a + bxx]*Sqrtl[e + f*xx]*Sqrt[g +
hxx])/(3*(bxc - a*d) "2*(b*xe - axf) 2x(b*g - axh) 2xSqrt[c + d*x]) - (2xb~2
x(bxB - 2%axC)*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*xx])/(3%(bxc - axd)*(b
xe — axf)*(b*xg - a*h)*(a + b*x)~(3/2)) - (2xb~2%(9*%a~3*Cxd*f*xh + b~ 3*(3*c*C
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xexg — 2*%Bxdkexg — 2xBkxckx(fxg + exh)) + axb”2*(Ckx(d*exg + cxf*xg + ckexh) +
4xB* (dxfxg + d¥exh + cxfxh)) - a~2xb*(6*Bxd*fxh + 5xCx(d*f*xg + dxexh + c*xfx
h)))*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3*(b*xc - a*d) "2x(bxe - axf
) "2x(bxg - axh) "2*Sqrt[a + b*x]) - (2*b*Sqrt[d*g - cxh]*Sqrt[f*g - exh]x*(9*
a~3*%Cxdxf*h + b~3x(3kcxCxexg - 2xBxdxexg - 2xBxc*x(fxg + exh)) + axb”™2x(Cx(d
xexg + ckfxg + cxexh) + 4*Bx(dxfxg + d¥exh + cxfxh)) - a"2%bx(6*Bxd*fxh + 5
*Cx (d*f*g + d¥xexh + c*fxh)))*Sqrt[a + bxx]*Sqrt[-(((d*xe - cxf)*(g + h*x))/(
(f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtle + fxx])/(
Sqrt[f*g - exh]*Sqrtlc + d*x])], ((bxc - a*xd)*(f*g - exh))/((bxe - ax*f)x*(dx*
g - c*h))])/(3x(bxc - axd) "2+ (b*e - axf) 2x(bxg - axh) "2+Sqrt[((d*e - cx*f)*
(a + bxx))/((bxe - axf)*(c + d*x))]*Sqrt[g + h*x]) - (2x(3*%a~3*C*xd~2*f*h -
b~ 3% (2*%Bxd"2%e*g — BkxcT2xf*h - ckd*x(3%Ckexg — Bxf*g — Bkexh)) - 3%a~2*bxd*(
Bxd*xfxh + Cx(d*f*g + dkexh - c*xfxh)) + axb™2x(3*B*d~2*(f*g + exh) + C*x(d™2x%
exg — cxdxf*xg - cxdxexh - 2xc”2*fxh)))*Sqrt[((b*e - axf)*x(c + d*x))/((d*e -
cxf)*(a + b*x))]*Sqrtl[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e +
f*x])/(Sqrt[f*g - exh]*Sqrtla + b*x])], -(((b*xc - axd)*(f*g - exh))/((dxe -
cxf)*(b*g - axh)))])/(3x(bxc - a*xd) 2% (b*e - axf)*(b*xg - axh)”(3/2)*Sqrt[f
xg — exh]*Sqrt[c + d*x]*Sqrt[-(((bxe - axf)*x(g + h*x))/((f*g - exh)*(a + bx
x))) 1)

Rule 24

Int[(u_.)*((a_) + (b_.)*x(v_)) " (m_)*((A_.) + (B_.)*x(v_) + (C_.)*x(v_)"2), x_S
ymbol] :> Dist[1/b72, Int[ux(a + bxv)~(m + 1)*Simp[b*B - a*C + b*Cxv, x], x
1, x] /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*b*B + a~2*C, 0] && LeQ[
m, -1]

Rule 1599

Int[(((a_.) + (b_)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)IxSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
(Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrtl[e + fxx]*Sqrtl[g + hx*x]
)/ ((m + 1)*(bxc - axd)*(b*e - axf)*(b*g - a*h)), x] - Dist[1/(2x(m + 1)*(bx
c - axd)*(b*e - axf)*x(bxg - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]))*Simp[A*(2*xa~2*xd*xf*h*x(m + 1) - 2%a*xbx(m + 1)*(dx*
fxg + dxexh + cxfxh) + b™2%(2#m + 3)*(d*e*xg + cxf*xg + cxexh)) - b*Bx(ax(d*e
xg + cxf*g + ckexh) + 2xbkckxexgkx(m + 1)) - 2x((A*b - a*B)*(axd*f*xhx(m + 1)
- bx(m + 2)*(dxfxg + d¥exh + cxfxh)))*x + dxf*xh*x(2xm + 5)*(A*b~2 - a*xb*B)x*x
~2, x], x1, x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, A, B}, x] && IntegerQ[2+*m]
&% LtQ[m, -1]

Rule 1602

Int[(CA_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_)*(x_)]*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[(CxSqrt[a + b*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(b*xf*h*Sqrt[c + dx
x]), x] + (Dist[1/(2%b*d*f*h), Int[(1*Simp[2xA*xb*d*f*h - Ck(b*d*e*xg + akxcxf
*h) + (2xb*Bkxd*fxh - Ck(axd*fxh + bkx(dxf*g + dxexh + cxfxh)))*x, x])/(Sqrt[
a + b*x]*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtl[g + h*x]), x], x] + Dist[(Cx(dxe

- cxf)*(d*g - c*h))/(2%bxd*xf*h), Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrtlg + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 170
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Int[1/(Sqgrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)
*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2%Sqrtl[g + h*x]*Sqrt[(
(bxe - a*xf)*(c + d*x))/((d*xe - cxf)*(a + b*x))])/((f*g - exh)*Sqrt[c + d*x]
*xSqrt [-(((bxe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - a*xd)*x72)/(d*e - c*xf)]*Sqrt[1 - ((bxg - axh)*x72)/(f*g - ex*h
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1*E1lipticF[ArcSin[Rt[-(d/c), 21*x], (b*xc)/(a*d)])/(Sqrt[al*Sqrtl[c]*Rt
[-(d/c), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2*Sqrtl[c + d*x]*Sqrt[
-(((b*xe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))])/((bxe - axf)*Sqrtlg +
h*x]*Sqrt [((b*e - axf)*(c + d*x))/((d*xe - c*f)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((b*c - a*xd)*x”2)/(dxe - c*f)]/Sqrt[l - ((b*xg - axh)*x~2)/(fxg - ex*h)]
, x], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h}
, x]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrtl[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (bxc)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

Rubi steps
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f b2(bB-aC)+b3Cx dx
f abB - a?C + b?*Bx + b*Cx? Y (a+bx)32NerdxJer fxyg i
(a + bx)"2Nc + dxrJe + fx\g +hx b?

b?(b2C(3bceg—a(deg-+cfg-+cel))~(bB—

_ 20%(bB - 2aC)Vc + dxrJe + fxrJg + hx
"~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3?

_ 2V%(bB - 2aC)Ve +dxfe + fx\lg+hx 202 (9613Cdfh + b3(3cCeg — 2B
= 3(bc — ad)(be - af)(bg — ah)(a + bx)3? -

2bd (9u3Cdfh + b3(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab*(C(deg + cfg + ce
- 3(bc — ad)?(

2bd (9a3Cdfh + b>(3cCeg — 2Bdeg — 2Bc(f g + eh)) + ab*(C(deg + cf g + ce
- 3(bc — ad)(

2bd (9a3Cdfh + b>(3cCeg — 2Bdeg — 2Bc(f g + eh)) + ab®(C(deg + cf g + ce
- 3(bc — ad)?(

2bd (9a3Cdfh + b3(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab*(C(deg + cfg + ce
- 3(be — ad)?(

Mathematica [B] time = 26.6129, size = 10645, normalized size = 9.44

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integratel[(axb*B - a"2xC + b~2*Bxx + b~ 2*Cxx"2)/((a + bxx)~(7/2)*Sqrtlc + d
*xx]*Sqrt[e + f*x]*Sqrtlg + h*x]),x]

[Out] Result too large to show

Maple [B] time = 1.269, size = 75992, normalized size = 67.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxb~2*x~2+B*b~2*x+B*axb-C*xa~2)/(b*xx+a) ~(7/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/
2) / (h*xx+g) ~(1/2) ,%)

[Out] result too large to display
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Maxima [F] time = 0., size = 0, normalized size = 0.
Cb?x?* + Bb?x — Ca? + Bab

dx
7
(bx + a)2Vdx + cy[fx +eyJix + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+Bxb~2*xx+B*axb-C*xa~2)/(b*x+a)~(7/2)/(d*x+c)~(1/2)/(f*x+
e)”~(1/2)/ (h*x+g) ~(1/2) ,x, algorithm="maxima"

[Out] integrate((Cxb~2%x~2 + Bxb~2*x - Cxa~2 + B*axb)/((bxx + a)~(7/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral B3dfhxd + adeeg + (bdfg + (bde + (bc + 3 ab2d) f))xS + ((b3de + (bc + 3ab2d) f)g + (b3 + 3 ab?d)e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+Bxb~2*xx+B*axb-C*xa~2)/(b*x+a)~(7/2)/(d*x+c)~(1/2)/(f*xx+
e)~(1/2)/ (h*xx+g)~(1/2) ,x, algorithm="fricas")

[Out] integral((Cxb*x - Cka + Bxb)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt
(h*x + g)/(b"3*d*f*h*x"6 + a~3*ckexg + (b~ 3xdxfxg + (b"3*d*e + (b"3xc + 3*a
xb~2xd) *f)*xh)*x"5 + ((b~3*d*e + (b"3xc + 3*a*xb~2*d)*f)*g + ((b~3%c + 3*xaxb”
2xd)*e + 3x(axb”2xc + a~2*bxd)*f)*h)*x"4 + (((b™3xc + 3*a*xb~2*d)*e + 3*(axb

“2xc + a"2xbxd)*f)*g + (3x(a*b"2xc + a~2*bxd)*e + (3*%a"2xbxc + a~3xd)x*f)x*h)

*x"3 + ((3x(axb™2*xc + a"2*bxd)*e + (3*%a”2*bxc + a~3*d)*f)*g + (a~3xcxf + (3
*a~2%bkxc + a”3*d)*e)*h)*x"2 + (a"3xckexh + (a"3kcxf + (3*a”2*bkc + a”3*d)*e
)*¥g)*x), X)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxb*x2*x**x2+B*xb**2*x+Bkaxb-Cxa*x*2) /(b*xx+a)**(7/2)/(d*x+c)**(1/2)
/ (£xx+e) *#*x(1/2) / (h*x+g) **(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
Cb?x? + Bb?x — Ca® + Bab
7
(bx + a)2Vdx + c\[fx +eyJix + g

dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((Cxb~2*x~2+B*b~2*x+Bxaxb-C*xa~2)/(b*x+a)~(7/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/(h*xx+g) ~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2%x~2 + Bxb~2*x - C*a~2 + B*axb)/((bxx + a)~(7/2)*sqrt(d*x +
c)*sqrt(f*x + e)xsqrt(h*x + g)), x)
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(a+bx)2 A+Cx )

Ve+dxaJe+fx+/g+hx

Optimal. Leaf size=1097

dx

326 |

2CVc + dx\Je + fx4/g + hx(a + bx)? 4C(2ad fh—3b(dfg + deh + cfh))Vc + dx\Je + fx+/g + hx(a + bx) 4yef-
7dfh 35d2f2h2 -

[Out] (2% (4*Cx(2*axd*f*h - 3*%bx(d*xf*g + dkexh + cxf*h))*(axdxfxh - 2*bx(dxf*g + d
xexh + c*xfxh)) + Bxbxd*fxh*(7*Axbxd*fxh - Cx(5xb*(d*exg + cxf*g + ckxexh) +
2kxax (dxf*xg + dxexh + cxfxh))))*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(
105%d"3*%f73%xh"3) + (4xCx(2*axd*f*xh - 3xb*x(dxf*g + d*exh + c*xfxh))*(a + b*x)
*xSqrt[c + d*x]*Sqrtle + f*xx]*Sqrtlg + hxx])/(35%d"2xf"2+¥h~2) + (2*C*(a + Dbx
x)"2xSqrt[c + dxx]*Sqrtle + f*x]*Sqrtlg + h*x])/(7+d*xfxh) - (4*Sqrt[-(d*e)
+ c*xf]*(365%a”2xC*xd~2+f"2xh~ 2% (dxf*g + d¥exh + cxfxh) - Txaxbxd*f*xhx(15%xA*xd”
2xf72+%h72 + Cx(8xc™2*xf72*xh~2 + Txckdxfxhx(fxg + exh) + d72%(8*f7"2xg™2 + Tx*e
xfxgxh + 8%e”2+h72))) + b72x(35*%A*d"2*xf"2xh~2* (d*f*g + dxexh + cxfxh) + 2xC
*(12%c73%f£73%h™3 + 10*c™2xd*f72+xh" 2% (f*g + exh) + c*xd ™ 2*f*xh*x(10*%f~2%g™2 + 9
xexf*xgxh + 10%e”2xh™2) + 2%d”"3%(6*f~3%g~3 + Bkexf 2xg~2%h + bke 2*f*xgxh™2 +
6xe~3*%h"3))))*Sqrt [(dx(e + f*x))/(d*e - c*xf)]*Sqrtlg + h*x]*EllipticE[ArcS
in[(Sqrt[f]l*Sqrt[c + dxx])/Sqrt[-(d*e) + cxf]], ((d*e - c*f)*h)/(fx(d*xg - ¢
xh))]1)/(105%d~4*£~(7/2)xh~4*xSqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - cxh)])
+ (2xSqrt[-(d*e) + cxf]*(35%a~2*xd™2*xf 2+xh" 2% (3*kA*d*f*xh™2 + Ck(c*xh*(f*xg - ex
h) + dxgx(2xf*xg + exh))) - 1dkaxbkxdxfxhk(15xAxd~2*f " 2%gxh~2 + C*(4*c™2*f*h~
2% (fxg — exh) + cxdxh*x(3*f72*g"2 + exf*xgxh - 4xe”2xh~2) + d™2*g* (8*xf " 2*xg~2
+ 3xexfxgxh + 4*%e”2+¥h72))) + b 2% (35xA*d"2*f"2xh"2x (cxh* (f*g - exh) + dxgx(
2xf*xg + exh)) + Cx(24*c™3*f72xh"3*(f*g - exh) + c™2xd*f*h~2x(17*f"2%g"2 + 6
xexf*xgxh - 23*%e72xh72) + 2%c*kd"2xh*(8*f73%xg~3 + exf 2xg~2*xh + 3*xe”2*xf*xgxh~2
- 12%e73*%h73) + d"3*g*(48*xf73%g"3 + 16%exf 2xg 2%h + 17*e 2xf*g*h™2 + 24x*e
~3%h73))))*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[(d*x(g + h*x))/(d*g - cxh)]*
EllipticF[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - c*xf)x*
h)/(f*x(d*g - c*h))])/(105%d~4*f~(7/2)*h~4*Sqrt[e + f*x]*Sqrtlg + h*x])

Rubi [A] time = 3.3008, antiderivative size = 1083, normalized size of antiderivative =

: : ber of rul
0.99, number of steps used = 9, number of rules used = 8, integrand size = 42, "=

= 0.19, Rules used = {1601, 1600, 1615, 158, 114, 113, 121, 120}

integrand size

2CVc + dxvJe + fx /g + hx(a + bx)? 4C(2adfh 3b(dfg + deh + cfh))Vc + dxrJe + fx /g + hx(a + bx) 4ef
7dfh 3542 f2h2

Antiderivative was successfully verified.

[In] Int[((a + b*x)"2%x(A + C*x~2))/(Sqrtlc + d*x]*Sqrtle + fxx]*Sqrtl[g + h*x]),x
]

[Out] (2%(35%Axb~2xdxfxh + 8xa~2xCxdxfxh - 25%b72%Cx(d*exg + cxf*g + ckexh) - 38%
axbxCk (dxfxg + dxexh + cxfxh) + (24*xb72+Ck(d*fxg + d¥exh + cxfxh)~2)/(d*f*h
))*Sqrt[c + d*xx]*Sqrtle + f*x]*Sqrtlg + h*x])/(105%d~2*f72xh"2) + (4*C*(2*a
xd*xfxh - 3xb*x(d*f*xg + dxexh + c*xfxh))*(a + b*x)*Sqrtlc + d*x]*Sqrtle + fxx]

*Sqrt [g + h*x])/(35%d"2+%f72xh"2) + (2xCx(a + b*x) 2xSqrt[c + d*x]*Sqrtle +
fxx]*Sqrt[g + hxx])/(7*d*f*h) - (4*Sqrt[-(d*e) + c*xf]*(35xa~2*Cxd~2xf~2xh~2
*x(dxfxg + dkexh + cxfxh) - Tkxaxbxd*xfxh*(15%xAxd~2*f"2%xh™2 + C*(8*c~2*f~2xh~2
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+ Txckdxf*hx (fxg + exh) + d72%(8*f72%g”™2 + Tkxexf*gxh + 8%e"2xh72))) + b™2x%
(35%xA*d~2%f"2xh~ 2% (d*xf*g + d*exh + cxfxh) + 2%Ck(12%c~3*f"3%h~3 + 10%c™2*d*
£72+%h72x (fxg + exh) + c*xd™2xf*h*x(10*f72%g~2 + Oxexf*xgxh + 10%e”2*xh~2) + 2xd
“3%(6*%f73%g”™3 + bxexf"2xg”2xh + Bxe " 2xfxg*h~2 + 6%e”3%xh~3))))*Sqrt[(dx(e +
f*x))/(dxe - cxf)]*Sqrtl[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + dxx])/S
qrt[-(dxe) + cxf]], ((d*e - cx*f)*h)/(f*x(d*g - cxh))])/(105%d~4*£f~(7/2)*h~4x
Sqrtle + fxx]*Sqrt[(d*(g + h*x))/(d*xg - c*h)]) + (2*Sqrt[-(d*e) + cxf]*(35%
a”~2xd"2xf"2xh 7 2% (3kAxd*f*xh~2 + c*Cxhx(fxg - exh) + Cxd*xgx(2xf*g + exh)) - 1
4xaxbxd*fxh* (15xA*d"2+f"2xg*xh~2 + Cx(4xc™2xfxh™2x(fxg - exh) + cxd*h*(3*xf~2
*xg~2 + exfxgxh - 4*%e”2xh72) + d"2*gkx(8*f"2xg~2 + 3kexfxgxh + 4*%e”2xh"2))) +

b~2% (35%A*xd"2+f"2xh " 2% (cxh* (f*g - exh) + d*gk(2*f*g + exh)) + Ck(24xc™3*f~
2xh”™3*(fxg - exh) + c ™ 2xd*xfxh 2+ (17*f72%xg"2 + Bkexfxgkxh - 23%e”2xh72) + 2xc
*xd"2xh* (8+%f"3xg~3 + exf~2%g"2xh + 3*e”2xf*gxh”2 - 12%e”3%h"3) + d"3*gx(48%f
"3%g”3 + 16%exf " 2xgT2*h + 17*e"2xf*gxh”2 + 24%e”~3xh"3))))*Sqrt[(d*x(e + fxx)
)/ (d*e - c*xf)]*Sqrt[(d*(g + h*x))/(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]*Sq
rt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - c*f)*h)/(fx(d*g - c*h))])/(105%d"~
4x£7(7/2)*h~4*Sqrt[e + f*x]*Sqrtlg + hxx])

Rule 1601

Int[(((a_.) + (b_)*(x_))"(m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*x(x_)]*Sqrtl(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
p[(2+Cx(a + b*x) m*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x])/(d*f*h*(2%m +
3)), x] + Dist[1/(d*f*xh*(2*m + 3)), Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]x*
Sqrtle + fxx]*Sqrtlg + h*x]))*Simp[a*xAxd*xf*h*(2*xm + 3) - Ck(a*x(d*exg + c*fx*
g + cxexh) + 2xbkcxexgkm) + (Axbkdxf*h*(2xm + 3) - Ckx(2*xax(d*xf*g + d*xexh +

ckfxh) + bx(2xm + 1)*(d*exg + c*fxg + ckxexh)))*x + 2xCk(a*xdxf*h*m - bx(m +

1)*(dxfxg + dxexh + cxf*xh))*x"2, x], x], x] /; FreeQ[{a, b, c, 4, e, £, g,
h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1600

Int[(((a_.) + (b_)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_.)*x(x_)]*Sqrt[(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_S
ymbol] :> Simp[(2%Ck(a + b*x) m*xSqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/
(dxfxh*(2+m + 3)), x] + Dist[1/(d*fxh*(2*m + 3)), Int[((a + b*x) (m - 1)/(S
qrtlc + d*x]*Sqrtle + f*xx]*Sqrt[g + hxx]))*Simp[axA*xd*f*xh*(2*m + 3) - Cx(ax
(d*xexg + cxfxg + ckexh) + 2%bxckexg*m) + ((A*b + a*xB)*xd*fxh*x(2%m + 3) - Cx(
2kxax (d*xf*g + dxexh + c*xfxh) + bx(2xm + 1)*(d*exg + c*xf*xg + cxexh)))*x + (bx
Bxd*xfxh* (2+%m + 3) + 2xCk (a*xd*xfxh*m - bx(m + 1)*(d*fxg + dxexh + c*xfxh)))*x~
2, x1, x], x]1 /; FreeQ[{a, b, c, d, e, f, g, h, A, B, C}, x] & IntegerQ[2*
m] && GtQ[m, O]

Rule 1615

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(a_.)*((e_.) + (£
_)x(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1)*(e + f*x)~(p +

1))/@xf*b"(q - D*(m + n +p +q + 1)), x] + Dist[1/(d*f*b"q*(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*x(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + )*x(a + bxx)"q + kx(a + b*xx)"(q -
2)*(a"2xd*f*x(m + n + p + g + 1) - b*k(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

cxfx(p + 1))) + bx(axd*f*x(2%x(m + q) + n + p) - bx(d*xex(m + q + n) + c*xfx(m

+q+ p)))*x), x], x], x] /; NeQIm + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 158
Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
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Sqrt[(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h}, x] &
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + f*x]

Rule 114

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxfxx)/(bxe - axf)]/(Sqrtla + b*xx]*Sqrt[(b*c)/(bxc - a*xd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & '(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(bxe - axf), 0]) && 'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol]l :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 2]], (f*(bxc - axd))/(d*(b*e - a*xf))])/b, x] /;
FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - ax*xd), 0] && GtQ[b/(b*xe - axf),
0] && !'LtQ[-((b*c - a*d)/d), 0] && !'(SimplerQ[c + d*x, a + bxx] && GtQ[-

(d/(b*xc - axd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*x(c + d*x))/(b*xc - axd)]/Sqrtlc + d*x], Int[
1/(8qrt[a + b*x]*Sqrt[(b*xc)/(b*xc - a*d) + (b*d*x)/(b*c - a*d)]*Sqrtle + f*x
1), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - axd)/bl)], (fx(bxc - a*d))/(dx(b*e - a*xf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - ax*xd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + dxx] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((bxc - axd)/d)] || NegQ[-((b*xe - a*xf)/f)])

Rubi steps
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f (a+bx)(—4bcCeg+7aAd fh—aC(deg+cfg+ceh)+(7 Abd fh—5

\

f (a +bx)? (A +Cx?) e Xt bx)2\c + dxyfe + fx\fg + hx .
\/c+dx\/e+fx\/g+hx - 7dfh

_ 4CQ2adfh —3b(dfg + deh + cfh))(a + bx)Ve + dx\/e + fx\/g +hx 2C(a+ bx)Z\/F
B 3502212 "

2 (35Ab2d i + 8a2CAfh — 2502C(deg + cfg + ceh) — 38abC(dfg + deh + cfh) + 22

10542 21,2

(35Ab2d i + 8a2CAfh — 2502C(deg + cfg + ceh) — 38abC(dfg + deh + cfh) + 22

105422112

(35Ab2d il + 8a2Cd fh — 2502C(deg + cf g + ceh) — 38abC(dfg + deh + cfh) + 2°

10542 2112

2 (35Ab2d i + 8a2CAfh — 2502C(deg + cfg + ceh) — 38abC(dfg + deh + cfh) + 22

10542 f212

2 (35Ab2d i + 8a2CAfh — 2502C(deg + cfg + ceh) — 38abC(dfg + deh + cfh) + 22

10542 f212

Mathematica [C] time = 18.6955, size = 18383, normalized size = 16.76

Result too large to show

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)72*%(A + Cxx72))/(Sqrtl[c + d*x]*Sqrtl[e + f*xx]*Sqrt[g + h
*x]) ,x]

[Out] Result too large to show

Maple [B] time = 0.076, size = 12279, normalized size = 11.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) 2% (Cxx~2+A)/(d*x+c)~(1/2)/(fxx+e)”(1/2)/(h*x+g)~(1/2),%)

[Out] result too large to display
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Maxima [F] time = 0., size = 0, normalized size = 0.

f Cx +A(bx+a) i
x
Vdx + c/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2x(Cxx~2+A)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2) ,x,
algorithm="maxima"

[Out] integrate((Cxx~2 + A)x(bxx + a)”2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), %)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Cbzx4 + 2 Cabx® + 2 Aabx + Aa® + (Ca2 + Abz)xz)\/dx +eyfx+eyhx+g
dfhx3 + ceg + (dfg + (de + cf)h)x2 + (ceh + (de + cf)g)x

integral

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (Cxx~2+A)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="fricas")

[Out] integral((Cxb~2*xx~4 + 2*Ckxaxb*x~3 + 2xAkxaxb*x + A*a”2 + (Cxa”2 + A*b72)*x"2
)*sqrt (d*x + c)*sqrt(fxx + e)*sqrt(h*xx + g)/(dxfxh*x"3 + cxexg + (d*xf*xg + (
dxe + cxf)*h)*x72 + (c*exh + (d*e + cxf)*g)*x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((b*x+a)**2%(Cxx**2+A) /(d*x+c)**(1/2)/(£xx+e)**x(1/2)/ (h*x+g)**(1/2
) %)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f Cx +A(bx+a) i
X
Vdx + cy/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (Ckx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="giac")

[Out] integrate((Cxx~2 + A)*(bxx + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), x)
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f (a+bx) A+Cx )
Ve+dxaJe+fx+/g+hx

Optimal. Leaf size=611

dle+fx)  [AgHIY) pyge . . 1 [VfVerdx\  h(de—cf) 2
2.Jcf —de, /W ‘ /WElhptlcF (sm ( o= ) f( dg_ch)) (5adfh (3AdfH? + C(ch(fg — eh) + dg(eh +2fg))) 1
1543 5213 \[e + fx+/g

3.27 dx

[Out] (4*Cx(axdxfxh - 2%bkx(dxfxg + d*exh + cxfxh))*Sqrtl[c + d*xx]*Sqrtle + f*xx]*Sq
rt[g + h*xx])/(16%d"2*xf72xh~2) + (2*Cx(a + bxx)*Sqrt[c + d*x]*Sqrtle + f*x]*
Sqrt[g + hxx])/(5xd*fxh) - (2*Sqrt[-(d*e) + c*f]*(10*xa*xCxd*xfxh*(d*f*g + dxe
*h + c*fxh) - bx(15%A*d~2*%f72xh~2 + Cx(8*%c™2xf72xh~2 + 7xckxd*f*h*x(f*g + exh
) + d72%(8%f72%g"2 + Txexfxgxh + 8%e”2xh72))))*Sqrt[(d*(e + f*x))/(d*e - c*
£)1*Sqrt[g + h*xx]*EllipticE[ArcSin[(Sqrt[f]*Sqrtlc + d*x])/Sqrt[-(d*e) + cx*
1], ((dxe - cxf)*h)/(f*x(d*g - c*h))])/(15*%d"3*f~(5/2)*h~3*Sqrt[e + f*x]*Sq
rt[(dx(g + h*x))/(d*g - c*h)]) + (2*%Sqrt[-(d*e) + c*xf]*(5xaxd*xfxh* (3*xAxd*fx*
h™2 + Ckx(cxh*(f*g - exh) + dxgx(2xfxg + exh))) - bx(15*A*d~2xf 2*g*h~2 + Cx
(4xc™2%f*h™2x (fxg - exh) + ckdxh*(3*f72%xg™2 + exfxgxh - 4%e™2xh™2) + d~2x*gx
(8xf72%g~2 + 3xexf*xgkh + 4%xe”2*¥h~2))))*Sqrt[(d*x(e + fx*x))/(d*e - cxf)]*Sqrt
[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-
(dxe) + cxf]], ((d*e - c*xf)*h)/(fx(d*xg - cxh))])/(16xd~3*f~(5/2)*h~3*Sqrt [e
+ f*x]*Sqrt[g + hxx])

Rubi [A] time = 1.3572, antiderivative size = 608, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 40, e .

integrand size
0.175, Rules used = {1601, 1615, 158, 114, 113, 121, 120}

dle+fx) [d(g+hx) _1 [ VfVetdx \  (de-cf)h 2 >
2\/cf —de, | 7 N g F( ( o= )|f(dg_ch)) (5adfh (3Adfh? + cCh(fg — eh) + Cdg(eh +2fg)) — b (15Ad?
1543 £5213\Je + fx+/g + h:

Antiderivative was successfully verified.

[In] Int[((a + b*x)*(A + C*x72))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x]

[Out] (4xCx(axd*fxh - 2xbx(dxfxg + d*xexh + c*f*h))*Sqrt[c + d*x]*Sqrtle + f*x]*Sq
rt[g + h*xx])/(16%d"2*xf72xh"2) + (2xCx(a + bxx)*Sqrt[c + d*xx]*Sqrtle + f*x]x
Sqrt[g + hxx])/(5*d*f*h) + (2+Sqrt[-(d*e) + c*xf]*(15xAxb*d~2*f~2xh~2 - 10%*a
xCxdxfxh* (dxfxg + dxexh + cxfxh) + b*xCk(8%c™2*%f72xh™2 + Tkxckxd*xfxh*(f*g + ex
h) + d72x(8*f"2xg™2 + T*xexfxgxh + 8%e”2*xh~2)))*Sqrt[(dx(e + f*x))/(d*e - cx*
£)1*Sqrtg + hxx]*EllipticE[ArcSin[(Sqrt[f]*Sqrtlc + d*x])/Sqrt[-(d*e) + cx
11, ((dxe - c*f)*h)/(fx(d*g - c*h))])/(16xd"3*f~(5/2)*h~3*Sqrt[e + f*x]*Sq
rt[(dx(g + h*x))/(d*g - c*h)]) + (2*%Sqrt[-(d*xe) + c*xf]*(5xaxd*xfxh* (3*xAxd*fx*
h™2 + c*Cxh*(f*g - exh) + Cxd*xgx(2xf*g + exh)) - b*x(15xA*d~2xf " 2xg*h~2 + Cx
(4*c™2xf*xh" 2% (f*g - exh) + c*xdxh*(3*xf7"2xg~2 + exfxgxh - 4*e”2xh™2) + d™2*gx
(8%f~2xg~2 + 3kexf*xgxh + 4xe”2xh~2))))*Sqrt[(d*x(e + f*x))/(d*e - c*xf)]*Sqrt
[(dx(g + h*x))/(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]1*Sqrtlc + d*x])/Sqrt[-
(d*e) + cxf]], ((d*e - cxf)*h)/(fx(d*g - c*h))])/(15%d"3*f~(5/2)*h"3*Sqrt [e
+ fxx]*Sqrt[g + hxx])

Rule 1601

Int[((Ca_.) + (b_.)*(x_)) " (m_.)*x((A_.) + (C_.)*x(x_)"2))/(Sqrtl(c_.) + (d_.)
*x(x_)]*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
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pL(2%Cx(a + b*x) m*xSqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + hxx])/(d*xf*h*x(2*m +
3)), x] + Dist[1/(d*f*h*(2*m + 3)), Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]*
Sqrte + fxx]*Sqrtlg + h*x]))*Simp[a*xAxd*xf*h*(2*xm + 3) - Ck(a*x(d*exg + c*fx
g + cxexh) + 2xbkcxexgkm) + (Axbkxd*xf*h*(2xm + 3) - Ckx(2*xax(dxf*g + d*xexh +

cxfxh) + bx(2xm + 1)*(d*exg + c*xf*xg + ckxexh)))*x + 2xCx (a*xd*xfxh*m - bx(m +

1)*x(dxf*xg + d*exh + cxfxh))*x~2, x], x], x] /; FreeQ[{a, b, c, 4, e, £, g,
h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1615

Int [(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*(e + f*x)"(p +

1)) /(dxf*xb"(q - D*x(m + n + p + q+ 1)), x] + Dist[1/(d*f*xb"g*x(m + n + p +

q + 1)), Int[(a + b*x) " m*x(c + d*x) n*x(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + D)*(a + bxx)"q + kx(a + b*xx)"(q -
2)x(a"2xd*fx(m + n + p + g + 1) - b*x(b*cxex(m + q - 1) + ax(d*ex(n + 1) +

ckxfx(p + 1))) + bx(axd*f*(2%(m + q) + n + p) - b*x(d*ex(m + q + n) + cxf*x(m

+q+ p)))*x), x], x], x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtl[a
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + dxx]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 114

Int[Sqrtl(e_.) + (£_.)*(x_)]/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*xx]*Sqrt[(b*x(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(b*e)/(b*xe - axf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-((b*xc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*xx] /Rt [-((bxc - a*d)/d), 2]], (f*(b*c - axd))/(d*(bxe - axf))])/b, x] /;
FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(b*xe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*c - axd)), 0] && GtQ[d/(d*e - cxf), 0] && 'LtQ[(b*c - a*xd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
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[-(b/d), 2]*Sqrt[(b*c - axd)/bl)], (fx(b*c - a*xd))/(d*(b*xe - a*xf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +

bxx, e + f*xx] && (PosQ[-((b*xc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps

—2bcCeg+5aAd fh—aC(deg+cf g+ceh)+(5Abd fh—3bC(deg+

f (a + bx) A+Cx) dx_2C(a+bx)\/c+dx\/e+fx\/g+hx+f Vetdx-
Ve +dxyfe + fx\fg + hx - Sdfh
_ 4C(adfh —2b(dfg + deh + cf))Vc + dxJe + fx g + hx 2C(a +bx)Ve +dxrJe +
B 1542 f2p2 5dfh
_ 4C(adfh - 2b(dfg + deh + cf))Vc + dx+Je + fx g + hx 2C(a +bx)Ve +dxrJe +
B 1542 f2h2 5dfh
_ 4C(adfh - 2b(dfg + deh + cfh)c + dx+Je + fx\Jg + hx , 2Ca+ bx)Ve +dxyfe +
B 1542 f2h2 5dfh
_ 4C(adfh - 2b(dfg + deh + cfh)Vc + dx+Je + fx\Jg + hx 2C(a +bx)Ve +dxqJe +
B 15d2 f2h2 5dfh
_ 4C(adfh - 2b(dfg + deh + cfh)Nc + dx+Je + fx\[g + hx 2C(a +bx)Ve +dxrJe +
B 15d2 f2h2 5dfh

Mathematica [C] time = 9.06159, size = 686, normalized size = 1.12

de
detfrx) [ d(g+hy) 1| VT dfg—crn
2| —idh(c + dx)*2., | f(;f;;, [ EllipticF | isinh = J j_;{h (5ad f (3Ad f21 + cCf (el ~ fg) + Cdle(2¢h A

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)*(A + Cxx72))/(Sqrtl[c + d*xx]*Sqrtl[e + f*xx]*Sqrtl[g + h*x

1) ,x]

[Out] (-2*%(-(d"2*Sqrt[-c + (d*e)/f]l*(15*xA*xbxd~2*xf~2*h~2 - 10*a*xCkxdxf*h*(dxf*g + d
xexh + c*fxh) + b*Cx(8*c™2xf"2xh~2 + 7*ckxd*xf*hx(fxg + exh) + d72*(8*f"2xg~2

+ Txexf*xgxh + 8%e”2*¥h~2)))*(e + f*xx)*(g + h*x)) + Cxd"2xSqrt[-c + (d*e)/f]
*xfxh*x(c + dxx)*(e + £*x)*(g + hxx)*(4d*xbxcxfxh - Bxaxdxf*xh + bxd* (4xf*xg + 4x

exh - 3xfxh*x)) - Ix(d*e - c*f)*h*x(15%xA*xb*d~2*f72+¥h"2 - 10*a*xCxd*xfxh* (d*xf*g

+ d¥exh + cxfxh) + b*xCkx(8*c™2*f72+¥h~2 + Txckxdxfxh*(f*g + exh) + d™2x(8xf"2

xg~2 + Tkxexfxgxh + 8xe”2xh~2)))*(c + d*x)~(3/2)*Sqrt[(d*(e + fx*x))/(fx(c +
d*x))]1*Sqrt [(d*x(g + h*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (dxe
)/£1/Sqrtlc + d*x]], (d*f*xg - cxfxh)/(d*exh - c*fxh)] - I*xdxh*(5*xaxd*fxhx*(3
*Axd*f~2xh + c*xCxfx(-(fxg) + exh) + Ckdxex(f*g + 2%exh)) - b*(15*xAxd"2%exf"
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2¥h72 + Ck(4*c™2xf72xh*x (- (f*xg) + exh) + ckdxf*x(-4xf~2%xg~2 + exf*xgxh + 3%e”2
*h~2) + d"2%ex(4*f"2xg~2 + 3kexfxgkh + 8%e”2*xh~2))))*(c + dxx)~(3/2)*Sqrt[(
dx(e + f*xx))/(fx(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*A
rcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (d*fxg - c*fxh)/(dxexh - c*fxh)])
)/ (16%d"4xSqrt[-c + (dxe)/f]*f~3xh~3*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h
*x])

Maple [B] time = 0.04, size = 5679, normalized size = 9.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)*(Cxx"2+A)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/ (h*x+g)~(1/2),%)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f Cx +A(bx+a) i
x
Vdx + c/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(Cxx"2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="maxima")

[Out] integrate((Cxx~2 + A)x(bxx + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
9

Fricas [F] time = 0., size = 0, normalized size = 0.

(Cbx3 + Cax? + Abx + Aa)\/dx +oyfx+eyhx+g
dfhx3 + ceg + (dfg + (de + cf)h)x2 + (ceh + (de + cf)g)x’x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)*(Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2),x, al
gorithm="fricas")

[Out] integral((Cxb*x~3 + Cxa*x”~2 + Axb*x + A*a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt
(h*x + g)/(d*f*h*x"3 + ckxexg + (dxfxg + (d*e + c*f)*h)*x"2 + (cxexh + (dxe
+ cxf)*g)*x), Xx)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((bkx+a)*(Ckx*x2+A)/(d*x+c)*x(1/2)/(fxx+e)**(1/2)/ (h*xx+g)**(1/2) ,x
)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f Cx +A(bx+a) i
X
Vdx + cy/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)*(Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2),x, al
gorithm="giac")

[Out] integrate((Cxx~2 + A)x(b*xx + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
» X)
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‘f A+Cx?
\/c+dx\/e+ fxyJg+hx

Optimal. Leaf size=368

d(e+fx) [d(g+hx) 2 o s .- \/J_‘Vc+dx h(de—cf)
2\/cf —de, | Tec /W (3Adfh? + C(ch(fg - eh) + dg(eh + 2£g))) EllipticF (sm ( o= ) f( dg_ch)) 4C+
3d? f32h2\Je + fx+/g + hx

3.28 dx

[Out] (2xCxSqrtl[c + d*xx]*Sqrtle + f*x]*Sqrtlg + h*x])/(3*d*xfxh) - (4*CxSqrt[-(dxe
) + cxf]*x(d*f*xg + dxexh + c*xfxh)xSqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrtl[g + h
*x]*E1lipticE[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*xf]], ((dxe - ¢
*xf)*h) /(£ (dxg - c*xh))])/(3*%d"2+£7(3/2)*h~2xSqrt[e + f*x]*Sqrt[(d*(g + h*x)
)/(d*g - c*h)]) + (2*Sqrt[-(dxe) + c*f]*(3*A*d*f*h~2 + Cx(cxh*(f*g - exh) +

dxg* (2xfxg + exh)))*Sqrt[(d*(e + fxx))/(d*xe - c*f)]*Sqrt[(d*(g + hx*x))/(d*

g - cxh)]*EllipticF[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]], ((d

*xe - cxf)*h)/(£x(d*g - c*h))])/(3*xd"2*%£~(3/2)*h~2+Sqrt[e + f*x]*Sqrtl[g + hx

x])

Rubi [A] time = 0.490338, antiderivative size = 367, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 35, e e =

0.171, Rules used = {1615, 158, 114, 113, 121, 120}

d(e+£x) d(g+hx) 2 \/_\/c+dx (de—cf)h
2\/cf —de 1/ docf ‘/ pr 3Adfh + cCh(fg —eh) + Cdg(eh+2fg)) (sm ( Noar )If(dg_ch)) 4C+/g + hx
PRI + iy £ I

integrand size

Antiderivative was successfully verified.

[In] Int[(A + C*x"2)/(Sqrtlc + d*x]*Sqrtle + fxx]*Sqrtlg + h*x]),x]

[Out] (2xCxSqrtl[c + d*xx]*Sqrtle + f*x]*Sqrtlg + h*x])/(3*d*xfxh) - (4*CxSqrt[-(dxe
) + cxf]*x(d*f*xg + dxexh + c*xfxh)xSqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrtl[g + h
*x]*E1lipticE[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*xf]], ((dxe - ¢
*xf)*h) /(£ (d*xg - c*xh))])/(3*%d"2+£7(3/2)*h~2*Sqrt[e + f*x]*Sqrt[(d*(g + h*x)
)/(d*xg - c*h)]) + (2*Sqrt[-(dxe) + cxf]x(3*Axd*f*h~2 + cxCxh*(f*g - exh) +

Cxd*gk (2xfxg + exh))*Sqrt[(dx(e + f*x))/(d*e - c*f)]*Sqrt[(d*x(g + h*x))/(dx*

g - cxh)]*EllipticF[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*xf]], ((d

xe — cxf)*h)/(f*x(d*g - c*xh))])/(3xd"2x£~(3/2) *h~2xSqrt[e + f*x]*Sqrt[g + hx

x])

Rule 1615

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(a_.)*((e_.) + (£
_)x(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*¥x)"(m + q - 1)*(c + d*x)"(n + 1)*x(e + f*x) " (p +

1)) /(dxf*b"(q - D*(m + n + p + q + 1)), x] + Dist[1/(dxf*b"g*x(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*x(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + 1)*x(a + bxx)"q + kx(a + b*xx)"(q -
2)*(a"2xd*f*x(m + n + p + g + 1) - b*k(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

cxfx(p + 1))) + bk(axd*f*x(2%x(m + q) + n + p) - bx(d*xex(m + q + n) + c*xfx(m

+q+ p)))*x), x], x], x] /; NeQm + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]



154

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + dxx]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*xx]*Sqrt[(b*(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && 'LtQ[-((bxc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((b*xc - a*xd)/d), 2]]1, (fx(bxc - axd))/(d*(bxe - axf))])/b, x] /;
FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !'(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(bxc - axd)), 0] && GtQ[d/(dxe - cxf), 0] && !LtQ[(bxc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol]l :> Simp[(2#Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - axd)/bl)], (fx(bxc - axd))/(d*(bxe - axf))])/(b*Sqr
t[(bxe - axf)/bl), x1 /; FreeQl{a, b, ¢, d, e, £}, x] && GtQ[b/(bxc - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*xx] && (PosQ[-((b*xc - a*xd)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
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f %d(SAdfh—C(deg+cfg+ceh))—Cd(dfg+deh+cfh)x

f A+ Cax? e 2CVe +dxrJe + fxoJg + hx . Verdrrer fiyg o
Ve +dxyfe + fxyfg +hx 3dfh 3d2fh

Vg
_2CVetdxyet fxyg +hx (2C(dfg +deh +cfh)) | WAk ) (3Adfn?
) 3dfh 3dfIE

((3Ad fh? + cCh(fg — eh) + Cdg(2fg + eh)) , %

_2CVc +dxyJe+ fxrJg +hx .\
- 3dfh 3dfh2+Je + fx

_ d(e+fx)
B ZC\/C+dx\/e+fx\/g+hx 4C+/ de+cf(dfg+deh+cfh)‘/—de_cf g+th‘
- 3dfh - —
3d2f322\Je + fx d(ég’j i

_ d(e+fx)
B ZC\/C+dx\/e+fx\/g+hx 4C+/—de + cf(dfg + deh + cfh) el g+th‘

3dfh ‘
! IR [

Mathematica [C] time = 4.50629, size = 390, normalized size = 1.06

de
A dierfx)  [dig+hn) ol VT | dfgcrn
2idierdxy | 5 L\ T (3Ad f2h+cCf(eh-fg)+Cde(2eh+ fg))ElhptlcF[z sinh [— ] i ]f_f}‘h

Ve+dx

J _ACd (e+fx)(g+hx)(cfh+deh+df,

de c+dx
——C

f

Ve +dx

3d8 f2h2 \/E
Antiderivative was successfully verified.

[In] Integrate[(A + C*x"2)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]),x]

[Out] (Sqrtlc + d*x]*(2*C*xd"2*f*h*(e + f*x)*(g + h*x) - (4*Cxd"2*(dxfxg + dxexh +
cxfxh)x(e + fxx)*x(g + h*x))/(c + d*x) - (4xI)*C*xSqrt[-c + (d*e)/f]*fxhx*(dx*

fxg + dxexh + cxfxh)*Sqrtlc + d*x]*Sqrt[(d*(e + f*x))/(f*(c + d*x))]1*Sqrt[(

dx(g + h*x))/(h*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (dxe)/f]/Sqrtlc +
dxx]], (dxfxg - cxf*h)/(d*exh - c*fxh)] + ((2%I)*d*h*(3%xAxd*f~2%h + c*Cxf*
(-(fxg) + exh) + Cxd*ex(f*g + 2xexh))*Sqrtlc + d*x]*Sqrt[(d*(e + f*x))/(£*(

c + d*x))]*Sqrt[(d*(g + hx*x))/(h*x(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-c +
(d*e)/f]/Sqrtlc + d*x]], (dxfxg - cxf*xh)/(d*xexh - c*fxh)])/Sqrt[-c + (dxe)/
£1))/(3%d"3*f"2xh~2*Sqrt [e + f*x]*Sqrtlg + h*x])

Maple [B] time = 0.028, size = 1804, normalized size = 4.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((C*x~2+A)/(d*x+c)”(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x)



156

[Out] 2/3%(3*A* ((d*x+c)*f/(cxf-dxe))” (1/2)* (- (h*x+g)*d/ (cxh-d*g) )~ (1/2) * (- (f*x+e)
*xd/ (cxf-d*e))~(1/2)*E1lipticF (((d*x+c)*f/(c*xf-d*e))~(1/2), ((cxf-d*e)*h/f/(c
xh-d*xg) )~ (1/2) ) *cxd~2*%f~2xh"2-3*%Ax ((d*x+c) *f/ (cxf-d*xe)) ~(1/2) * (- (hxx+g) *d/ (
cxh-dx*g)) ~(1/2) * (- (fxx+e) *d/ (cxf-d*e)) ~(1/2) *E1llipticF (((d*x+c)*f/(cxf-dxe)
)~ (1/2), ((c*xf-dx*e) *h/f/(cxh-dxg) )~ (1/2) ) *d"3*exf*xh~2-C* ((d*x+c)*f/ (cxf-dxe)
)~ (1/2) % (- (h*x+g) *d/ (cxh-d*g) ) " (1/2) * (- (f¥x+e) *d/ (c*f-d*e) ) " (1/2) *E1lipticF
(((d*x+c)*f/(c*xf-dxe))~(1/2), ((cxf-dxe)*h/f/(cxh-d*g))~(1/2))*c™2*d*e*f*xh~2
+Cx ((d*x+c) *f/ (cxf-dxe) )~ (1/2) * (- (h*xx+g) *d/ (cxh-d*g) ) = (1/2) * (- (f*x+e) *d/ (c*
f-dxe))~(1/2)*E1llipticF (((d*x+c)*f/(cxf-d*xe))~(1/2), ((c*f-d*e)*h/f/(cxh-d*g
)) 7 (1/2)) xc™2*d*f " 2xgxh+Ck ((d*x+c) *xf/ (cxf-dxe) )~ (1/2) * (- (hxx+g) *d/ (cxh-d*g)
)T (1/2) % (- (f*x+e) *d/ (cxf-d*xe) )~ (1/2)*E1llipticF (((d*x+c)*f/(cxf-d*e))~(1/2),
((c*f-d*e)*h/f/(c*¥h-d*g)) ~(1/2) ) *c*d~2*%e 2*h™2+2*C* ((d*x+c) *f/ (c*f-d*e) ) ~ (1
/2)* (- (h*x+g) *d/ (cxh-d*g) ) ~(1/2) * (- (fxx+e) *d/ (cxf-d*e)) ~(1/2) *E1llipticF (((d
xx+c)*f/ (cxf-d*xe)) " (1/2), ((cxf-d*e)*h/f/(cxh-dxg) )~ (1/2) ) *cxd~2xf~2xg~2-Cx*(
(d*x+c)*f/ (cxf-dxe) )~ (1/2) *x (- (h*x+g) *d/ (cxh-d*g) )~ (1/2) * (- (f*x+e) xd/ (c*f-d*
e)) " (1/2)*E1llipticF (((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-d*e)*h/f/(cxh-dxg))~(
1/2) ) *d~3%e”2%g*xh-2*%Cx ((d*x+c) *f/ (cxf-d*e) )~ (1/2) * (- (h*x+g) *d/ (c*h-d*xg) ) ~ (1
/2)*% (- (f*xx+e)*d/ (cxf-dxe)) ~(1/2)*E11lipticF (((d*x+c)*f/(cxf-d*xe))~(1/2), ((cx*
f-dxe)*h/f/(cxh-dx*g) )~ (1/2) ) *d"3*kexf*g~2+2*Cx ((d*x+c)*f/ (cxf-d*xe)) ~(1/2) * (-
(h*x+g)*d/ (cxh-dxg) )~ (1/2) x (- (f*x+e) *d/ (c*xf-d*e) )~ (1/2)*E1llipticE(((d*x+c) *
f/(cxf-d*e))~(1/2), ((cxf-d*e)*h/f/(cxh-dxg) )~ (1/2) ) *c~3*£72xh~2-2*C* ((d*x+cC
)xf/(cxf-d*xe)) ™ (1/2)* (- (h*x+g)*d/ (c*¥h-d*g) )~ (1/2) * (- (f*x+e) *d/ (cxf-d*e) )~ (1
/2)*E1lipticE(((d*x+c)*f/(cxf-d*xe))~(1/2), ((cxf-d*e)*h/f/(cxh-d*xg))~(1/2))*
c*d"2%e”2xh"2-2xC* ((d*x+c) *xf/ (cxf-dxe)) ~(1/2) * (- (h*xx+g) *d/ (c*h-d*g) ) ~(1/2) *
(= (f*xx+e)*xd/ (cxf-d*e)) ~(1/2)*E1lipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((c*xf-dx
e)*h/f/(cxh-dxg) )~ (1/2) ) *cxd™~2xe*xf*xgxh-2xC* ((d*x+c) *f/(cxf-d*e) )~ (1/2)*(-(h
xx+g) *d/ (cxh-d*xg) )~ (1/2) % (- (f*x+e) *d/ (cxf-d*xe) )~ (1/2)*E11lipticE(((d*x+c)*f/
(cxf-d*e))~(1/2), ((cxf-d*e) *h/f/ (c*h-d*g) )~ (1/2)) xcxd~2xf " 2xg~2+2xC* ((d*x+c
)xf/(cxf-d*e) )~ (1/2) * (- (h*x+g) *d/ (cx¥h-d*g) )~ (1/2) * (- (f*x+e) *d/ (c*¥f-dxe) ) ~ (1
/2)*E1lipticE(((d*x+c)*f/(cxf-d*xe))~(1/2), ((c*f-d*e)*h/f/(cxh-d*xg) )~ (1/2))*
d~3*e " 2xg*h+2xCk ((d*xx+c) *f/ (cxf-dxe)) " (1/2) * (- (h*xx+g) *d/ (c*h-d*g) ) ~(1/2) * (-
(f*xx+e)*d/ (cxf-d*xe))~(1/2)*EllipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-dx*e)
xh/f/(cxh-d*g) )~ (1/2) ) *d"3*e*xf*g~2+C*x~3*d~3*%f ~2*¥h~2+C*kx~2*c*xd~2*%f ~2*¥h~2+Cx
X72%d"3*kexf*xh"2+C*kx"2xd " 3*f "2k gkh+Crx*kckd ™ 2xexf¥h"2+Ckx*xckd 2% f " 2xgxh+Ckx*kd
“3kxexfxgkh+Crckd™2kexfxgkh) * (dxx+c) ™ (1/2) * (fxx+e) ~(1/2) * (h*x+g) ~(1/2) /h~2/f
~2/d73/ (d*f*h*x~3+c*f*h*x"2+d*e*h*x~2+d*f*gxx~2+cxexhrx+cxfxgrx+d*e*xgrx+cke

*xg)

Maxima [F] time = 0., size = 0, normalized size = 0.

X

f Cx?+ A p
Vdx + cVfx+eyhx+g
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2),x, algorithm=
"maxima"

[Out] integrate((C*x~2 + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Cx? + A)\/dx +oyfx+ehx+g
dfhx3 + ceg + (dfg + (de + cf)h)x2 + (ceh + (de + cf)g)x’x

integral
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2),x, algorithm=

"fricas")

[Out] integral ((C*x72 + A)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)/(dxfxhxx"3 +
cxexg + (dxfxg + (dxe + c*xf)*h)*x72 + (ckexh + (dxe + cxf)*g)*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

A + Cx?

f dx
Ve +dxyfe + fxifg +hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Ckx**2+A)/(d*x+c)**(1/2)/(fxx+e)**(1/2)/ (h*x+g)**(1/2),x)

[Out] Integral((A + C*x**2)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f Cx2+ A p
x
Vdx + c/fx +e\hx + g
Verification of antiderivative is not currently implemented for this CAS.

[Tn] integrate((Cx"2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/2),x, algorithm=
“giac ||)

[Out] integrate((Cxx~2 + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)
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A+Cx?
3.29 f (a+bx)\/c+dx\/e+fx\/g+hx dx

Optimal. Leaf size=465

dle+fx) [d(g+hx) o . .1 \/]_‘\/c+dx h(de—cf) a2C dle+fx) [d(g+hx)
2C(ah + bg)+Jcf —de,/ decf / Py EllipticF (sm ( N ), f(dg_ch)) 2 (b_2 + A) \ef —de decf \| ds—oh
v2d+[fhnJe + fx Jg + hx Ve + fxs

[Out] (2xCxSqrt[-(d*e) + c*f]*Sqrt[(dx(e + f*x))/(d*e - cxf)]*Sqrt[g + h*x]*Ellip
ticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(dxe) + cxf]], ((dxe - cxf)*h)/(f
*x(d*g - c*h))])/(b*d*Sqrt [f]*h*Sqrt[e + f*xx]*Sqrt[(d*(g + h*x))/(d*xg - c*h)
1) - (2xC*Sqrt[-(d*e) + cxf]lx(bxg + a*h)*Sqrt[(dx(e + f*x))/(d*e - cxf)]*Sq
rt[(d*(g + hx*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrtlc + d*x])/Sqrt
[-(dxe) + cxf]], ((d*e - cx*f)*h)/(f*x(d*g - cxh))])/(b~2*xd*Sqrt [f]*h*Sqrt [e
+ fxx]*Sqrtlg + hxx]) - (2%(A + (a”2%C)/b~2)*Sqrt[-(d*e) + cxf]*Sqrt[(d*(e
+ fxx))/(d*e - c*xf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticPi[-((b*(d*e -
c*xf))/((b*xc - a*xd)*f)), ArcSin[(Sqrt[f]*Sqrtl[c + d*x])/Sqrt[-(dxe) + cx*f]]
, ((dxe - cxf)*h)/(f*x(d*xg - cxh))])/((bxc - axd)*Sqrt[f]*Sqrt[e + f*x]*Sqrt
[g + h*x])

Rubi [A] time = 0.805507, antiderivative size = 465, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 9, integrand size = 42, number of rules

= 0.214, Rules used = {1607, 169, 538, 537, 158, 114, 113, 121, 120}

a’C — /d(e+ fx) / d(g+hx) b(de- cf) ol VfVerdx \ | (de—cf)h . / d(e+fx) / d(g+h
( + A Cf de de—cf dg—ch ( d)f ( cf—de ) |f(dg—ch)) 2C(ah + bg) Cf de de—cf dg—c

Ve + fxyJg + hx(be — ad) b2d+\[fhJe + fa

integrand size

Antiderivative was successfully verified.

[In] Int[(A + Cxx~2)/((a + b*x)*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + hxx]),x]

[Out] (2xCxSqrt[-(d*e) + cxfl*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[g + h*x]*Ellip
ticE[ArcSin[(Sqrt [f]*Sqrt[c + d*x])/Sqrt[-(dxe) + c*xf]], ((dxe - cxf)*h)/(f
*(d*g - c*h))])/(bxd*Sqrt [f]1*h*Sqrte + f*x]*Sqrt[(d*(g + hxx))/(d*g - c*h)
1) - (2xC*Sqrt[-(d*e) + cxf]l*(bxg + axh)*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sq
rt[(dx(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt
[-(dxe) + cxf]], ((d*e - c*f)*h)/(f*x(d*g - cxh))])/(b~2*d*xSqrt [f]*h*Sqrt[e
+ fxx]*Sqrtlg + h*x]) - (2%x(A + (a”2*C)/b~2)*Sqrt[-(d*e) + cxf]*Sqrt[(d*(e
+ fxx))/(d*e - cxf)]*Sqrt[(d*x(g + h*x))/(d*g - c*h)]*EllipticPi[-((b*(d*e -
cxf))/((b*c - a*d)*f)), ArcSin[(Sqrt[f]l*Sqrtlc + d*x])/Sqrt[-(d*e) + cx*f]]
, ((dxe - cxf)*h)/(£*x(d*g - c*h))])/((b*c - axd)*Sqrt[f]1*Sqrt[e + f*x]*Sqrt
[g + hx*x])

Rule 1607

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (£
_ O D) (p_)*((g_.) + (h_.)*(x_))"(gq_.), x_Symbol] :> Dist[PolynomialRem
ainder [Px, a + bxx, x], Int[(a + b*x) mx(c + d*x) n*x(e + f*x) p*x(g + h*x) q
, xJ, x] + Int[PolynomialQuotient[Px, a + b*x, x]*x(a + b*x)"(m + 1)*(c + d*
x)"nx(e + f*xx)"px(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]
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Rule 169

Int[1/(((a_.) + (b_.)*x(x_))*Sqrtl[(c_.) + (d_.)*x(x_)1*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£*x72)/d, x]]1*Sqrt[Simp[(dxg -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]1, x] /; FreeQ[{a, b, ¢, d, e
, £, g, h}, x] & !SimplerQle + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*x(x_)~"2]*Sqrtl(e_) + (f_.)*(x
)721), x_Symbol] :> Dist[Sqrtl[1 + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && 'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrtlcl*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQl[{a, b, c, d
, e, £}, x] && 'GtQ[d/c, 0] && GtQ[c, O] && GtQle, 0] && !'( 'GtQ[f/e, O]
&% SimplerSqrtQ[-(f/e), -(d/c)])

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]x
Sqrt[(e_ ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + f*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxfxx)/(bxe - axf)]/(Sqrtla + b*xx]*Sqrt[(bxc)/(bxc - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && !LtQ[-((b*c - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 2]], (f*(bxc - axd))/(d*(b*xe - a*xf))])/b, x] /;
FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - ax*xd), 0] && GtQ[b/(b*xe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(bxc - axd)), 0] && GtQ[d/(dxe - c*xf), 0] && !LtQ[(bxc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrtla + b*x]*Sqrt[(b*xc)/(b*c - a*xd) + (b*d*x)/(b*c - a*xd)]*Sqrtle + fx*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & 'GtQ[(b*c - axd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 120
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Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*f))])/(b*Sqr
t[(b*e - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*xx] && (PosQ[-((b*c - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps

aC Cx

j' A+ Cx M_(A+f£%f 1 f
(a + bx)Ve + dxJe + fx\fg + hx b? (a+ bx)\/c+dx\/e+fx\/g+hx Vc+dx\/e+fx\/—

a’C 1
= — (2 (A + ?)) Subst f e — dx,
(bc—ad—bxz)\/e—; + 7\/g——

2(A+ bz)Jd(fo))S bst f ! - de,x, C+o
(bc—ud—bxz) 1412 g—%+hi

Joderer | fids—ch)
d(g+hx)
bd\/_ hve + fx W

d(e+fx) .1 [ VfVerdx \ | (de—cf)h
2C+/—de + cf, ,%‘/g + hxE (sm ! (\/W) |f(2gc—ch)) 2C+/—de + cf(t
bd[fife+ x| G

) (2(A+b—2)v

2Cw/ de+c d(”f 9 Jg + hxE (sin—l (W7 V”dx) (e

Mathematica [C] time = 8.17518, size = 1034, normalized size = 2.22

( bZCf,/ —chc® + bZCdew/ — che® + adef‘/ — che® + 2b2Cf‘/ — ch(c + dx)c® + szdfgw/ 2 — b°Cf

Antiderivative was successfully verified.

[In] Integrate[(A + C*xx~2)/((a + b*x)*Sqrtlc + d*xx]*Sqrtle + fxx]*Sqrtlg + hx*x])

,x]

[Out] (-2*(-(b~2*c*Cxd"2xe*xg*xSqrt[-c + (d*g)/h]) + a*b*xCxd~3xexg*xSqrt[-c + (d*xg)/
h] + b™2xc™2*xCxd*fxg*xSqrt[-c + (d*g)/h] - axbkxcxCxd~2*f*xgxSqrt[-c + (d*g)/h
1 + b72xc”2*%CxdxexSqrt[-c + (d*g)/h]l*h - axb*xc*C*xd 2xexSqrt[-c + (d*g)/h]l*h
- b72*xc73*%CxfxSqrt [-c + (d*g)/h]*h + a*bxc”2xCxd*f*Sqrt[-c + (d*g)/h]l*h -
b~ 2*xcxCxdxfxg*xSqrt[-c + (d*g)/hl*(c + d*x) + a*bxCxd~2xf*gxSqrt[-c + (dxg)/
hl*x(c + d*x) - b™2xc*Ckxdxe*xSqrt[-c + (d*g)/h]l*h*x(c + d*x) + axb*xCxd~2*e*xSqr
t[-c + (d*g)/hl*h*x(c + d*x) + 2xb~2xc~2*Cxf*Sqrt[-c + (d*g)/h]l*h*(c + d*x)
- 2kxaxbxckCxd*xf*xSqrt[-c + (d*g)/h]lxh*x(c + d*x) - b~2*xcxCxf*Sqrt[-c + (dxg)/
h]l*h*(c + d*x)~2 + a*xb*Cxd*f*Sqrt[-c + (d*g)/h]l*h*(c + d*x)~2 + I*bxCx(b*c
- axd)*f*(-(dxg) + cxh)*x(c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/(f*(c + d*x))]*S
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qrt [(dx(g + h*x))/(h*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*g)/h]/Sqr
tlc + dxx]], (d¥exh - c*fxh)/(d*f*g - cxf*h)] + I*b*d*fx(b*xcxCxg - a*xCxd*g

+ axc*Cxh + Axbkxdxh)*(c + dxx)~(3/2)*Sqrt[(dx(e + f*x))/(f*(c + d*x))]*Sqrt
[(dx(g + hx*x))/(h*(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc
+ d*x]], (dxexh - c*xfxh)/(dxf*g - c*xfxh)] - I*xAxb~2xd"2*xfxh*x(c + d*x)~(3/2
)*Sqrt [(dx(e + fxx))/(fx(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*Ellip
ticPi[((b*c - a*d)*h)/(bx(-(d*g) + cxh)), I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sqrt
[c + d*x]], (dxexh - c*fxh)/(d*xf*g - c*xfxh)] - I*a~2*Cxd~2*xfxh*(c + d*x) (3
/2)*Sqrt [(dx(e + f*x))/(f*(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*x(c + dxx))]*E1ll
ipticPi[((b*c - a*xd)*h)/(bx(-(d*g) + c*h)), I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sq
rtlc + dxx]], (dxexh - c*f*h)/(dxf*g - cxfxh)]))/(b~2*d"2x(b*c - axd)*fx*Sqr
t[-c + (d*g)/h]l*h*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])

Maple [B] time = 0.034, size = 1368, normalized size = 2.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+A)/(b*x+a)/(d*x+c)~(1/2)/(f*xx+e)”(1/2) /(hxx+g)~(1/2) ,%)

[Out] 2x(d*x+c)”(1/2)*(fxx+e)~(1/2)* (h*xx+g) ~(1/2)/d~2/f/h/b~ 2% ((d*x+c)*f/(c*f-d*e
)~ (1/2) * (- (h*x+g) *d/ (c*h-d*g) ) = (1/2) * (- (f*x+e) *d/ (cxf-d*e)) " (1/2) * (A*E1lip
ticPi(((d*x+c)*f/(cxf-d*xe)) " (1/2),-(cxf-d*xe)*b/f/(a*d-b*c), ((cxf-d*xe)*h/f/(
cxh-d*g)) ~(1/2) ) *b~2xcxd"2xfxh-A*xE1lipticPi (((d*x+c)*f/(cxf-d*e))~(1/2),-(c
xf-dxe)*xb/f/(a*xd-b*c) , ((cxf-dxe)*h/f/(cxh-d*g) )~ (1/2))*b~2+d"~3*exh-C+xEllipt
icF(((d*x+c)*f/(cxf-dxe))~(1/2), ((cxf-d*xe)*h/f/(cxh-d*g) )~ (1/2))*a~2xcxd~ 2%
fxh+C*E1lipticF (((d*x+c)*f/(c*xf-d*e))~(1/2), ((cxf-d*e)*h/f/(c*h-d*xg))~(1/2)
)*a”2%d"3xe*xh+C*E1lipticF (((d*x+c)*f/(cxf-d*xe))~(1/2), ((c*f-d*e)*h/f/(c*h-d
xg) )~ (1/2) ) *axb*c™2xd*fxh-C*xE11lipticF (((d*x+c)*f/(c*xf-d*e))~(1/2), ((cxf-dx*e
)*¥h/f/ (c¥h-d*g) )~ (1/2))*axb*cxd”~2*xexh-CxE1llipticF (((d*x+c)*f/(cxf-d*e))~(1/
2), ((c*xf-dxe)*h/f/(cxh-d*g) )~ (1/2) ) *axbxc*xd~2*xf*g+C+xE1lipticF (((d*x+c)*f/(c
xf-dxe) )~ (1/2), ((cxf-dxe)*h/f/(cxh-d*g) )~ (1/2))*axbxd ~3*e*xg+CxE1llipticF (((d
*x+c)*f/ (cxf-d*e) )~ (1/2) , ((c*¥f-d*e)*h/f/ (cxh-d*g) )~ (1/2)) ¥b"2*c 2xd*f*g-C*E
11lipticF(((d*x+c)*f/(cxf-dxe))~(1/2), ((cxf-d*e)*h/f/(c*h-d*g))~(1/2))*b~2*c
*d"2*e*xg-C*xE1lipticE(((d*x+c)*f/(cxf-d*xe))~(1/2), ((cxf-dxe)*h/f/(cxh-d*g))~
(1/2) ) *a*xbxc”2xd*xf*h+C*E1lipticE(((d*x+c)*f/(cxf-d*e)) ~(1/2), ((c*f-d*e)*h/f
/ (cxh-d*g) )~ (1/2) ) xaxb*xc*d™2xexh+C*E11ipticE(((d*x+c)*f/ (cxf-d*e) )~ (1/2), ((
cxf-dxe) *h/f/(cxh-dxg) )~ (1/2) ) *axb*cxd~2xf*xg-C*xE11lipticE(((d*x+c)*f/(cxf-d*
e))~(1/2), ((cxf-d*xe)*h/f/(cxh-d*g)) ~(1/2))*a*bxd~3*exg+CxE11lipticE(((d*x+c)
*xf/(cxf-dxe))~(1/2), ((cxf-dxe)*h/f/(cxh-d*g) )~ (1/2))*b~2xc~3*f*h-CxElliptic
E(((d*x+c)*f/(cxf-d*xe)) " (1/2), ((c*f-d*e) *h/f/(c*xh-d*xg) )~ (1/2))*b~2*c™2*d*e*
h-C*E1lipticE(((d*x+c)*f/(cxf-d*xe))~(1/2), ((c*xf-d*e)*h/f/(c*xh-d*g))~(1/2))*
b~ 2*c"2*d*xf*xg+C*xE11lipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-d*e)*h/f/(cxh-d
xg) )~ (1/2) ) *b~2*c*xd~2*xexg+CxE11lipticPi (((d*x+c)*f/(cxf-dxe))~(1/2),- (cxf-dx*
e)*b/f/(axd-bxc), ((cxf-d*xe)*h/f/(cxh-d*g)) ~(1/2))*a"~2xc*xd~2xf*h-C+xE1lipticP
i(((dxx+c)*f/(cxf-d*xe))~(1/2),-(cxf-d*xe)*b/f/(a*xd-b*xc) , ((cxf-d*e)*h/f/(c*xh-
d*g))~(1/2))*a"2xd"3xexh) / (a*d-b*c) / (d*f*hkx™3+ckf*hkx™2+d*kexhrx™2+d*f*grx™
2+cxexhxx+oxfxgkrxtd*exgxx+crexg)

Maxima [F] time = 0., size = 0, normalized size = 0.

f Cx2+ A i
(bx + a)Vdx + c\/fx +e\Jhx + g
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(bxx+a)/(d*x+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2),x, al
gorithm="maxima"

[Out] integrate((Cxx~2 + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
,» X)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(bxx+a)/(d*x+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2),x, al
gorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx*x2+A)/(b*xx+a)/(d*x+c)**(1/2)/(f*xx+e)*x(1/2)/(h*x+g)**(1/2),x
)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f Cx2+ A i
(bx + a)Vdx + c\/fx +e\Jhx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*xx~2+A)/(b*x+a)/(d*x+c)”~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, al
gorithm="giac")

[Out] integrate((Cxx~2 + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
» X)
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A+Cx?
3.30 f (a+bx)2\/c+dx\/e+fx\/g+hx dx

Optimal. Leaf size=738

dle+fx) [d(g+hx) ( o 2 .. . 1 [ fVetdx\  h(de—cf)
Jef —de. | e / " (a2Cdf - 2abC(cf + de) + b*(2cCe — Adf)) EllipticF (sm ( o= ) f( dg_ch)) N

bzd\/ﬁ/e + fx+/g + hx(bc — ad)(be — af) (a-

[Out] -(((A*b~2 + a~2xC)*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx])/((b*c - a*xd)x*
(bxe - axf)*(bxg - axh)*(a + b*x))) + ((Axb + (a~2*C)/b)*Sqrt [f]1*Sqrt[-(dxe
) + cxf]*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sq
rt[f]xSqrt[c + d*x])/Sqrt[-(d*e) + cxf]], ((dxe - c*f)*h)/(fx(d*xg - c*h))])
/((bxc - axd)*(bxe - axf)*(b*g - axh)*Sqrtle + f*x]*Sqrt[(d*(g + hx*x))/(d*g
- cxh)]) + (Sqrt[-(dxe) + cxf]lx(a~2*%Cxd*f - 2*axb*Ck(d*e + cxf) + b72x(2x*c
*Cxe — Axdxf))*Sqrt[(dx(e + fxx))/(d*e - cxf)]*Sqrt[(d*x(g + h*x))/(d*g - cx
h)J*EllipticF[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]], ((d*e - ¢
*x£)*h) /(f*x(d*xg - c*h))])/(b~2xd*(bxc - a*d)*Sqrt[f]x(bxe - axf)x*Sqrtle + f*
x]*Sqrtg + h*x]) - (Sqrt[-(d*e) + c*fl*x(a"4xCxdxfxh - A*xb~4x(d*e*xg + cxfxg
+ ckexh) - 2%a”3*bxCx (d*f*xg + dxexh + c*fxh) - 2%axb”~3x(2xc*Cxexg - Axdxfx
g - Axdkexh - Axc*xfxh) - 3*%a”2xb~2*(Axd*fxh - Cx(dxexg + cxfxg + c*xexh)))*S
qrt[(dx(e + f*x))/(d*xe - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticPil[-
((bx(d*e - cxf))/((bxc - a*d)*f)), ArcSin[(Sqrt[f]l*Sqrtlc + dxx])/Sqrt[-(dx*
e) + cxf]], ((d*e - c*xf)*h)/(fx(d*xg - c*h))])/(b"2x(bxc - axd) "2*Sqrt[f]*(b
xe - axf)*(b*xg - ax*h)*Sqrtle + f*x]*Sqrtl[g + hxx])

Rubi [A] time = 1.90697, antiderivative size = 738, normalized size of antiderivative =

. . f rul
1., number of steps used = 12, number of rules used = 10, integrand size = 42, number of rules

= 0.238, Rules used = {1605, 1607, 169, 538, 537, 158, 114, 113, 121, 120}

VT daye T Fiyg o (2C + Ap2)  VEf e, [SL2SE2 (aPCdf - 2abC(cf +de) + bP(2cCe — Adf)) F
- (a + bx)(bc — ad)(be — af)(bg — ah) " bzd\/j_%/e + fx+/g + hx(bc — ad)(be — af)

integrand size

Antiderivative was successfully verified.

[In] Int[(A + Cxx"2)/((a + b*x)"2%Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x]

[Out] -(((A*b"2 + a”2*C)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/((b*xc - axd)*
(bxe - a*xf)*(bxg - axh)*(a + b*x))) + ((A*b + (a~2*C)/b)*Sqrt[f]*Sqrt[-(d*e
) + cxf]*Sqrt[(dx(e + f*x))/(d*e - cxf)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sq
rt[f]xSqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((dxe - c*f)*h)/(fx(d*g - c*h))])
/((b*xc - axd)*(b*xe - axf)*(b*g - axh)*Sqrtl[e + f*x]*Sqrt[(d*(g + h*x))/(d*g
- cxh)]) + (Sqrt[-(dxe) + cxflx(a~2*Cxd*f - 2*a*b*xCkx(d*e + c*xf) + b™2%(2%c
xCxe - Axdxf))*Sqrt[(d*(e + fx*x))/(d*e - c*f)]*Sqrt[(d*(g + h*x))/(d*g - cx
h)]*EllipticF[ArcSin[(Sqrt[f]1*Sqrtlc + d*x])/Sqrt[-(d*e) + cxf]], ((d*e - ¢
xf)xh) /(£*x(d*g - c*h))])/(b"2*d*(b*c - axd)*Sqrt[f]*(b*e - axf)*Sqrtle + fx
x]*Sqrt[g + h*x]) - (Sqrt[-(d*e) + c*fl*(a~4xCxdxfxh - A*xb~4x(d*e*xg + cxfxg
+ ckxexh) - 2%a”3*%b*Cx(d*f*g + dkexh + ckf*xh) - 2%axb™3x(2xcxCxexg - Axd*f*
g — Axdxexh - Axcxfxh) - 3*%a”2*b"2x(Axd*xfxh - Cx(d*exg + cxf*xg + ckexh)))*S
grt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticPi[-
((bx(dxe - c*f))/((bxc - axd)*f)), ArcSin[(Sqrt[f]l*Sqrt[c + d*x])/Sqrt[-(d*
e) + cxf]], ((dxe - c*f)*h)/(fx(d*g - cxh))])/(b"2*%(b*c - axd) " 2xSqrt[f]*(b
xe — axf)*(b*g - axh)*Sqrtle + f*x]*Sqrtl[g + hxx])
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Rule 1605

Int[((Ca_.) + (b_D*(x_))"(m_)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)*
(x_)]*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp
[((Axb~2 + a”2xC)x(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + hx
x]1)/((m + 1)*(bxc - axd)*(bxe - a*xf)*(b*g - ax*h)), x] - Dist[1/(2*%(m + 1)*(
bxc - a*xd)*(b*e - a*f)*(b*g - a*h)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*
Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[A*(2*%a~2*d*fxh*(m + 1) - 2%axbx(m + 1)*(
dxf*xg + d*exh + cxfxh) + b~2%x(2xm + 3)*(d*exg + cxf*xg + cxexh)) + axCx(ax(d
xexg + cxfxg + cxexh) + 2*bkxckxexgx(m + 1)) - 2x(Axb*(axdxf*h*x(m + 1) - bx(m
+ 2)x(d*f*g + dxexh + cxfxh)) - Cx(a"2x(dxfxg + d*exh + cxfxh) - b~ 2%ckexg
*(m + 1) + axbx(m + 1)*(d*exg + cxf*g + ckxexh)))*x + d*f*h*(2xm + 5)*(Axb~2
+ a”2xC)*x~2, x], x], x] /; FreeQ[{a, b, c, d, e, f, g, h, A, C}, x] & In
tegerQ[2*m] && LtQ[m, -1]

Rule 1607

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (f
_ )" (p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder [Px, a + bx*x, x], Int[(a + b*x) mx(c + d*x)"n*(e + f*x) p*x(g + h*x) q
, xJ, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d*
x)"nx(e + f*x) px(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rule 169

Int[1/(((a_.) + (b_.)*x(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] & !'SimplerQle + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 538

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1l + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt [1 + (d*x~2)/c]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && 'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*x(x_)~"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrt[cl*Sqrtle]*Rt[-(d/c), 21), x] /; FreeQ[{a, b, ¢, d
, e, T}, x] & 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (£f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*xx]*Sqrt[(b*x(c + d*x))/(b*c - axd)])/(Sqr
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tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bxe - a*f)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*xc - axd))/(dx(bxe - axf))1)/b, x1 /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - axd)/d), 0] && !'(SimplerQ[c + d*x, a + b*x] && GtQ[-
(@/(b*xc - a*d)), 0] && GtQ[d/(d*e - c*xf), 0] && 'LtQ[(b*xc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(bx(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & !GtQ[(b*xc - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + bxx, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
1), x_Symbol]l :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - a*d)/bl)], (fx(b*c - axd))/(dx(bxe - axf))])/(b*Sqr
t[(bxe - axf)/b]l), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((b*c - axd)/d)] || NegQ[-((bxe - axf)/f)])

Rubi steps
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f ~Ab?(deg+cfg+ceh)—2ab(cCeg—Ad fg—Ad

A+ Cx2 ; (Ab2 + aZC) Ve + dxyfe + fxafg +hx
f (a + bx)2Vc + dxrJe + fxy/g + hx * 7T (e - ad)(be - af)(bg — ah)(a + bx)

2bcCeg—2aCdeg—2acCfg+——=

22 Cdf 8 _2acCe

(Ab2 + aZC) Ve + dxyJe + fxifg +hx

Ve

(bc — ad)(be — af)(bg — ah)(a + bx)

2(bc — a

(AP + 2C) Ve + drye s Fryg +Tix (a?Cdf — 2abC(de + cf) + b*(2cC

(bc — ad)(be — af)(bg — ah)(a + bx)

(AD? + a2C) Ve + dxyfe + fx\fg + hx

2b%(bc — ad’

wkﬁ-mww+qﬂmm<

(bc — ad)(be — af)(bg — ah)(a + bx)

(Ab2+a2C) Ve + dxyJe + fx\fg + hx (Ab+_)\/—" —de+cf [ 52 of
+

2b2(be

d(e+fx

(bc — ad)(be — af)(bg — ah)(a + bx)

(bc — ad)(be — af)(bs

(Ab2+a2C) Ve + dxyJe + fx\fg + hx (AZH__)\/—V —de+cf [ 52 of
-~ +

d(e+fx

(bc — ad)(be — af)(bg — ah)(a + bx)

(bc — ad)(be — af)(bs

Mathematica [C] time = 15.7353, size = 636, normalized size = 0.86

Pd(c + dx)(e + fx)(g + hx) (a2C + AB?) (ad ~ be) %—c+m+h@&f@+f@@+hﬂ@ﬂc+Aﬂﬂm—a®J%—c

Antiderivative was successfully verified.

[In] Integrate[(A + Cxx~2)/((a + b*x)~2*Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x

1) ,x]

[Out] (b72%(A*b~2 + a~2%C)*d*(-(b*c) + axd)*Sqrt[-c + (d*g)/h]l*(c + d*x)*(e + f*x

)*(g + h*xx) + (a + b*x)*(bx(A*xb~2 + a~2xC)*d~2x(bxc - axd)*Sqrt[-c + (dxg)/
hlx(e + fxx)*(g + h*x) - I*x(c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/(fx(c + d*x))
1%Sqrt [(d* (g + h*x))/(hx(c + d*x))]*(bx(A*b~2 + a~2*C)*(bxc - a*xd)*fx*(-(d*g
) + cxh)*EllipticE[I*ArcSinh([Sqrt[-c + (dxg)/h]l/Sqrtlc + d*x]], (d*exh - cx
fxh)/(d*f*g - cxfxh)] - bx(b*e - a*xf)*(-2%a*b*(c™2*C + A*d~2)*h + a~2xCxd*(
—-(d*g) + cxh) + b72x(2%c”2xC*g + A*d"2%g + Axcxd*h))*EllipticF[I*ArcSinh[Sq
rt[-c + (d*g)/h]/Sqrtlc + dxx]], (d*exh - cxf*h)/(dxfxg - cxf*h)] - dx(a~4x
Cxd*xf*xh - Axb~4*(d*exg + c*xf*xg + ckxexh) - 2%a”3xb*Ck(dxfxg + dxexh + cxfxh)
+ 2%axb”3* (-2kc*kCkexg + Axd*xf*g + Axd¥xexh + Axcxfxh) + 3*%a”2*%b72% (- (Axdxf*
h) + Cx(d*exg + cxf*xg + c*exh)))*E1lipticPi[((b*c - a*xd)*h)/(bx(-(d*g) + cx*
h)), I*ArcSinh[Sqrt[-c + (d*g)/h]/Sqrtlc + d*x]], (d*exh - cxf*h)/(dxfxg -

cxfxh)])) )/ (b"2*d*(bxc - axd) "2*(b*e - a*xf)*Sqrt[-c + (d*xg)/h]l*(bxg - axh)=*
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(a + bxx)*Sqrt[c + d*xx]*Sqrtle + f*x]*Sqrtlg + h*x])

Maple [B] time = 0.091, size = 17460, normalized size = 23.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*xx~2+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(fxx+e)~(1/2)/(hxx+g)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f Cx+ A "
(bx + a)*Vdx + cyfx+ehx+g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(bxx+a) 2/ (d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="maxima"

[Out] integrate((C*x~2 + A)/((b*x + a) 2xsqrt(d*x + c)*sqrt(f*x + e)xsqrt(h*x + g
)), %)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(bxx+a) 2/ (d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="fricas")

[Out] Timed out

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx*x2+A)/(b*xx+a)**2/(d*x+c)**(1/2)/(f*xx+e)*x(1/2)/ (h*x+g)**(1/2
), %)

[Out] Exception raised: ValueError
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Giac [F] time = 0., size = 0, normalized size = 0.

f Cx2+ A i
(bx + a)*Vdx + c[fx + ey/hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*xx+g)~(1/2),x,
algorithm="giac")

[Out] integrate((C*xx~2 + A)/((b*x + a) 2xsqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), %)
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(a+bx)3/2(A+Cx2)
3.31 f Ve+dxaJe+fx+/g+hx ax

Optimal. Leaf size=1395

result too large to display

[Out] ((Cx(3xaxd*f*h - Bxb*(d*f*g + dxexh + cxfxh))*(axd*f*h - 3*b*(d*f*g + d*xexh
+ cxf*xh)) + 8xbkdxfxhk(3xAxbxd*xf*h - Ckx(2¥bx(d*e*xg + cxfxg + ckxexh) + ax(d
xf*xg + dkexh + cxf*h))))*Sqrtla + b*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(24*bxd
“2%f73xh"3*Sqrt[c + d*x]) + (Cx(3*axdxfxh - 5xbkx(dxfxg + d*exh + cxfxh))*Sq
rt[a + bxx]*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(12*d"2*xf72xh"2) + (
Cx(a + b*x)~(3/2)*Sqrt[c + dxx]*Sqrtle + f*x]*Sqrtlg + hx*x])/(3*xd*f*h) - (S
grt[dxg - cxh]*Sqrt[fxg - exh]*(Cx(3*axdxf*h - B*xbx(dxf*g + d*exh + c*fx*h))
x(axd*fxh - 3xb*(d*fxg + dxexh + ckxfxh)) + 8xbxd*fxh*(3*Axb*d*fxh - Cx(2%bx
(dxexg + cxfxg + ckxexh) + ax(dxfxg + d*exh + cxfxh))))*Sqrt[a + bxx]*Sqrt[-
(((d*xe - cxf)*(g + h*xx))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d
xg - cxh]*Sqrtle + f*x])/(Sqrtlf*g - exh]xSqrtlc + d*x])], ((b*xc - a*xd)*(f*
g - exh))/((bxe - axf)*x(d*g - c*h))])/(24*b*d"3*f 3*h~3*xSqrt [((d*e - c*f)*(
a + b*x))/((bxe - axf)*(c + d*x))]*Sqrtlg + h*x]) + ((bxe - axf)*Sqrt[b*g -
axh] * (3*xa~2xCxd~2*xf"2xh~2 + 6*axbxCkd*xfxh*(cxfxh + 2*d*x(fxg + exh)) - b™2x%
(24%A*d~2+f72*%h"2 + Cx(B5xc™2*f~2xh~2 + 4*ckxdxfxh*x(fxg + exh) + d™2x(15%f~2x
g72 + 14xexf*xgkh + 15%e”2%h72))))*Sqrt[((b*xe - axf)*(c + d*x))/((d*e - cxf)
x(a + b*xx))]*Sqrt[g + h*xx]*EllipticF[ArcSin[(Sqrt[b*g - a*h]*Sqrtle + f*x])
/(Sqrt[f*g - exh]*Sqrtla + b*x])], -(((bxc - axd)*x(fxg - exh))/((d*xe - cxf)
*x(bxg - axh)))])/(24xb~2xd"2*f"3xh~3xSqrt [f*xg - exh]*Sqrt[c + d*x]*Sqrt[-((
(bxe - axf)*(g + h*x))/((fxg - exh)*x(a + bxx)))]) - (Sqrt[-(d*g) + cxh]x*(4x
bxd*xfxh* (Ck (b* (d*exg + cxf*g + ckexh) + ax(dxf*g + dkexh + cxfx*h))*(3*axdx*f
*xh — B*bk(d*f*xg + d¥exh + cxfxh)) + 2kd*xfxh*(3*xb~2*ckCkexg + 2%a~2xCx (d*xf*g
+ d¥exh + cxfxh) - axb*(12%Axdxf*h - B*Cx(dxe*xg + c*xfxg + cxexh)))) + (axd
xf*xh + bk (dxfxg + dxexh + cxfxh))*(Cx(3*axdxf*h - BS*xbx(dxf*g + d*exh + cxfx
h))*(axdxf*h - 3*bx(dxf*g + dkexh + c*xf*xh)) + 8xbkdxf*h*(3xAxbxdxf*h - C*(2
xb* (d*exg + cxf*g + ckexh) + ax(dxf*g + d*exh + cxf*h)))))*(a + b*x)*Sqrt[(
(bxg - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))I*Sqrt[((b*g - axh)*(e + f*x)
)/ ((f*g - exh)*(a + bxx))]*EllipticPi[-((b*(d*g - cx*h))/((b*xc - a*d)*h)), A
rcSin[(Sqrt[b*c - a*d]*Sqrtlg + h*x])/(Sqrt[-(d*g) + cxh]*Sqrtla + b*x])],
((bxe - axf)*(d*g - c*h))/((bxc - axd)*(f*g - exh))])/(24*b~2*d~3*Sqrt [bxc
- axd]*f~3xh~4xSqrt[c + d*xx]*Sqrtle + f*x])

Rubi [A] time = 5.74231, antiderivative size = 1376, normalized size of antiderivative =

0.99, number of steps used = 10, number of rules used = 10, integrand size = 44, number of rules

= 0.227, Rules used = {1601, 1600, 1602, 1598, 170, 419, 165, 537, 176, 424}

integrand size

VT Ao P g TR + b \Jh = dg ((adfh + b(dfg + deh + cfh)) (24 Ad2 2122 +15C(d g + deh + |
3dfh -

Antiderivative was successfully verified.

[In] Int[((a + b*x)~(3/2)*x(A + Cxx"2))/(Sqrtlc + d*xx]*Sqrtle + fxx]*Sqrtlg + h*x
1) ,x]

[Out] ((24*A*bxd~2*xfxh + (3*xa~2*xCxd~2xf*h)/b - 16%b*Cxd*(d*exg + cxf*g + ckexh) -
22*%axC*xd*x (dxfxg + d*xexh + cxfxh) + (15xbxCx(d*f*g + dxexh + c*xfxh)~2)/(fx*h
))*Sqrt[a + b*x]*Sqrtle + f*xx]*Sqrtlg + hxx])/(24*d~2xf~2*h~2*Sqrt[c + d*x]
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) + (Cx(3xa*xdxfxh - b*bx(dxf*g + d*exh + cxfxh))*Sqrtl[a + b*x]*Sqrtlc + d*x
1xSqrt e + f*xx]*Sqrtlg + h*x])/(12xd~2*xf72+*h~2) + (Cx(a + bx*x)~(3/2)*Sqrtlc
+ d*x]*Sqrt[e + fxx]*Sqrtlg + h*x])/(3*d*xf*h) - (Sqrtld*g - c*xh]*Sqrt[f*g
- exh]*(24xA*xb~2xd"2*xf"2*h"2 + 3*a”2xC*xd"2+f7"2xh~2 - 16%b~2xCxd*fxh* (d*exg
+ cxfxg + ckexh) - 22kaxbxCxd*f*hk(d*f*xg + dkexh + cxfxh) + 15xb~24Cx* (d*xf*g
+ d¥exh + cxfxh) 2)*Sqrt[a + bxx]*Sqrt[-(((d*xe - cxf)*(g + hxx))/((f*xg - e
*h)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrtle + f*x])/(Sqrt[f*g
- exh]*Sqrt[c + dxx])], ((bxc - axd)*(f*g - exh))/((bxe - axf)*(d*g - c*h)
)1)/ (24%bxd~3*f~3*xh~3*Sqrt [((d*e - cxf)*(a + b*x))/((b*xe - a*xf)*(c + d*x))]
*Sqrt[g + h*x]) + ((b*xe - axf)*Sqrt[bxg - a*h]*(3xa~2*Cxd~2xf~2xh~2 + 6xaxb
*xCkd*xfxhk (ckxfxh + 2%d*(fxg + exh)) - b72%(24xA*xd"2*f72xh™2 + Cx(5*c™2%f72xh
T2 + 4dkxckdxfxhkx(fxg + exh) + d72x(15%f72%g™2 + 14xexf*g*h + 15%e™2%h72))))*
Sqrt[((bxe - axf)x(c + d*x))/((d*e - c*xf)*(a + b*x))]*Sqrt[g + h*x]*Ellipti
cF[ArcSin[(Sqrt[b*g - axh]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrtl[a + b*x])],
-(((b*c - axd)*(fxg - exh))/((d*xe - cxf)x(bxg - axh)))])/(24xb~2xd~2*f"3xh
~3xSqrt[f*g - exh]*Sqrtl[c + dxx]*Sqrt[-(((b*xe - axf)*(g + h*x))/((f*g - exh
)x(a + b*xx)))]) - (Sqrt[-(d*g) + cxh]l*((axd*f*h + bx(dxf*g + dxexh + c*fxh)
)% (24%A*b~2%d"2+f"2%xh"2 + 3*%a”24Ckd"2*f"2+h72 - 16*b~2*Ckd*f*h* (dxe*xg + c*f
xg + cxexh) - 22xaxbxCxdxfxh*(dxfxg + dxexh + cxfxh) + 15xb~2*xCx(dxf*g + dx
exh + cxfxh)~2) + 4xbkxdxf*h*(Cx(bx(dxe*xg + cxfxg + ckxexh) + ax(dxfxg + dxex
h + c*f*h))*(3kaxdxf*xh - 5xbx(dxfxg + dkexh + c*xf*h)) + 2xd*f*xh*(3*b~2xc*xCx
exg + 2xa”2xCx(d*f*g + dkexh + c*fxh) - axbx(12xAxd*fxh - 5xCk(d*exg + c*fx
g + cxexh)))))*(a + bxx)*Sqrt[((b*g - a*h)*(c + d*x))/((d*xg - c*h)*(a + bx*x
))1*xSqrt [((bxg - axh)*(e + f*x))/((fxg - exh)x(a + b*x))]*E1llipticPi[-((b*(
dxg - cxh))/((b*c - axd)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrtl[g + h*x])/(Sqrt[
-(d*g) + cxh]*Sqrt[a + bxx])], ((bxe - a*xf)*(dxg - c*h))/((b*c - axd)*(fx*g
- exh))])/(24xb~2xd"3*Sqrt [b*c - axd]*f~3*h~4*Sqrt[c + dxx]*Sqrtle + f*x])

Rule 1601

Int[(((a_.) + (b_)*(x_))"(m_.)*x((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*x(x_)]*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
pl[(2+Cx(a + b*x) m*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(d*f*h*(2*m +
3)), x] + Dist[1/(d*f*xh*(2*m + 3)), Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]x*
Sqrtle + fxx]*Sqrtlg + h*x]))*Simp[a*xAxd*xf*h*(2*xm + 3) - Ck(ax(d*exg + cxfx
g + cxexh) + 2xbkcxexgkm) + (Axbkdxf*h*(2xm + 3) - Ckx(2xax(dxf*g + d*xexh +

ckfxh) + bx(2xm + 1)*(d*exg + c*f*xg + ckxexh)))*x + 2xCk(a*xd*xf*h*m - bx(m +

1)*(d*f*g + d*exh + cxf*h))*x"2, x], x], x] /; FreeQ[{a, b, c, 4, e, f, g,

h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1600

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_)*(x_)I*Sqrtl(e_.) + (£_)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]1), x_S
ymbol] :> Simp[(2%Ckx(a + b*x) m*xSqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/
(d*fxh*x(2*m + 3)), x] + Dist[1/(d*xfxh*x(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
qrtlc + d*x]*Sqrtle + f*xx]*Sqrt[g + hxx]))*Simp[axA*xd*xf*xh*(2*m + 3) - Cx(ax
(d*exg + cxf*xg + ckexh) + 2%bxckexg*m) + ((A*b + a*xB)*d*fxh*x(2*m + 3) - Cx(
2kxax (d*f*g + dxexh + c*xfxh) + b*x(2*m + 1)*(d*exg + c*xf*xg + cxexh)))*x + (bx
Bxd*xfxh* (2+%m + 3) + 2xCk (a*xd*xfxh*m - bx(m + 1)*(d*fxg + dxexh + ckxfxh)))*x"
2, x1, x], x]1 /; FreeQ[{a, b, c, d, e, f, g, h, A, B, C}, x] & IntegerQ[2*
m] && GtQ[m, O]

Rule 1602

Int[((A_.) + (B_.)*(x_) + (C_.)*x(x_)"2)/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrt[(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[(C*Sqrt[a + bxx]*Sqrtl[e + f*x]*Sqrtlg + h*x])/(bxfxhxSqrt[c + dx*
x]), x] + (Dist[1/(2%b*xd*f*h), Int[(1*Simp[2*xA*bxd*f*h - Ck(bkxd*e*xg + akxcxf
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*h) + (2*b*Bxd*fxh - Ck(axd*f*h + bx(d*f*g + d*exh + c*xf*h)))*x, x])/(Sqrtl[
a + b*x]*Sqrt[c + d*x]*Sqrtle + f*xx]*Sqrtl[g + h*x]), x], x] + Dist[(Cx(dxe

- cxf)*x(d*g - c*h))/(2%bxd*xf*h), Int[Sqrtla + b*x]/((c + d*x)~(3/2)*Sqrt(e

+ fxx]*Sqrtlg + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rule 1598

Int[((A_.) + (B_.)*(x_))/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrt[(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)1), x_Symboll :> Dist[(A*b
- a*B)/b, Int[1/(Sqrtl[a + bxx]*Sqrtl[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrtla + b*x]/(Sqrtlc + d*x]*Sqrtle + fxx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rule 170

Int[1/(Sqgrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_.) + (d_.)*x(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2#Sqrt[g + h*x]*Sqrt[(
(bxe - axf)*(c + d*x))/((d*e - c*xf)x(a + b*x))])/((f*g - exh)*Sqrtlc + dx*x]
*3qrt [-(((bxe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - a*d)*x72)/(d*e - c*f)]*Sqrt[1 - ((bxg - a*h)*x"2)/(f*g - exh
)1), x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, £, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrt[a]*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 165

Int[Sqrtl(a_.) + (b_.)*x(x_)]/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2x(a + bx*x)*Sqrt[((b*xg -
axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((bxg - ax*h)*(e + f*x))/((f*
g - exh)*(a + b*x))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + ((b*c - a*xd)*x~2)/(d*g - c*h)]*Sqrt[1 + ((bxe - axf)*x72)/(f*g
- exh)]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, 4, e,
f, g, h}, x]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, O] && '( 'GtQ[f/e, O]
&% SimplerSqrtQ[-(f/e), -(d/c)])

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (f_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2*Sqrt[c + dxx]*Sqrtl[
-(((b*xe - axf)*(g + hxx))/((f*g - exh)*(a + b*x)))])/((b*e - a*xf)*Sqrtl[g +
h*xx]*Sqrt [((b*e - a*xf)*x(c + d*x))/((d*e - c*f)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((bxc - axd)*x72)/(d¥e - cxf)]1/Sqrt[1 - ((bxg - axh)*x"2)/(f*g - exh)]
, xJ, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
, x]
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Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~2], x_Symbol] :> Simp[
(Sqrtlal*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

Rubi steps

f \/a+bx(—3bcCeg+6aAdfh—aC(deg+cfg+ceh)+2(3Abdfh—
V

f (a+ bx)3/2 A+ Cx ) ; C(a + bx)¥2+c + dx\Je + fx\[g + hx N
x =
\/c+dx\/e+fx\/g+hx 3dfh

_ C(3adfh—>5b(dfg + deh + cfh))Va + bxVc + dxJe + fx g + hx . Cla + bx32e 4

1242 f2122 z
(24Abd2f 4 2CE Cd SC _16bCd(deg + cfg + cel) — 22aCd(dfg + deh + cfh) + 2=
) 24d? f2h?~c + dx
2 3a2C fh 156C(df
B (24Abd fh+ ———— T 16bCd(deg + cfg + ceh) —22aCd(df g + deh + cfh) + ——=
24d? f2h?~c + dx
(24Abd2f h+ 22CE_16bCa(deg + cf g + ceh) — 22aCd(dfg + deh + cfh) + 2
) 24d? f2h?~c + dx
(24Abd2f h+ 22CE _16bCa(deg + cf g + ceh) - 22aCd(dfg + deh + cfh) + 2

24d? f2h?~c + dx

Mathematica [B] time = 25.9062, size = 38310, normalized size = 27.46

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + bxx)~(3/2)*(A + Cxx72))/(Sqrtlc + d*x]*Sqrtl[e + f*xx]*Sqrtlg
+ hx*x]) ,x]

[Out] Result too large to show

Maple [B] time = 0.24, size = 89498, normalized size = 64.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(3/2)*(C*xx~2+A)/(d*x+c)~(1/2)/ (f*x+e)~(1/2)/ (h*xx+g)~(1/2) ,x)
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[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f Cx +A (bx+a)2
Vdx + c/fx +e\hx + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(3/2)*(Cxx~2+A)/(d*x+c)”~(1/2)/(f*x+e)”(1/2)/ (h*x+g)~(1/2)

,X, algorithm="maxima")

[Out] integrate((Cxx~2 + A)*(bxx + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)~(3/2)*(C*x~2+A)/(d*x+c)~(1/2)/(fxx+e)”~(1/2)/ (h*xx+g)~(1/2)

,X, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**(3/2)* (Ckxx*2+A)/(d*x+c)**(1/2)/(f*xx+e)*x(1/2)/ (h*x+g) **
(1/2) ,%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f Cx +A (bx+a)2 i
x
Vdx + c/fx +e\hx + g
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(3/2)*(Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/ (h*x+g)~(1/2)

,X, algorithm="giac")

[Out] integrate((Cxx~2 + A)*(bxx + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+ g)), x)
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a+bxz4+Cx )
3.32 f \/c+dx\/e+fx\/g+hx dx

Optimal. Leaf size=937

\dg — chv[fg — eh(adfh — 3b(dfg + deh + cfh))Va + bx

0 (010 | (de= cf)(a+bx) /—
4bd f h (be—af)(c+dx)

(de cf)(g+hx)E \dg—chaJe+fx \ | (be—ad)(fg—ch) C (be i
(fg—eh)(c+dx) \[fgizﬁvGIE} (be-af)(dg—ch)

[Out] (Cx(axdxfxh - 3*bx(d*fxg + d*exh + cxfxh))*Sqrtl[a + b*x]*Sqrtl[e + f*x]*Sqrt
[g + hxx])/(4xbxd*f~2¥h~2xSqrt[c + d*x]) + (CxSqrtl[a + b*x]*Sqrtlc + d*x]*S
qrtle + f*x]*Sqrtlg + h*x])/(2xd*fxh) - (C*Sqrtl[d*g - c*h]*Sqrt[f*g - exh]x
(axd*xfxh - 3*bkx(dxfxg + d*exh + cxfxh))*Sqrtl[a + b*x]*Sqrt[-(((d*e - c*xf)x*(
g + hxx))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrt[
e + f*x])/(Sqrt[f*g - exh]xSqrtlc + d*x])], ((b*c - axd)*x(fxg - exh))/((b*e
- axf)*(d*g - cxh))])/(4*xb*d"2xf~2xh~2*xSqrt [((dxe - c*f)*(a + b*x))/((bxe
- axf)*(c + d*x))]*Sqrtlg + h*x]) + (Ckx(b*e - axf)*Sqrt[b*xg - axh]x(axd*f*h
+ bk (cxfxh + 3xdx(f*g + exh)))*Sqrt[((b*xe - axf)*(c + dxx))/((dxe - cxf)*(
a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtle + fxx])/(
Sqrt[f*g - exh]*Sqrtla + b*x])], -(((bxc - axd)*x(fxg - exh))/((d*xe - cxf)x*(
bxg - axh)))])/(4*xb~2xd*xf~2xh~2*xSqrt [fxg - exh]*Sqrt[c + d*xx]*Sqrt[-(((bxe
- axf)*(g + hx*x))/((f*g - exh)*x(a + b*x)))]) - (Sqrt[-(d*g) + cxh]*(Cx(axdx*
fxh - 3xbkx(d*f*g + dxexh + c*fxh))*(a*xd*f*h + bx(dxf*g + d*exh + cxf*h)) -
4xbxd*f*xh*x (2xAxbxd*xf*xh - Ck(b*x(d*exg + cxf*xg + cxexh) + ax(dxf*g + d*xexh +
cxfxh))))*x(a + bxx)*xSqrt[((b*g - a*h)*(c + d*x))/((d*xg - cxh)*(a + b*x))]*S
grt [((bxg - axh)*(e + f*x))/((f*g - exh)x(a + b*x))]*E1llipticPi[-((b*(d*g -
cxh))/((b*c - a*d)*h)), ArcSin[(Sqrt[b*c - a*d]*Sqrtl[g + h*x])/(Sqrt[-(d*g
) + cxh]*Sqrtla + bxx])], ((bxe - axf)*(d*g - c*h))/((b*c - a*d)*(fxg - exh
))1)/ (4%b~2%d"2%Sqrt [bxc - a*xd]*f~2xh~3*Sqrt[c + d*x]*Sqrtle + fx*x])

Rubi [A] time = 2.28346, antiderivative size = 936, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 9, integrand size = 44, LT

integrand size
0.204, Rules used = {1601, 1602, 1598, 170, 419, 165, 537, 176, 424}

(de—cf)(g+hx) —1 [ Vdg—chvje+fx\  (bc—ad)(fg—eh)
_{emeNle ) p (-1 [ N8 C  (be-
(fg—eh)(c+dx) \fg—ehVc+dx | (be-af)(dg—ch)

\dg — chv[fg — eh(adfh — 3b(dfg + deh + cfh))Va + bx

0 (010 | (de= cf)(u+bx) —
4bd f h (be—af)(c+dx) g+hx

Antiderivative was successfully verified.

[In] Int[(Sqrt[a + bxx]*(A + Cxx"2))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx])
,x]

[Out] (Cx(axd*fxh - 3xb*x(d*f*xg + dxexh + c*fxh))*Sqrt[a + b*x]*Sqrt[e + fxx]*Sqrt
[g + h*x])/(4xb*xd*xf~2xh~2*%Sqrt[c + d*x]) + (C*Sqrt[a + b*x]*Sqrtlc + d*x]*S
grtle + f*x]*Sqrtlg + h*x])/(2xd*fxh) - (C*Sqrt[d*g - c*h]*Sqrt[f*g - ex*h]*
(axd*f*h - 3xbx(dxfxg + d*exh + c*f*h))*Sqrtl[a + b*x]*Sqrt[-(((d*e - cx*f)x*(
g + hxx))/((f*g - exh)*x(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtl[
e + f*x])/(Sqrt[fxg - exh]*Sqrtlc + d*x])], ((b*c - axd)*x(fxg - exh))/((bx*e
- axf)*(d*g - c*h))])/(4xbxd"2xf~2xh~2*Sqrt [((d*e - cxf)x(a + b*x))/((b*e
- axf)*(c + dxx))]*Sqrtlg + h*x]) + (Cx(b*e - axf)*Sqrt[b*xg - axh]x*(bxc*f*h
+ axd*f*h + 3xbxd*(fxg + exh))*Sqrt[((b*xe - axf)*(c + d*x))/((d*e - cxf)x*(
a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtle + fxx])/(
Sqrt[f*g - exh]*Sqrtla + b*x])], -(((bxc - axd)*x(fxg - exh))/((dxe - cxf)*(
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bxg - axh)))])/(4xb~2xd*f 2xh~2*Sqrt [f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b*e
- axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]) - (Sqrt[-(d*g) + c*h]*(Ck(a*xdx*
fxh - 3xb*(d*fxg + dxexh + cxfxh))*(axd*fxh + bx(dxf*g + d*exh + cxf*xh)) -
4xbxd*f*xhk (2xAxbxd*xf*xh - Ck(b*(d*exg + cxf*xg + cxexh) + ax(dxf*g + d*xexh +
cxfxh))))x(a + bxx)*xSqrt[((b*xg - a*h)*(c + d*x))/((d*xg - cxh)*(a + b*x))]*S
qrt [((bxg - axh)*(e + f*x))/((fxg - exh)x(a + b*x))]*EllipticPi[-((b*(d*g -

c*h))/((b*c - a*d)*h)), ArcSin[(Sqrt[bxc - a*d]*Sqrt[g + h*x])/(Sqrt[-(d*g
) + cxh]*Sqrtla + bxx])], ((bxe - axf)*(d*g - c*h))/((b*c - a*xd)*(f*g - e*h
))1)/ (4%b~2*%d~24Sqrt [bxc - a*xd]*f~2xh~3*Sqrt[c + d*x]*Sqrtle + fx*x])

Rule 1601

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
x(x_)]*Sqrt(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
pL(2xCx(a + bxx) “mxSqrt[c + d*x]*Sqrtle + f*xx]*Sqrtl[g + hxx])/(d*f*h*(2*m +
3)), x] + Dist[1/(d*f*h*(2+m + 3)), Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]*
Sqrt[e + f*x]*Sqrtlg + h*x]))*Simp[a*Axd*xf*h*(2*xm + 3) - Ck(ax(dkexg + c*fx
g + cxexh) + 2xbkcxexgkm) + (Axbkxd*f*h*(2xm + 3) - Ckx(2xax(d*xf*g + d*xexh +

ckfxh) + bx(2xm + 1)*(dxexg + c*xf*xg + ckxexh)))*x + 2xCx (a*xd*xfxh*m - bx(m +

1)*x(dxf*g + d¥exh + cxfxh))*x~2, x], x], x] /; FreeQ[{a, b, c, d, e, f, g,
h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1602

Int[((A_.) + (B_.)*(x_) + (C_.)*x(x_)"2)/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrt[(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[(CxSqrt[a + b*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(b*xf*h*Sqrtl[c + dx
x]), x] + (Dist[1/(2%b*xd*f*h), Int[(1*Simp[2*xA*xbxd*f*h - Ck(bxd*e*xg + akxcxf
xh) + (2*%b*B*d*fxh - Cx(axdxfxh + b*x(d*f*xg + dxexh + c*fxh)))*x, x])/(Sqrt[
a + b*x]*Sqrt[c + d*x]*Sqrtle + fxx]xSqrtl[g + h*x]), x], x] + Dist[(Cx(dxe

- cxf)*(d*g - cxh))/(2xbxd*f*h), Int[Sqrtla + b*xx]/((c + d*x)~(3/2)*Sqrtl[e

+ f*x]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rule 1598

Int[((A_.) + (B_.)*(x_))/(Sqrt[(a_.) + (b_.)*(x_)I*Sqrt[(c_.) + (d_.)*(x_)]
*Sqrt(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B) /b, Int[1/(Sqrtla + bxx]*Sqrt[c + d*xx]*Sqrtle + f*x]*Sqrtlg + hx*x]),
x], x] + Dist[B/b, Int[Sqrtla + b*x]/(Sqrtl[c + d*x]*Sqrtle + f*x]*Sqrt[g +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rule 170

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)
*x(x_)]*Sqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*Sqrt[g + h*xx]*Sqrt[(
(bxe - a*xf)*(c + d*x))/((d*e - cxf)*(a + b*x))])/((f*g - exh)*Sqrtlc + dx*x]
*Sqrt [-(((bxe - axf)*(g + hxx))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - a*d)*x72)/(d*e - c*xf)]xSqrt[1 - ((b*g - axh)*x72)/(f*g - exh
)1), %], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrt[a]*Sqrt[c]l*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al &% SimplerSqrtQ[-(b/a), -(d/c)1)
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Rule 165

Int[Sqrtl(a_.) + (b_.)*(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*(a + bx*x)*Sqrt[((b*xg -
axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((bxg - ax*h)*(e + f*x))/((f*
g - exh)*x(a + b*x))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - b*x~
2)*8qrt[1 + ((b*c - axd)*x72)/(d*g - c*h)]*Sqrt[1 + ((b*xe - a*xf)*x72)/(f*g
- exh)]), x], x, Sqrtl[g + h*xx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 537

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, O] && '( 'GtQ[f/e, O]
&% SimplerSqrtQ[-(f/e), -(d/c)])

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)]1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt(e_.) + (£f_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2*Sqrt[c + dxx]*Sqrtl[
-(((b*xe - axf)*(g + h*x))/((f*g - exh)*(a + bxx)))])/((b*xe - axf)*Sqrtlg +
h*x]*Sqrt [((bxe - a*f)*(c + d*x))/((d*xe - c*f)x(a + b*x))]), Subst[Int[Sqrt
[1 + ((bxc - axd)*x72)/(d*e - c*f)]/Sqrt[1 - ((bxg - a*h)*x~2)/(f*g - exh)]
, x1, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
, %]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[a]*EllipticE[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*d)])/(Sqrtlc]*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]

Rubi steps
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f 40 Ad fh—C(bceg+a(deg+cf g+ceh))+2(2Abd fh—C(b(deg-
Vat+bx Ve

—+

f a+bx A+Cx) p C\/a+bX\/c+dx\/e+fx\/g+hx
X =
Ve +dxyfe + fxyfg +hx 2dfh

_ Cladfh—3b(dfg + deh + cfh))Va + bx\Je + fx /g + hx C\/a + bxve + dxJe +
B 4bd e + dx 2dfh

_ Cladfh—3b(dfg + deh + cfh))Va + bx e + fx /g + hx C\/a + bxvc + dxyJe +
- 4bd f2h2e + dx 2dfh

_ Cladfh—3b(dfg + deh + cfh))Va + bx\Je + fx /g + hx C\/a + bxve + dxJe +
- 4bd f2h2e + dx 2dfh

_ Cladfh—3b(dfg + deh + cfh))Va + bx e + fx /g + hx C\/a + bxve + dxJe +
- 4bd f2h2e + dx 2dfh

Mathematica [B] time = 18.229, size = 16659, normalized size = 17.78

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integratel[(Sqrtla + b*x]*(A + C*x72))/(Sqrtl[c + d*x]*Sqrtl[e + f*x]*Sqrt[g +
h*x]) , x]

[Out] Result too large to show

Maple [B] time = 0.117, size = 42545, normalized size = 45.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)”(1/2)*(Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/2) ,x%)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f Cx +AVbx+a
Vd

x+c\/fx+e\/hx+g

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)”(1/2)*(Cxx"2+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/ (h*x+g)~(1/2)

,X, algorithm="maxima")

[Out] integrate((C*x~2 + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(1/2)*(Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/ (h*x+g)~(1/2)

,X, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f A+Cx \/a+bx p
x
\/c+dx\/e+fx\/g+hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**(1/2)* (Ckxx*2+A)/(d*x+c)**(1/2)/(f*xx+e)*x(1/2)/(h*x+g) **
(1/2) ,%)

[Out] Integral((A + Ckx*x2)*sqrt(a + b*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h

*x)), X)

Giac [F] time = 0., size = 0, normalized size = 0.

f Cx +AVbx+a p
X
\/dx+c\/fx+e\/hx+g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)”(1/2)*(Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2)

,X, algorithm="giac")

[Out] integrate((Cxx~2 + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), %)
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j‘ A+Cx2
\/a+bx\/c+dx\/e+fx\/g+hx

Optimal. Leaf size=757

3.33 dx

(c+dx)(be-af) o
Vg + hx m (Cfh + abC(eh + fg) — b*(Ceg — 2Afh)) EllipticF (sm ! (

] _ —oh. |- Ebeaf)
V2 fhvc + dx+[bg — ahv[fg ehW

[Out] (CxSqrtla + b*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(bxfxh*Sqrtlc + d*x]) - (C*Sq
rt[dxg - cxh]*Sqrt[f*g - exh]*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*x(g + h*x))/
((fxg - exh)*(c + dx*x)))]*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrtle + fx*x])/
(Sqrt[f*g - exh]*Sqrtlc + d*x])], ((b*c - axd)*x(fxg - exh))/((b*e - axf)*(d
*xg - c*h))])/(bxd*f*h*Sqrt [((d*e - cxf)*(a + bxx))/((b¥xe - a*f)*(c + d*x))]
xSqrt[g + h*xx]) + ((a"2xC*xfxh + axb*Cx(fxg + exh) - b~ 2% (Ckexg — 2xA*xfxh))x*
Sqrt[((bxe - axf)x(c + d*x))/((d*e - c*xf)*(a + b*x))]*Sqrt[g + h*x]*Ellipti
cF[ArcSin[(Sqrt[bxg - axh]*Sqrtl[e + f*x])/(Sqrt[f*xg - exh]*Sqrtl[a + b*x])],
-(((b*c - a*xd)*(f*xg - exh))/((d*e - c*f)*x(b*xg - axh)))])/ (b 2xfxh*Sqrt [b*g
- axh]*Sqrt [f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((bxe - axf)*(g + h*x))/((f*g
- exh)*(a + bxx)))]) - (C*Sqrt[-(d*g) + cxh]*(axd*f*h + bx(dxf*g + d*exh +
cxfxh))*(a + b*x)*Sqrt[((bxg - axh)*x(c + d*x))/((d*g - c*xh)*(a + b*x))]*Sqr
t[((b*xg - axh)*(e + f*xx))/((f*g - exh)*(a + bxx))]*EllipticPi[-((b*(d*g - ¢
*h))/((bxc - a*d)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrt[g + h*x])/(Sqrt[-(d*g)
+ cxh]*Sqrt[a + bxx])], ((bxe - axf)*(d*g - cxh))/((bxc - a*d)*(fxg - exh))
1)/ (b7™2xd*Sqrt [b*c - a*d]*fxh~2*xSqrt[c + d*x]*Sqrtle + fx*x])

vetfxybg—ah\  (bc-ad)(fg—eh)
Va+bx+/fg—eh " (bg—ah)(de—cf)

Rubi [A] time = 1.02598, antiderivative size = 757, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 44, LT

integrand size
0.182, Rules used = {1603, 1598, 170, 419, 165, 537, 176, 424}
(c+dx)(be=af) ( o 12 _ . -1 [ vbg—ahrJe+fx _ (bc—ad)(f g—eh) .
g + I, /—(be) o (a®Cfh + abC(eh + fg) - b*(Ceg 2Afh))F(s1n ( = m)| = f)(bg_gh)) Cla + b:
5 — — _ (g+hx)(be-af)
B2 fhve + dxfbg — al[fg — eh, | e

Antiderivative was successfully verified.

[In] Int[(A + C*x~2)/(Sqrtla + b*x]*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]),x
]

[Out] (CxSqrtl[a + b*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(bxf*h*Sqrtc + dxx]) - (C*Sq
rt[d*g - cxh]*Sqrt[fxg - exh]*Sqrtla + bxx]*Sqrt[-(((d*e - cxf)*(g + h*x))/
((fxg - exh)*(c + dx*x)))]*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrtle + f*x])/
(Sqrt[f*g - exh]xSqrtlc + d*x])], ((b*c - axd)*x(fxg - exh))/((b*e - axf)*(d
xg - cxh))])/(b*d*xfxh*Sqrt[((d*xe - cxf)x(a + b*x))/((b*e - a*xf)*(c + d*x))]
*xSqrt[g + h*x]) + ((a”2*%Cxfxh + a*xb*Cx(f*g + exh) - b~2*(Cxexg - 2xAxfxh))x*
Sqrt[((bxe - a*f)*(c + d*x))/((d*e - c*xf)*(a + b*x))]*Sqrt[g + hxx]*Ellipti
cF[ArcSin[(Sqrt[b*g - axh]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrtla + b*x])],
-(((b*xc - axd)*x(fxg - exh))/((d*xe - cxf)x(bxg - axh)))])/(b~2*xfxh*Sqrt [b*g
- axh]*Sqrt [f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe - axf)*x(g + hxx))/((f*g
- exh)*(a + b*x)))]) - (C*Sqrt[-(dxg) + cxh]lx(axd*fxh + bx(dxf*g + d*exh +
ckfxh))*(a + bxx)*Sqrt[((b*xg - axh)*(c + d*x))/((d*g - cxh)*(a + b*x))]*Sqr
t[((b*xg - a*h)*(e + f*x))/((f*g - exh)*(a + bxx))]*EllipticPi[-((b*x(d*g - ¢
xh))/((b*c - axd)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrtl[g + h*x])/(Sqrt[-(d*g)
+ cxh]*Sqrt[a + bxx])], ((bxe - axf)*(d*g - c*h))/((bxc - axd)*(f*g - ex*h))
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1)/ (0"2*xd*Sqrt [bxc - axd]*f*h~2*Sqrt[c + d*x]*Sqrtle + f*x])

Rule 1603

Int[((A_.) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_
)I*Sqrtl(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(C
xSqrt[a + b*xx]*Sqrtle + f*x]*Sqrtlg + h*x])/(b*xf*h*Sqrt[c + d*x]), x] + (Di
st[1/(2xb*d*xfxh), Int[(1*Simp[2*Axb*d*xfxh - C*(b*d*exg + akxcxfxh) - Cx(axdx
fxh + bx(dxf*g + dxexh + cxf*xh))*x, x])/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtle
+ fxx]*Sqrtlg + h*x]), x], x] + Dist[(C*x(d*e - cxf)*(d*g - cxh))/(2xb*xd*fx*
h), Int[Sqrtla + bxx]/((c + d*x)~(3/2)*Sqrtle + f*x]*Sqrtlg + h*x]), x], x]
) /; FreeQ[{a, b, ¢, d, e, £, g, h, A, C}, x]

Rule 1598

Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]
*xSqrt(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B) /b, Int[1/(Sqrtla + bxx]*Sqrt[c + d*xx]*Sqrtle + f*x]*Sqrtlg + hx*x]),
x], x] + Dist[B/b, Int[Sqrtla + b*x]/(Sqrtl[c + d*x]*Sqrtle + f*x]*Sqrtl[g +
h*x]), x], x] /; FreeQ[{a, b, c, 4, e, f, g, h, A, B}, x]

Rule 170

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)
x(x_)]*Sqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*Sqrt[g + h*x]*Sqrt[(
(bxe - axf)*(c + d*x))/((d*e - cxf)*(a + b*x))])/((f*g - exh)*Sqrtlc + dx*x]
*Sqrt [-(((bxe - a*f)*(g + h*x))/((f*g - exh)*(a + bx*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - a*d)*x72)/(d*e - c*xf)]xSqrt[1 - ((b*g - axh)*x72)/(f*g - exh
)1), %], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrt[a]*Sqrt[c]l*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al &% SimplerSqrtQ[-(b/a), -(d/c)1)

Rule 165

Int[Sqrtl(a_.) + (b_.)*x(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(
x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*(a + b*x)*Sqrt[((bxg -
axh)*x(c + d*xx))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*xg - a*h)*(e + fx*x))/((f*
g - exh)x(a + b*xx))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + ((b*c - a*xd)*x~2)/(d*g - c*h)]*Sqrt[1 + ((bxe - axf)*x72)/(f*g
- exh)]), x1, x, Sqrtl[g + h*x]/Sqrtla + bxx]], x] /; FreeQl[{a, b, c, d, e,
f, g, h}, x]

Rule 537

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*Sqrt[cl*Sqrtle]*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, c, d
, e, T}, x] & & 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 176
Int[Sqrtl(c_.) + (d_.)*(x_)]1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (f_.)



181

*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2*Sqrt[c + dxx]*Sqrtl[
-(((b*xe - axf)*(g + hxx))/((f*g - exh)*(a + b*x)))])/((b*e - a*xf)*Sqrtl[g +
hxx]*Sqrt [((b*e - a*xf)*x(c + d*x))/((d*e - c*f)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((bxc - axd)*x"2)/(d*e - c*xf)]/Sqrt[l - ((b*xg - axh)*x"2)/(f*g - exh)]
, x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}
, x]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrtlc]l*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQl[d/c] && GtQlc, 0] && GtQ[a, O]

Rubi steps
f 2Abd fl-Clbdeg +acfh)-Cladfh+b(dfg+dehvef ) ;.
f A+ Cx? g = C\/ﬂ + bx\/e + fx\/g + hx N Va+bxVe+dxrJe+ fxg+hx
Va + bxvc + dxfe + fxfg + hx bfhvc + dx 2bdfh

CVa + bxrfe + fag 1 iix (aszh+abC(fg+eh)—bz(Ceg—ZAfh))v
- bfhvc + dx * 202

C\fds — ciy/fg — ehva + b, |- 4D+

_ CVa+bxyJe+ fx\Jg +hx (fg—eh)(c+dx)
- bfh Ve + dx (de—cf)(a+bx
bdfh (be—af)(c+dx

- - _ Ue=cf)(g+hx)
_ CVa+bxyJe+ fx\Jg +hx Cldg = chy/fg ~ehva+ bx Fo—ehierdn)
bfh Ve + dx bdfh (de—cf)(a+bx

(be—af)(c+dx

Mathematica [B] time = 15.1693, size = 6207, normalized size = 8.2

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(A + C*x~2)/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h
*x]) ,x]

[Out] Result too large to show

Maple [B] time = 0.096, size = 15875, normalized size = 21.

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((C*x~2+A)/(b*x+a)”~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x)



182

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.
Cx*+ A

f\/bx+ a\/dx+c\/fx+e\/hx+gdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(bxx+a)~(1/2)/(d*xx+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2)

,X, algorithm="maxima"

[Out] integrate((Cxx~2 + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(bxx+a)~(1/2)/(d*xx+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2)

,X, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+A)/(bkx+a)**(1/2)/(d*x+c)*x(1/2)/(fxx+e)**(1/2)/ (h*x+g)**
(1/2) ,%x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
Cx*+ A

f Vbx + a\/dx+c\/fx+e\/hx+gdx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((C*x~2+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/ (h*x+g)~(1/2)

,X, algorithm="giac")

[Out] integrate((Cxx~2 + A)/(sqrt(bxx + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)
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A+Cx?
3.34 f (a+bx)3/2\/c+dx\/e+fx\/g+hx dx

Optimal. Leaf size=867

— — _(de—cf)(g+hx) —1 [ Vdg—chrJe+fx\  (bc—ad)(fg—eh) 2 2
2+/dg - chv/fg tha+be Q@wM@MmE($ (,@;7¢%M)“mﬂqm@%m)(ca'*Ab) 2V + dxrJe + fxq

b(be — ad)(be — af)(bg — ah) EZ gii; Ny (bc — ad)(be — af

[Out] (2x(A*b~2 + a~2*xC)*d*Sqrt[a + bxx]*Sqrtl[e + f*x]*Sqrtlg + h*x])/(b*(b*c - a
xd)*x (bxe - axf)*(b*g - axh)*Sqrtlc + d*x]) - (2*x(A*b~2 + a~2xC)*Sqrt[c + dx
x]*Sqrtle + f*x]*Sqrtlg + h*x])/((bxc - axd)*(bxe - axf)*(b*g - axh)*Sqrt[a
+ b*x]) - (2%(A*b72 + a”2*C)*Sqrt[d*g - c*xh]*Sqrt[f*g - exh]*Sqrtla + b*x]
*Sqrt [-(((d*e - c*xf)*(g + h*x))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[
(Sqrt[d*g - cxh]xSqrtle + f*x])/(Sqrt[f*g - exh]*Sqrtlc + d*x])], ((b*c - a
xd)*x(fxg - exh))/((bxe - axf)*x(d*g - c*h))])/(bx(bxc - axd)*(bxe - ax*f)x*(bx*
g - axh)*Sqrt[((d*e - cxf)*x(a + b*xx))/((b*e - axf)x(c + d*x))]*Sqrt[g + h*x
1) - (2% (2xaxb*c*C + Axb~2*%d - a~2#C*d)*Sqrt[((b*e - axf)x(c + dx*x))/((d*e
- cxf)*(a + bxx))]*Sqrtlg + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrt[e +
fxx])/(Sqrt[f*g - exh]*Sqrtla + bxx])], -(((b*c - a*xd)*(fxg - exh))/((d*e
- cxf)*(bxg - axh)))])/(b”™2x(bxc - axd)*Sqrt[bxg - axh]*Sqrt[f*g - exh]*Sqr
tlc + d*x]*Sqrt[-(((bxe - axf)*(g + h*x))/((f*g - exh)x(a + b*x)))]) + (2xC
*Sqrt [-(d*g) + cxh]*(a + b*xx)*Sqrt[((b*g - a*h)*(c + d*x))/((d*g - c*h)*(a
+ bxx))]1*Sqrt [((b*xg - axh)*(e + f*x))/((f*g - exh)*(a + bxx))]*EllipticPil[-
((bx(d*g - c*h))/((bxc - axd)*h)), ArcSin[(Sqrt[bxc - axd]*Sqrtl[g + hx*x])/(
Sqrt [-(d*g) + c*xh]*Sqrtla + b*x])], ((b*xe - a*xf)*(d*g - cxh))/((b*c - a*xd)*
(fxg - exh))])/(b"2xSqrt[bxc - axd]*h*Sqrt[c + d*x]*Sqrtle + fxx])

Rubi [A] time = 1.81305, antiderivative size = 867, normalized size of antiderivative =
1., number of steps used = 9, number of rules used = 9, integrand size = 44, number of rules_

integrand size
0.204, Rules used = {1605, 1602, 1598, 170, 419, 165, 537, 176, 424}

— = /_(de—cf)(g+hx) —1 [ Vdg—ch+Je+fx\  (bc—ad)(fg—eh) 2 >
2\/dg Ch\/fg eh\/a + bx (fg—eh)(c+dx)E (Sl (ﬁfg —eh \/c+dx) |(be—af)(dg—ch)) (Cﬁl + Ab ) me\
b(be — ad)(be — af)(bg — ah) (de—cf)(a+bx) /— (bc — ad)(be — af

(be—af)(c+dx)

Antiderivative was successfully verified.

[In] Int[(A + C*xx~2)/((a + b*x)~(3/2)*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx])
,x]

[Out] (2x(A*b~2 + a~2*xC)*d*Sqrt[a + bxx]*Sqrtl[e + f*xx]*Sqrtlg + h*x])/(b*(b*c - a
xd)* (bxe - axf)*(b*g - axh)*Sqrtlc + d*x]) - (2x(A*xb~2 + a~2xC)*Sqrt[c + dx
x]*Sqrtle + f*x]*Sqrtlg + h*xx])/((bxc - axd)*(bxe - axf)*(b*g - axh)*Sqrt[a
+ bxx]) - (2%(A*b~2 + a”2xC)*Sqrt[d*g - c*h]*Sqrt[f*g - exh]*Sqrtl[a + bx*x]
*Sqrt [-(((d*e - cxf)*(g + h*x))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[
(Sqrt[d*g - c*h]*Sqrtle + f*xx])/(Sqrt[f*g - exh]*Sqrtlc + d*x])], ((b*c - a
xd)* (fxg - exh))/((bxe - axf)*x(d*g - c*h))])/(bx(bxc - axd)*(bxe - ax*f)*(bx
g — axh)*Sqrt[((d*e - c*f)*(a + b*x))/((bxe - axf)*(c + dxx))]*Sqrt[g + hx*x
1) - (2% (2xaxb*c*C + Axb~2%d - a~2#C*d)*Sqrt[((bxe - axf)x(c + dx*x))/((d*e
- cxf)*(a + bxx))]*Sqrtlg + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrt[e +
f*x])/(Sqrt[fxg - exh]*Sqrt[a + bxx])], -(((b*c - a*d)*(f*g - exh))/((dx*e
- cxf)*(b*xg - a*h)))])/(b™2x(bxc - axd)*Sqrt[bxg - axh]*Sqrt[f*g - exh]*Sqr
tlc + d*x]*Sqrt[-(((bxe - axf)*(g + h*x))/((f*g - exh)*x(a + b*x)))]) + (2xC
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*Sqrt [-(d*g) + cxh]*(a + b*x)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a
+ bxx))]*Sqrt [((b*xg - axh)*(e + f*xx))/((f*g - exh)*(a + bxx))]*EllipticPil[-
((bx(d*g - c*h))/((bxc - axd)*h)), ArcSin[(Sqrt[bxc - axd]*Sqrtl[g + hx*x])/(
Sqrt[-(d*g) + c*xh]*Sqrtla + b*x])], ((b*xe - a*xf)*(d*g - cxh))/((b*c - a*xd)*
(fxg - exh))])/(b~2xSqrt [b*c - axd]*h*Sqrtl[c + d*x]*Sqrtle + f*x])

Rule 1605

Int[((Ca_.) + (b_)*(x_))"(m_)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)*
(x_)1*Sqrtl(e_.) + (f_.)*(x )]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp
[((A*b~2 + a”2*C)*(a + b*x) " (m + 1)*Sqrt[c + d*x]*Sqrtle + f*xx]*Sqrtl[g + hx
x]1)/((m + 1)*(bxc - axd)*(bxe - a*xf)*(b*g - axh)), x] - Dist[1/(2%(m + 1)*(
bxc - axd)*(b*xe - axf)*x(bxg - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*xx]x*
Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[A*(2*%a~2*d*fxh*(m + 1) - 2%axbx(m + 1)*(
dxf*xg + d¥xexh + cxfxh) + b~™2%x(2xm + 3)*(d*exg + cxf*g + cxexh)) + axCx(ax(d
xexg + cxfxg + ckxexh) + 2xbxcxexgx(m + 1)) - 2+ (Axbx(axd*xfxh*x(m + 1) - b*(m
+ 2)x(dxf*g + dkexh + cxfxh)) - Cx(a”2*x(dxfxg + d¥exh + cxfxh) - b~ 2*ckexg
x(m + 1) + axbx(m + 1)*(d*exg + cxf*xg + ckexh)))*x + d*xfxh*x(2+m + 5)*(A*xb~2
+ a”2xC)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, C}, x] && In
tegerQ[2*m] && LtQ[m, -1]

Rule 1602

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)*x(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbo
1] :> Simp[(C*Sqrt[a + bxx]*Sqrtl[e + f*x]*Sqrtlg + h*x])/(bxfxhxSqrt[c + dx
x]), x] + (Dist[1/(2%b*xd*f*h), Int[(1*Simp[2*xA*xb*d*f*h - Ck(bk*d*e*xg + akxcxf
*h) + (2%bxBkdxfxh - Ck(axdxfxh + b*x(d*fxg + dxexh + c*xfxh)))*x, x])/(Sqrtl
a + b*x]*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtl[g + h*x]), x], x] + Dist[(Cx(dxe

- cxf)*x(d*g - c*h))/(2%b*xd*xf*h), Int[Sqrtla + b*x]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rule 1598

Int[(CA_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)I*Sqrtl[(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(AxDb
- a*B) /b, Int[1/(Sqrtla + bxx]*Sqrtl[c + d*xx]*Sqrtle + f*x]*Sqrtlg + hx*x]),
x], x] + Dist[B/b, Int[Sqrtla + b*x]/(Sqrtl[c + d*x]*Sqrtle + f*x]*Sqrtl[g +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rule 170

Int[1/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)I1*Sqrtl(e_.) + (f_.)
x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*Sqrt([g + h*x]=*Sqrt[(
(bxe - axf)*(c + d*x))/((dxe - cxf)*(a + b*x))])/((f*g - exh)*Sqrt[c + dxx]
*3qrt [-(((b*xe - a*f)*(g + h*x))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((bxc - a*xd)*x72)/(d*e - c*xf)]*Sqrt[l - ((b*g - a*xh)*x"2)/(f*g - e*h
)1), x], x, Sqrtle + f*x]/Sqrtla + bxx]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrtla]*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 165
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Int[Sqrtl(a_.) + (b_.)*(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(
x_)]*Sqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*x(a + b*x)*Sqrt[((bxg -
axh)*(c + d*xx))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*xg - a*h)*(e + fx*x))/((f*
g - exh)x(a + b*x))])/(Sqrtlc + d*x]*Sqrtle + f*x]), Subst[Int[1/((h - b*x~
2)*xSqrt[1 + ((bxc - a*d)*x"2)/(d*g - c*h)]*Sqrt[1 + ((b*xe - axf)*x"2)/(f*g
- exh)]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, xl]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*x(x_)~"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrt[cl*Sqrt[e]*Rt[-(d/c), 21), x] /; FreeQ[{a, b, ¢, d
, e, T}, x] & 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (f_.)
*x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2*Sqrt[c + d*x]*Sqrt[
-(((b*xe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))])/((bxe - axf)*Sqrtlg +
h*x] *Sqrt [((b*e - axf)*(c + d*x))/((d*e - c*f)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((bxc - axd)*x"2)/(d*e - cxf)]/Sqrt[l - ((b*xg - axh)*x"2)/(f*g - exh)]
, x], x, Sqrtle + f*xx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
4

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rubi steps
—a(aAdfh—aC(deg+cfg+ceh)+b(c
f A+ Cx2 2 (Ab2 + aZC) Ve +dxrfe + fxa/g + hx J
= - +
(a + bx)32c + dxyJe + fx+[g + hx (bc — ad)(be — af)(bg — ah)Va + bx

2 (Ab2 + aZC) dVa + bxyfe + fx\Jg+hx 2 (Ab2 + aZC) Ve +dxyJe +

b(bc — ad)(be — af)(bg — ah)Vc + dx (bc — ad)(be — af)(bg — ah

2 (Ab2 + aZC) dvVa +bx\fe + fx\lg+hx 2 (Ab2 + aZC) Ve + dxyJe +

b(bc — ad)(be — af)(bg — ah)Vc + dx (bc — ad)(be — af)(bg — ah

2 (Ab2 + aZC) dvVa +bxyJe + fx\lg+hx 2 (Ab2 + aZC) Ve +dxyJe +

b(bc — ad)(be — af)(bg — ah)Vc + dx (bc —ad)(be — af)(bg — ah

2 (Ab2 + aZC) dvVa +bxyfe + fx\lg+hx 2 (Ab2 - aZC) Ve +dxyJe +

b(bc — ad)(be — af)(bg — ah)Vc + dx (bc — ad)(be — af)(bg — ah
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Mathematica [B] time = 16.3632, size = 2103, normalized size = 2.43

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(A + Cxx~2)/((a + b*x)~(3/2)*Sqrt[c + d*xx]*Sqrtle + f*x]*Sqrtlg +
h*x]) , x]

[Out] (-2*%(Axb~2 + a~2xC)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x])/((b*c - a*xd)
x(bxe - axf)*(b*g - axh)*Sqrtla + b*x]) + (2x(((-(A*b72) - a~2xC)*(a + bxx)
~(5/2)*(d + (b*xc)/(a + b*x) - (a*xd)/(a + b*x))*x(f + (bxe)/(a + b*x) - (axf)
/(a + bxx))*(h + (bxg)/(a + bxx) - (axh)/(a + b*x)))/(Sqrtlc + ((a + b*x)*(
d - (axd)/(a + b*x)))/bl*Sqrtle + ((a + b*x)*(f - (axf)/(a + b*x)))/bl*Sqrt
[g + ((@a + bxx)*(h - (axh)/(a + b*x)))/bl) + ((bkc - axd)*(b*e - axf)x(bxg
- axh)*(a + bxx)~(3/2)*Sqrt[(d + (b*c)/(a + b*x) - (axd)/(a + b*xx))*(f + (b
xe)/(a + bxx) - (axf)/(a + b*x))*(h + (bxg)/(a + b*xx) - (axh)/(a + b*x))]x*(
(Axb~2xSqrt [((b*c - a*xd)*(bxg - axh)*(-(d/(-(b*c) + axd)) + (a + b*x)~(-1))
)/ (b*dxg - bxc*h)]*(-(£/(-(b*xe) + axf)) + (a + b*x)~(-1))*Sqrt[(-(h/(-(bxg)
+ axh)) + (a + bxx)7(-1))/(£f/(-(bxe) + axf) - h/(-(bxg) + axh))]*(-(((b*xd*
g - bxcxh)*EllipticE[ArcSin[Sqrt[((bxe - axf)*(h + (b*g)/(a + b*x) - (axh)/
(a + b*x)))/(bx(-(f*xg) + exh))]1], ((-(b*xc) + axd)*(-(fxg) + exh))/((-(b*e)
+ axf)*(-(d*g) + c*xh))])/((b*c - axd)*(bxg - axh))) - (d*EllipticF[ArcSin[S
grt[((bxe - axf)*(h + (bxg)/(a + b*x) - (axh)/(a + b*x)))/(bx(-(f*g) + exh)
)11, ((=(b*xc) + axd)*(-(fxg) + e*h))/((-(b*e) + a*xf)*(-(dxg) + cxh))1)/(-(b
*xc) + axd)))/(Sqrt[(-(£/(-(bxe) + axf)) + (a + bxx)~(-1))/(-(£f/(-(b*e) + ax
£)) + h/(-(b*g) + a*h))]*Sqrt[(d + (bxc - axd)/(a + bxx))*(f + (b*e - axf)/
(a + bxx))*x(h + (b*xg - axh)/(a + b*x))]) + (a~2*CxSqrt[((b*c - a*xd)*(b*xg -
axh)*(=(d/(=(bxc) + axd)) + (a + bxx)7(-1)))/(bxd*g - b*xcxh)]*(-(£f/(-(b*e)
+ axf)) + (a + bxx)7(-1))*Sqrt[(-(h/(-(bxg) + axh)) + (a + bxx)~(-1))/(f/(-
(bxe) + axf) - h/(-(bxg) + axh))]*(-(((b*d*g - b*c*h)*EllipticE[ArcSin[Sqrt
[((b*xe - axf)x(h + (b*xg)/(a + b*x) - (axh)/(a + bxx)))/(b*(-(fxg) + exh))]]
, ((=(b*c) + axd)*(-(f*g) + exh))/((-(b*xe) + a*xf)*(-(dxg) + cxh))])/((bxc -
axd)*(bxg - ax*h))) - (d*EllipticF[ArcSin[Sqrt[((bxe - a*xf)*(h + (bxg)/(a +
bkxx) - (axh)/(a + b*x)))/(bx(-(fxg) + exh))]], ((-(b*c) + a*xd)*(-(f*xg) + e
*h))/((-(bxe) + a*xf)*x(-(d*g) + c*h))])/(-(bxc) + a*xd)))/(Sqrt[(-(£f/(-(bxe)
+ axf)) + (a + bxx)7(-1))/(-(f/(-(b*e) + axf)) + h/(-(bxg) + axh))]*Sqrt[(d
+ (bxc - axd)/(a + b*xx))*x(f + (b*e - axf)/(a + b*x))*(h + (bxg - axh)/(a +
b*xx))]) - (2xa*xCxSqrt[(-(d/(-(b*c) + axd)) + (a + bxx)~(-1))/(-(d/(-(b*c)
+ axd)) + h/(-(b*xg) + axh))]1*Sqrt[(-(£f/(-(bxe) + axf)) + (a + bxx)~(-1))/(-
(f/(-(b*xe) + axf)) + h/(-(b*xg) + axh))]*(-(h/(-(b*xg) + axh)) + (a + b*x)"(-
1))*EllipticF[ArcSin[Sqrt [((-(bxe) + axf)*(-h - (b*g)/(a + b*x) + (axh)/(a
+ bxx)))/(b*x(-(fxg) + exh))]], ((-(bxc) + axd)*(-(f*xg) + exh))/((-(b*e) + a
*f)*(-(d*g) + c*h))]1)/(Sqrt[(-(h/(-(bxg) + axh)) + (a + bxx)~(-1))/(£/(-(b*
e) + a*xf) - h/(-(b*xg) + axh))]*Sqrt[(d + (b*c - axd)/(a + b*x))*(f + (bxe -
axf)/(a + b*x))*(h + (bxg - a*h)/(a + b*x))]) - (Cx(-(bxg) + axh)*(-(£f/(-(
bxe) + axf)) + h/(-(b*xg) + a*h))*Sqrt[(-(d/(-(bxc) + a*xd)) + (a + b*x)~(-1)
)/ (=(d/(-(bxc) + axd)) + h/(-(bxg) + axh))]*Sqrt[-(((-(£/(-(bxe) + axf)) +
(a + b*x) " (-1))*(-(h/(-(b*g) + a*h)) + (a + b*x)"(-1)))/(-(£/(-(b*xe) + axf)
) + h/(=(b*xg) + ax*h))~2)]*EllipticPi[-((-(b*fxg) + bxexh)/((-(b*e) + a*xf)*h
)), ArcSin[Sqrt[((-(b*e) + axf)*(-h - (b*g)/(a + b*x) + (axh)/(a + bxx)))/(
bx(-(fxg) + exh))]], ((~(bxc) + axd)*x(-(f*xg) + exh))/((-(b*xe) + axf)*(-(dxg
) + cxh))])/(h*Sqrt[(d + (b*c - axd)/(a + b*xx))*(f + (bxe - axf)/(a + b*x))
x(h + (b*g - axh)/(a + b*x))])))/(Sqrtlc + ((a + b*x)*(d - (a*xd)/(a + bx*x))
)/bl*Sqrtle + ((a + b*x)*(f - (axf)/(a + bxx)))/bl*Sqrtlg + ((a + b*x)*(h -
(a*h)/(a + b*x)))/b]1)))/(b"3*(-(b*c) + axd)*(-(b*e) + a*xf)*(-(bxg) + axh))
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Maple [B] time = 0.178, size = 20597, normalized size = 23.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*x7~2+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/2) ,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

Cx2+ A
f 3 dx
(bx + a)2Vdx + cy[fx + eyJix + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*xx~2+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2)

,x, algorithm="maxima")

[Out] integrate((C*xx~2 + A)/((b*xx + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/ (h*x+g)~(1/2)

,X, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx**2+A)/(b*xx+a)**(3/2)/(d*x+c)**(1/2)/(f*xx+e)*x(1/2)/(h*x+g)**
(1/2) ,%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
Cx?+ A
3
(bx + a)2Vdx + cy[fx +eyJix + ¢

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(bxx+a)~(3/2)/(d*xx+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2)
,X, algorithm="giac")

[Out] integrate((Cxx~2 + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(hx*x
+g)), x)
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A+Cx?
3.35 f (a+bx)5/2\/c+dx\/e+fx\/g+hx dx

Optimal. Leaf size=1070

2\/c+dx\/e+fx\/g+hx(Ca2+Ab2) 44Jdg — ch+/fg —eh (C(dfg+deh+cfh)a3+b(3Adfh—2C(deg+cfg-|
" 3(bc — ad)(be — af)(bg — ah)(a + bx)3? "

[Out] (-4*d*x(Axb~3*%(d*exg + c*fxg + cxexh) + a~3*Cx(dxf*g + dkexh + cxf*xh) + a~2x%
b* (3xAxdxf*h - 2*%Cx(dxe*xg + cxfxg + cxexh)) - axb”™2x(2xA*xd*(fxg + exh) - cx
(3%Cxexg - 2*¥Axfxh)))*Sqrt[a + b*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3*(b*c -
axd) "2*(b*xe - axf) 2x(bxg - axh) "2*xSqrtlc + d*x]) - (2x(A*b~2 + a~2*C)*Sqrt
[c + d*x]*Sqrtle + fxx]*Sqrtlg + h*x])/(3*%(bxc - axd)*(bxe - axf)+*(bxg - ax
h)x(a + b*x)7(3/2)) + (4xb*x(A*b~3*(d*exg + cxf*g + ckexh) + a~3*xCkx(dxfxg +
dxexh + c*fxh) + a”2xb*(3kAxd*fxh - 2xCx(d*exg + cxf*g + ckexh)) - a*b™2%(2
xAxd* (fxg + exh) - cx(3*%Ckexg - 2*Axfxh)))*Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt
[g + h*x])/(3*%(bxc - axd) 2*(bxe - axf) 2%(bxg - axh) 2+Sqrtl[a + b*x]) + (4
xSqrt [dxg - cxh]*Sqrt[fxg - exh]*(A*b~3*(d*exg + cxf*xg + ckexh) + a~3*Cxk(dx
fxg + dxexh + ckxfxh) + a”2%bx(3kAxd*fxh - 2xCk(d*exg + cxf*g + ckexh)) - ax
b~ 2% (2%Axd* (f*g + exh) - c*x(3*Cxe*xg - 2%Axfxh)))*Sqrtla + b*x]*Sqrt[-(((d*e
- cxf)x(g + h*x))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c
xh]*Sqrt[e + f*x])/(Sqrtlf*g - exh]*Sqrtlc + dxx])], ((bxc - a*xd)*(fxg - ex
h))/((bxe - axf)x(dxg - c*h))])/(3*(b*xc - axd) " 2*x(b*e - a*xf) 2x(b*g - a*h)”
2x3qrt [((dxe - cxf)*x(a + bxx))/((b*e - axf)*x(c + d*x))]*Sqrtlg + h*xx]) - (2
*x (3xa*xbx (c724C + A*d"2)*x(fxg + exh) - b72*(2xAxd"2*xexg + Axckxd*(f*g + exh)
+ c72%(3%Cxe*xg — Axfxh)) - a”2x(3xA*d"2*f*xh - Cx(d"2%e*xg - cxd*xf*g - cxdxex
h - 2%c”2xfxh)))*Sqrt[((b*xe - axf)*(c + d*x))/((d*e - cxf)*(a + bxx))]*Sqrt
[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - a*h]*Sqrtle + f*x])/(Sqrt[f*g - e*h]
*Sqrtla + b*x])], -(((bxc - axd)*(f*g - e*h))/((d*¥e - c*xf)*(bxg - axh)))])/
(3*x(b*c - a*xd) "2x(bxe - axf)*(b*g - axh)”~(3/2)*Sqrt[f*g - exh]*Sqrt[c + d*x
1*Sqrt [-(((bxe - a*xf)*(g + h*x))/((fxg - exh)*(a + b*x)))])

Rubi [A] time = 3.45407, antiderivative size = 1070, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 44, e .

0.182, Rules used = {1605, 1599, 1602, 12, 170, 419, 176, 424}

integrand size

2\/c+dx\/e+fx\/g+hx(Ca2+Ab2) 4\/dg—ch\/fg—eh(C(dfg+deh+cfh)a3+b(3Adfh—2C(deg+cfg-|

" 3(bc — ad)(be — af)(bg — ah)(a + bx)P2 |

Antiderivative was successfully verified.

[In] Int[(A + C*xx~2)/((a + b*x)~(5/2)*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx])
,x]

[Out] (-4*d*x(Axb~3*%(dxexg + c*fxg + cxexh) + a~3*%Cx(dxf*g + dkexh + cxfxh) + a~2x%
b* (3*xAxd*xf*xh - 2*%Cx(dxe*xg + cxfxg + cxexh)) - axb™2x(2xA*xd*x(fxg + exh) - cx
(3*xCxexg - 2xAxfxh)))*Sqrt[a + bxx]*Sqrtle + fxx]*Sqrtl[g + h*x])/(3*%(b*xc -
a*xd) "2*(bxe - axf) 2x(b*g - axh) 2xSqrt[c + d*x]) - (2x(A*b~2 + a~2*C)*Sqrt
[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3*(b*c - a*d)*(bxe - axf)*(bxg - a*
h)x(a + bxx)~(3/2)) + (4*%b*(A*b"3*(d*exg + c*xf*g + ckexh) + a~3xCx(dxf*g +
dxexh + c*fxh) + a”2xb*(3xAxd*fxh - 2xCx(d*exg + cxf*g + ckexh)) - a*b™2%(2
xAxd*x (fxg + exh) - cx(3xCkxexg - 2xAxfxh)))*Sqrt[c + dxx]*Sqrtl[e + f*x]*Sqrt
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[g + h*xx])/(3x(b*c - axd) " 2x(bxe - a*xf) 2*(bxg - axh) 2*xSqrt[a + bxx]) + (4
xSqrt [dxg - cxh]*Sqrt[fxg - exh]*(A*b~3x(d*exg + cxf*xg + ckexh) + a~3*Cxk(dx
fxg + dxexh + c*xfxh) + a”2%b*x(3kxAxd*fxh - 2xCk(d*exg + cxf*g + ckexh)) - ax
b~ 2% (2xAxd* (f*g + exh) - c*(3*Cxe*xg - 2xAxfxh)))*Sqrtla + b*x]*Sqrt[-(((d*e
- cxf)x(g + h*x))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c
xh]*Sqrt[e + f*x])/(Sqrtf*g - exh]*Sqrtlc + d*x])], ((bxc - a*xd)*(fxg - ex
h))/((bxe - axf)x(dxg - c*h))])/(3*(b*xc - axd) " 2*x(b*e - a*xf) 2x(b*g - a*h)”
2x3qrt [((dxe - cxf)*(a + bxx))/((b*e - axf)*x(c + d*x))]*Sqrtlg + h*xx]) - (2
*x (3xa*xbx (c724C + A*d"2)*x(fxg + exh) - b72*(2%Axd"2*xexg + Axckxd*(f*g + exh)
+ c72x(3*Cxexg — Axfxh)) - a"2x(3xAxd"2+f*h - Cx(d"2xexg - ckxdxfxg — ckxd*xex
h - 2%c”2xfxh)))*Sqrt[((b*xe - axf)*(c + d*x))/((d*e - cxf)*(a + bxx))]*Sqrt
[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]l*Sqrtle + f*x])/(Sqrt[f*g - e*h]
*Sqrt[a + b*x])], -(((bxc - a*xd)*(f*g - exh))/((d*e - c*xf)*(b*g - axh)))])/
(3*x(b*c - a*xd) "2x(bxe - axf)*(b*g - axh)~(3/2)*Sqrt[f*g - exh]*Sqrt[c + d*x
1xSqrt [-(((b*e - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))])

Rule 1605

Int[((Ca_.) + (b_D*(x_))"(m_)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)*
(x_)1*Sqrtl(e_.) + (f_.)*(x )]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp
[((A*b~2 + a”2*C)*(a + b*x) " (m + 1)*Sqrt[c + d*x]*Sqrtle + f*xx]*Sqrtl[g + hx
x]1)/((m + 1)*(bxc - axd)*(bxe - a*xf)*(b*g - axh)), x] - Dist[1/(2%(m + 1)*(
bxc - axd)*(b*xe - axf)*(bxg - a*h)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*
Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[A*(2*%a~2*d*fxh*(m + 1) - 2%axbx(m + 1)*(
dxf*xg + dkexh + cxfxh) + b~2x(2xm + 3)*(d*exg + cxf*g + cxexh)) + axCx(ax(d
xexg + cxfxg + cxexh) + 2¥bkckxexgx(m + 1)) - 2x(Axb*(axdxf*h*x(m + 1) - bx(m
+ 2)*(d*f*g + dxexh + cxfxh)) - Cx(a"2x(d*f*g + d¥exh + cxfxh) - b 2*c*exg
x(m + 1) + axbx(m + 1)*(d*exg + cxf*xg + ckexh)))*x + d*xfxh*x(2+m + 5)*(A*xb~2
+ a"2%C)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, C}, x] & In
tegerQ[2*m] && LtQ[m, -1]

Rule 1599

Int[(((a_.) + (b_)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)IxSqrtl(e_.) + (£_.)*x(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[(
(Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtlg + hx*x]
)/ ((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh)), x] - Dist[1/(2%(m + 1)*(bx
c - axd)*(b*e - axf)*x(bxg - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]))*Simp[A*(2%xa~2*xd*f*h*x(m + 1) - 2%a*xbx(m + 1)*(dx*
fxg + dxexh + c*xfxh) + b72%(2*m + 3)*(d*exg + cxf*g + ckexh)) - b*Bx(ax(dxe
xg + cxf*g + ckxexh) + 2xb*ckxexgk(m + 1)) - 2x((A*b - a*B)*(axd*f*h*x(m + 1)
- bx(m + 2)*(d*f*g + dxexh + cxfxh)))*x + d*f*xh*x(2*m + 5)*(A*b~2 - a*xb*B)*x
~2, x], x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, A, B}, x] && IntegerQ[2+*m]
&& LtQ[m, -1]

Rule 1602

Int[((A_.) + (B_.)*(x_) + (C_.)*x(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrt[(c_.
) + (d_.)*(x_)Ix*Sqrtl(e_.) + (£_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[(CxSqrt[a + b*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(b*xf*h*Sqrt[c + dx
x]), x] + (Dist[1/(2%b*xd*f*h), Int[(1*Simp[2xA*xb*xd*f*h - Ck(bxd*e*xg + akxcxf
*h) + (2xb*Bxd*fxh - Ck(axd*fxh + bkx(dxf*g + dxexh + c*fxh)))*x, x])/(Sqrt(
a + bxx]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x]), x], x] + Dist[(Cx(dx*e

- cxf)*(d*g - cxh))/(2xbxd*f*h), Int[Sqrtla + b*x]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrtlg + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 170

Int[1/(Sqgrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(2*Sqrt([g + h*x]*Sqrt[(
(bxe - a*xf)*(c + d*x))/((d*xe - cxf)*(a + b*x))])/((f*g - exh)*Sqrt[c + dxx]
*xSqrt [-(((bxe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]), Subst[Int[1/(Sq
rt[1 + ((b*c - axd)*x"2)/(d*e - cxf)]*Sqrt[l - ((bxg - a*h)*x"2)/(fxg - exh
)1), x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)~2]), x_Symbol] :> S
imp [(1*E1lipticF[ArcSin[Rt[-(d/c), 2]1*x], (b*c)/(a*xd)])/(Sqrt[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)1)

Rule 176

Int[Sqrtl(c_.) + (d_.)*(x_)]/(((a_.) + (b_.)*x(x_))"(3/2)*Sqrtl(e_.) + (f_.)
x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(-2*Sqrt[c + d*x]*Sqrt[
-(((b*xe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))])/((bxe - axf)x*Sqrtlg +
h*x]*Sqrt [((b*e - axf)*(c + d*x))/((d*xe - c*f)*(a + b*x))]), Subst[Int[Sqrt
[1 + ((b*c - a*xd)*x72)/(dxe - c*f)]/Sqrt[l - ((b*xg - axh)*x~2)/(fxg - exh)]
, x], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h}
, ]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrtlal*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (bxc)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

Rubi steps
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f —2Ab?(deg+cfg+ceh)-3ab(cCeg—Adf

dx = —
(a + bx)52vc + dxrJe + fx\g + hx * 3(bc — ad)(be — af)(bg — ah)(a + bx)3

f A+ Cx2 2(Ab2 +a2C) \/c+dx\/e+fx\/g+hx

2 (Ab2 + aZC) Ve +dxyJe+ fxJg+hx 4b (Ab3(deg +cfg + ceh) + a*(
~ 3(bc - ad)(be — af)(bg — ah)(a + bx)3? "

4d (Ab3(deg +cfg + ceh) + a>C(dfg + deh + cfh) + a®b(3Ad fh — 2C(deg
3(bc — ad)?(be —

4d (Ab3(deg +cfg + ceh) + a>C(dfg + deh + cfh) + a®b(3Ad fh — 2C(deg
3(bc — ad)?(be —

4d (Aba(deg +cfg + ceh) + a>C(dfg + deh + cfh) + a®b(3Ad fh — 2C(deg
3(bc — ad)?(be —

4d (Aba(deg +cfg + ceh) + a>C(dfg + deh + cfh) + a®b(3Ad fh — 2C(deg
3(bc — ad)?(be —

Mathematica [B] time = 26.7135, size = 11160, normalized size = 10.43

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(A + C*xx~2)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g +
h*x]) ,x]

[Out] Result too large to show

Maple [B] time = 1.214, size = 72702, normalized size = 68.

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((C*x~2+A)/(b*x+a)”~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),%)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.
Cx?+ A

dx
5
(bx + a)2Vdx + cy[fx +eyJix + ¢
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(bxx+a)~(5/2)/(d*xx+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2)
,X, algorithm="maxima"

[Out] integrate((Cxx~2 + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral B3dfhxd + adeeg + (bdfg + (b3de + (bc + 3 ab2d) f)h)xS + ((b3de + (b3c + 3ab2d) f)g + ((b3c + 3 ab?d)e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(bxx+a)~(5/2)/(d*xx+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2)
,X, algorithm="fricas")

[Out] integral((C*x~2 + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)/ (b73*d*f*xh*x~6 + a~3*kcxexg + (b~ 3*dxfxg + (b~ 3*d*e + (b™3%c + 3*axb™2%d)*
f)*h)*x75 + ((b™3xd*e + (b~3*%c + 3xaxb™2xd)*f)*g + ((b73*c + 3*axb~2*d)*e +

3k (a*xb™2xc + a”2*bxd)*f)*h)*x"4 + (((b7™3*%c + 3*a*xb™2xd)*e + 3*(axb™2%c + a
“2%bxd)*f)*xg + (3x(axb”2*kc + a"2xbkxd)*e + (3*a"2*bkxc + a~3*d)*f)*h)*x"3 + (
(3x(axb™2%c + a"2xbxd)*e + (3xa~2*bkxc + a~3*d)*f)*g + (a~3*c*f + (3*%a"2xbxc

+ a”3*d)*e)*h)*x"2 + (a"3*cxexh + (a”3kcxf + (3*a”2%bxc + a”3%d)*e)*g)*x),

X)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+A)/(b*xx+a)**(5/2)/(d*x+c)**(1/2)/(f*xx+e)*x(1/2)/ (h*x+g)**
(1/2) ,%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
Cx*+ A

dx
5
(bx + a)2Vdx + cy[fx +eyJix + g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*xx~2+A)/(b*x+a)~(5/2)/(d*x+c)”~(1/2)/(f*x+e)”(1/2)/ (h*x+g)~(1/2)
,X, algorithm="giac")

[Out] integrate((Cxx~2 + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+ g)), x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result] <=2*LeafCount [optimal],
IIA" s
"B"],
||Cll] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICll s
"))

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*xexpression based on the functions it involvesx)

(¥1 = rational functionx)

(*2 = algebraic functionx)
(¥3 = elementary functionx)
(¥4 = special functionx)
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(¥5 = hyperpergeometric functionx)
(¥6 = appell functionx)

(*7 = rootsum functionx)

(¥8 = integrate functionx)

(*¥9 = unknown functionx)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]1],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]]],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType [expn[[2]]1],3]1]1],
If [Head[expn]===Plus || Headl[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]]1],
If [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},func]

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, funcl

HypergeometricFunctionQ[func_] :=

MemberQ [{Hypergeometric1F1,Hypergeometric2F1,HypergeometricPFQ}, func]
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101 | AppellFunctionQ[func_] :=
102 MemberQ [{AppellF1},func]

4.0.2 Maple grading function

1 |# File: GradeAntiderivative.mpl

2 |# Original version thanks to Albert Rich emailed on 03/21/2017

3

4 |#Nasser 03/22/2017 Use Maple leaf count instead since buildin

5 | #Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

6 | #Nasser 03/24/2017 corrected the check for complex result

7 | #Nasser 10/27/2017 check for leafsize and do not call ExpnType()

8 | # if leaf size is "too large". Set at 500,000

9 |#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

10 | # see problem 156, file Apostol_Problems

11

12 |GradeAntiderivative := proc(result,optimal)

13 | local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

14

15 leaf count_result:=leafcount(result);

16 #do NOT call ExpnType() if leaf size is too large. Recursion problem

17 if leaf count_result > 500000 then

18 return "B";

19 fi;

20

21 leaf_count_optimal:=leafcount (optimal);

22

23 ExpnType_result:=ExpnType (result) ;

24 ExpnType_optimal:=ExpnType (optimal) ;

25

26 if debug then

27 print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;

28 fi;

29

30 |# If result and optimal are mathematical expressions,

31 |# GradeAntiderivative[result,optimal] returns

32 | # "F" if the result fails to integrate an expression that

33 | # is integrable

34 | # "C" if result involves higher level functions than necessary

35 | # "B" if result is more than twice the size of the optimal

36 | # antiderivative

37 | # "A" if result can be considered optimal

38

39 #This check below actually is not needed, since I only

40 #call this grading only for passed integrals. i.e. I check

41 #for "F" before calling this. But no harm of keeping it here.

42 #just in case.

43

44

45 if not type(result,freeof('int')) then

46 return "F";

47 end if;

48

49

50 if ExpnType_result<=ExpnType_optimal then

51 if debug then

52 print ("ExpnType_result<=ExpnType_optimal");

53 fi;

54 if is_contains_complex(result) then

55 if is_contains_complex(optimal) then

56 if debug then
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print ("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print ("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH HF OH OH OHF H H H H H
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ExpnType := proc(expn)
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if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn, 'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if

end proc:

ElementaryFunctionQ := proc(func)

member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)

member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)

member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])

end proc:

AppellFunctionQ := proc(func)

member (func, [AppellF1])
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end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Svyvmpy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma ,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfil]

def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
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else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1l,expn), 'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' *"')
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args([1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map [ExpnType
,Apply[List,expn]],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,ml1) #max (5, apply (max,map (ExpnType, [op(expn)]1)))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

leaf count_result = leaf_ count(result)
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leaf_count_optimal = leaf_count(optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != -1:
return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

#
#

Albert Rich to use with Sagemath. This is used to
grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'

#

'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def

def

tree(expr) :
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(1l.35xlen(flatten(tree(anti))))=",round(1.35%len
(flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
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#what it should be compared to Mathematica's

is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath
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def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:

return False

def expnType(expn):
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType(expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType (

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1])) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType (expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))

return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
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return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml1) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):
debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf count_result = leaf count(result)
leaf_count_optimal = leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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